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We obtain sufficient conditions for the efficient simulation of a continuous variable quantum algo-
rithm or process on a classical computer. The resulting theorem is an extension of the Gottesman-Knill
theorem to continuous variable quantum information. For a collection of harmonic oscillators, any quan-
tum process that begins with unentangled Gaussian states, performs only transformations generated by
Hamiltonians that are quadratic in the canonical operators, and involves only measurements of canonical
operators (including finite losses) and suitable operations conditioned on these measurements can be

simulated efficiently on a classical computer.
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Quantum mechanics allows for information processing
that could not be performed classically. In particular, it
may be possible to perform an algorithm efficiently on a
quantum computer that cannot be performed efficiently on
a classical one. Significant effort is now underway to con-
struct quantum algorithms and processes that yield such
a speedup. The Gottesman-Knill (GK) theorem [1] for
discrete variable (qubit) quantum information provides a
valuable tool for assessing the classical complexity of a
given process. Essentially, it states that any quantum algo-
rithm that initiates in the computational basis and employs
only a restricted class of gates (Hadamard, phase, CNOT,
and Pauli gates), along with projective measurements in
the computational basis, can be efficiently simulated on a
classical computer. (For a precise formulation and proof
of this remarkable theorem, see [2].) The GK theorem
reveals that a large class of quantum algorithms does not
provide a speedup over classical processes. In fact, recent
work has placed even stronger constraints on the potential
speedup of fermionic quantum computers [3].

In addition to the successes of qubit-based algorithms,
quantum information over continuous variables (CV) has
yielded many exciting advances, both theoretically and
experimentally, in fields such as quantum teleportation
[4,5], quantum cryptography [6—9], and potentially quan-
tum computation [10]. CV algorithms could also perform
computational tasks more efficiently than is possible clas-
sically. To assess the computational complexity of these
tasks, it is necessary to develop an extension of the GK
theorem: What continuous variable processes can be ef-
ficiently simulated on a classical computer? As a CV
quantum information process involves coupled canonical
systems, this question of efficient classical simulation is
related to asking under what conditions a quantum me-
chanical system can be modeled by a classical one. As
noted by Feynman [11], a key advantage of a quantum
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computer is its ability to simulate quantum systems that
cannot be efficiently simulated classically.

The issue of efficient classical simulation of a CV pro-
cess is more involved than for the discrete case. One no-
table difference is that the quantum states and the unitary
transformations involved are described by real-valued (as
opposed to integer-valued) parameters, and these parame-
ters must be described on a discrete classical computer
with some assumption of error or limited precision. Also,
the states used in CV experiments are approximations to
the idealized computational basis. These basis states are
infinitely squeezed states, whereas any experimental im-
plementation will involve finitely squeezed states thus de-
viating from their idealized form [10]. A good classical
simulation must be robust against such deviations. Mea-
surements are part of the quantum computation and, even
in the computational basis, are subject to experimental
constraints (such as photodetection efficiency). Classical
simulation must also incorporate these measurements.

Despite these complications, we prove in the following
an extension of the GK theorem for continuous variables;
i.e., we present a set of sufficient conditions for a CV quan-
tum information process which, if satisfied, ensures that it
can be efficiently simulated on a classical computer. To
prove this theorem, we employ the techniques of stabiliz-
ers [2] that are used for qubits. Using the stabilizer formal-
ism, it is often possible to simulate a quantum information
process by following the evolution of a set of operators,
the Pauli operators, rather than the evolution of quantum
states. For CV processes, we show that it is more natu-
ral to analyze stabilizers in terms of the algebras (i.e.,
Hamiltonians) that generate them, rather than the groups
themselves. We define analogs of the Pauli and Clifford
algebras and groups for CV and construct sets of gates (as
unitary transformations) that can efficiently simulate any
arbitrary transformation in these groups. Any algorithm or

© 2002 The American Physical Society 097904-1



VOLUME 88, NUMBER 9

PHYSICAL REVIEW LETTERS

4 MARCH 2002

process constructed out of these Clifford group transforma-
tions can be efficiently modeled by following the evolution
of the Pauli operators rather than the states of the system.
The standard Pauli group G, for CV quantum compu-
tation on n coupled oscillator systems is the Heisenberg-
Weyl group [HW(n)], which consists of phase-space
displacement operators for the n oscillators. Unlike the
discrete Pauli group for qubits, the group HW(n) is a
continuous (Lie) group, and can therefore only be genera-
ted by a set of continuously parametrized operators. The
algebra hw(n) that generates this group is spanned by the
2n canonical operators §;, pi, i = 1,...,n, along with the
identity operator I, satisfying the commutation relations
[§i, p;]1 = ihd;;I. For a single oscillator, the n = 1
algebra is spanned by the canonical operators {7, p,1}
which generate the single oscillator Pauli operators

X(q) = "M Z(p) = M0 (1)

with g, p € R. The Pauli operator X(g) is a position-
translation operator (translating by an amount ¢), whereas
Z(p) is a momentum boost operator (kicking the momen-
tum by an amount p). These operators are noncommuta-
tive and obey the identity

X(q)Z(p) = e /M Z(p)X(q). )

On the computational basis of position eigenstates
{Is); s € R} [10,12,13], the Pauli operators act as

X@l9 =15 + @ 219 = exp £ ps) 1.

3

Note that it is conventional to use highly squeezed states
to approximate position eigenstates; these states satisfy the
orthogonality relation (s |s’) = (s — s') in the limit of
infinite squeezing.

The Pauli operators for one system can be used to con-
struct a set of Pauli operators {X;(g¢;), Z;(p;);i = 1,...,n}
for n systems (where each operator labeled by i acts as the
identity on all other systems j # i). This set generates
the Pauli group G,. Note that the Pauli group is only a
subgroup of all possible unitary transformations. It is not
possible to construct an arbitrary unitary transformation
using only the Pauli operators X(g) and Z( p); the Pauli
group describes only transformations generated by Hamil-
tonians that are linear in the canonical variables.

For issues of classical simulation, we will be interested
in transformations that lie in the Clifford group. The Clif-
ford group N(G,) is the group of transformations, acting
by conjugation, that preserves the Pauli group G,; i.e.,
it is the normalizer of the Pauli group in the (infinite-
dimensional) group of all unitary transformations.

Theorem 1:  The Clifford group N(G,) for con-
tinuous variables is the semidirect product group
[HW(n)]Sp(2n,R), consisting of all phase-space transla-
tions along with all one-mode and two-mode squeezing
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transformations. This group is generated by inhomoge-
neous quadratic polynomials in the canonical operators.

Proof: The most straightforward method to identify the
Clifford group will be to identify its algebra. The Clifford
algebra consists of all Hamiltonian operators H, satisfy-
ing [Hyw, H.] € hw(n) for all Ay, € hw(n). This alge-
bra must obviously include the algebra hw(n), and thus
hw(n) is a subalgebra of the Clifford algebra. In addition,
this algebra includes all homogeneous quadratic polynomi-
als in the canonical operators {§;, p;;i = 1,...,n}. This
algebra of quadratics consists of Hamiltonians that gen-
erate one-mode squeezing transformations [for example,
the Hamiltonian Hg = %(Q p + pg)], and also interaction
Hamiltonians that generate two-mode squeezing transfor-
mations (for example, the interaction Hamiltonian H, =
g1 ® py). The algebra of homogeneous quadratic poly-
nomials in the canonical operators is known as the linear
symplectic algebra sp(2n, R).

Together, the algebras hw(n) and sp(2n, R) form a larger
algebra, consisting of inhomogeneous quadratic Hamilto-
nians in the canonical operators {g;, p;;i = 1,...,n}. This
algebra is the semidirect sum algebra [hw(n)]sp(2n,R),
with hw(n) as an ideal. The group generated by this al-
gebra is the semidirect product group [HW(n)]Sp(2n, R).
This group includes phase-space displacements (the Pauli
group), as well as the squeezing transformations (both one
and two mode) of quantum optics [14]. (QED)

In order to describe a quantum information process
as a circuit, it is necessary to find a set of transforma-
tions (gates) that generate the Clifford group; these gates
will serve as building blocks for arbitrary Clifford group
transformations. Following the derivation by Gottesman
et al. [15], a set of gates will be defined in terms of the ele-
ments of the Clifford algebra (i.e., the Hamiltonians) that
generate the transformations.

The SUM gate is the CV analog of the CNOT gate and
provides the basic interaction gate for two oscillator sys-
tems 1 and 2; it is defined as

i
SUM = exp<—E g, ® [72>. @

This gate is an interaction gate operation on the Pauli group
G for two systems. Referring to the definition (1) for the
Pauli operators for a single system, the action of this gate
on the G, Pauli operators is given by

SUM: Xi(q) ® I, — Xi(q) ® Xa2(q),
Zi(p) ® L — Zi(p) ® I,
I ® Xa(q) = 11 ® Xa(q),
I ® Zy(p) = Zi(p) ' @ Zu(p).  (5)
This gate describes the unitary transformation used
in a backaction evasion or quantum nondemolition
process [14].

The Fourier transform F is the CV analog of the
Hadamard transformation. It is defined as
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F=exn(£ 2@+ 7). ©)

and the action on the Pauli operators is
F: X(q) — Z(q),
Z(p) = X(p)". (7

The “phase gate” P(n) is a squeezing operation for CV,
defined by

i
P(n) = exp| 5~ A2>, 8
(1) eXp<2h nq ®
and the action on the Pauli operators is
P(n): X(q) — €217 X(q)Z(nq).

Z(p) — Z(p). 9)

[The operator P(7) is called the phase gate, in analogy
to the discrete variable phase gate P [15], because of its
similar action on the Pauli operators.]

For discrete variables, it is possible to generate the Clif-
ford group using only the SUM, F, and P gates [15]. How-
ever, for the CV definitions above, the operators SUM, F,
and P(n) are all elements of Sp(2n, R); they are generated
by homogeneous quadratic Hamiltonians only. Thus, they
are in a subgroup of the Clifford group. In order to generate
the entire Clifford group, one requires a continuous HW(1)
transformation [i.e., a linear Hamiltonian that generates
a one-parameter subgroup of HW(1)] such as the Pauli
operator X(g). This set {SUM, F, P(n),X(q);n,q € R}
generates the Clifford group.

We now have the necessary components to prove the
main theorem of this paper regarding efficient classical
simulation of a CV process. We employ the stabilizer for-
malism used for discrete variables and follow the evolution
of the Pauli operators rather than the states. To start with,
let us consider the ideal case of a system with an initial
state in the computational basis of the form |gy, g2, ..., gu)-
This state may be fully characterized by the eigenvalues of
the generators of n Pauli operators {§1, §2,...,4,}. Any
continuous variable process or algorithm that is expressed
in terms of Clifford group transformations can then be
modeled by following the evolution of the generators of
these n Pauli operators, rather than by following the evolu-
tion of the states in the Hilbert space £ ?(R"). The Clifford
group maps linear combinations of Pauli operator genera-
tors to linear combinations of Pauli operator generators
(each g; and p; is mapped to sums of §;, p;, j = 1,...,n
in the Heisenberg picture). For each of the n generators
describing the initial state, one must keep track of 2n real
coefficients describing this linear combination. To simu-
late such a system, then, requires following the evolution
of 2n? real numbers.

In the simplest case, measurements (in the computa-
tional basis) are performed at the end of the computation.
An efficient classical simulation involves simulating the
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statistics of linear combinations of Pauli operator genera-
tors. In terms of the Heisenberg evolution, the g; are de-
scribed by their initial eigenvalues, and the p; in the sum
by a uniform random number. This prescription repro-
duces the statistics of all multimode correlations for mea-
surements of these operators.

Measurement in the computational basis plus feed-
forward during the computation may also be easily simu-
lated for a sufficiently restricted class of feed-forward
operations; in particular, operations corresponding to
feed-forward displacement (not rotation or squeezing,
though this restriction will be dropped below) by an
amount proportional to the measurement result. Such
feed-forward operations may be simulated by the Ham-
iltonian that generates the SUM gate with measurement
in the computational basis delayed until the end of the
computation. In other words, feed-forward from mea-
surement can be treated by employing conditional unitary
operations with delayed measurement [2], thus reducing
feed-forward to the case already treated.

In practice, infinitely squeezed input states are not avail-
able. Instead, the initial states will be of the form

Si(r1) ® S2(r2) ® -+ ® 8,(r,) 10,0,...,0), (10)

where |0) is a vacuum state and S(r), r € R is the
squeezing operation which can be expressed directly
in terms of elements of the Clifford group. Now the
vacuum states may also be described by stabilizers
{1 + ip1,ga + ipa,....4n + ipn} which are complex
linear combinations of the generators. Combining the
initial squeezing operators into the computation, a clas-
sical simulation requires following the evolution of 4n>
numbers (twice that of infinitely squeezed inputs due to
the real and imaginary parts). Measurements in the com-
putational basis are again easily simulated in terms of this
Heisenberg evolution, by treating each of the ¢; and p; as
random numbers independently sampled from a Gaussian
distribution with widths described by the vacuum state.
Simulation of measurement plus feed-forward follows
exactly the same prescription as before.

The condition for ideal measurements can be relaxed.
Finite efficiency detection can be modeled by a linear loss
mechanism [16]. Such a mechanism may be described
by quadratic Hamiltonians and hence simulated by the
Clifford group. Note that the Clifford group transforma-
tions are precisely those that preserve Gaussian states; i.e.,
they transform Gaussians to Gaussians; this observation
allows us to remove our earlier restriction on feed-forward
gates and allow for classical feed-forward of any Clifford
group operation. Note that non-Gaussian components to
the states cannot be modeled in this manner.

Finally, it should be noted that modeling the evolution
requires operations on real-valued (continuous) variables,
and thus must be discretized when the simulation is done
on a discrete (as opposed to analog) classical computer.
The discretization assumes a finite error, which will be
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bounded by the smaller of the initial squeezing or the final
detector “resolution” due to finite efficiency, and this error
must remain bounded throughout the simulation. As only
the operations of addition and multiplication are required,
the discretization error can be kept bounded with a poly-
nomial cost to efficiency.

Thus, we have proved the extension of the GK theorem
for continuous variables:

Theorem 2 (efficient classical simulation): Any continu-
ous variable quantum information process that initiates
with Gaussian states (products of squeezed displaced
vacuum states) and performs only (i) linear phase-space
displacements (given by the Pauli group), (ii) squeezing
transformations on a single oscillator system, (iii) SUM
gates, (iv) measurements in position- or momentum-
eigenstate basis (measurements of Pauli group op-
erators) with finite losses, and (v) Clifford group
[HW(n)]Sp(2n, R) operations conditioned on classical
numbers or measurements of Pauli operators (classical
feed-forward), can be efficiently simulated using a clas-
sical computer.

We could summarize the conditions (i)—(iii) by simply
stating (i-iii) transformations generated by Hamiltonians
that are inhomogeneous quadratics in the canonical op-
erators {q;, pi;i = 1,...,n}, which is equivalent. Thus,
any circuit built up of components described by one- or
two-mode quadratic Hamiltonians [such as the set of gates
SUM, F, P(n), and X(q)], that initiates with finitely
squeezed states and involves only measurements of canoni-
cal variables may be efficiently classically simulated.

As with the discrete variable case, these conditions do
not mean that entanglement between the n oscillator sys-
tems is not allowed; for example, starting with (separable)
position eigenstates, the Fourier transform gate combined
with the SUM gate can lead to entanglement. Thus, al-
gorithms that produce entanglement between systems may
still satisfy the conditions of the theorem and hence may
be simulated efficiently on a classical computer; included
are those used for CV quantum teleportation [4], quantum
cryptography [6—9], and error correction for CV quantum
computing [12,13]. Although these processes are of a fun-
damentally quantum nature and involve entanglement be-
tween systems, this theorem demonstrates that they do not
provide any speedup over a classical process. Thus, our
theorem provides a valuable tool in assessing the classical
complexity of simulating these quantum processes.

As shown in [10], in order to generate all unitary trans-
formations given by an arbitrary polynomial Hamiltonian
(as is necessary to perform universal CV quantum com-
putation), one must include a gate described by a Ham-
iltonian other than an inhomogeneous quadratic in the
canonical operators, such as a cubic or higher-order poly-
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nomial. Transformations generated by these Hamiltonians
do not preserve the Pauli group, and thus cannot be de-
scribed by the stabilizer formalism. Moreover, any such
Hamiltonian is sufficient [10]. One example would be to
include an optical Kerr nonlinearity [17], but there is a
lack of sufficiently strong nonlinear materials with low ab-
sorption. Alternatively, it has recently been proposed that
a measurement-induced nonlinearity (using ideal photode-
tection) could be used in an optical scheme without the
need for nonlinear materials in the computation [15,18].
The physical realization of such nonlinearities is an impor-
tant quest for quantum information theory over continuous
variables. These nonlinear transformations can be used in
CV algorithms that do not satisfy the criteria of this theo-
rem, and which may provide a significant speedup over
any classical process.

This project has been supported by an Australian Re-
search Council Large Grant. S.L.B. and K. N. are funded
in part under project QUICOV as part of the IST-FET-
QJPC programme.

[1] D. Gottesman, in Proceedings of the XXII International
Colloquium on Group Theoretical Methods in Physics,
edited by S.P. Corney et al. (International Press, Cam-
bridge, MA, 1999), p. 32.

[2] M. A. Nielsen and I.L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, U.K., 2000), p. 464.

[3] E. Kanill, quant-ph/0108033; B. M. Terhal and D. P. DiVin-
cenzo, quant-ph/0108010.

[4] S.L. Braunstein and H. J. Kimble, Phys. Rev. Lett. 80, 869
(1998).

[5] A. Furusawa et al., Science 282, 706 (1998).

[6] T.C. Ralph, Phys. Rev. A 61, 010303(R) (2000).

[7] M. Hillery, Phys. Rev. A 61, 022309 (2000).

[8] M.D. Reid, Phys. Rev. A 62, 062308 (2000).

[9] D. Gottesman and J. Preskill, Phys. Rev. A 63, 022309
(2001).

[10] S. Lloyd and S.L. Braunstein, Phys. Rev. Lett. 82, 1784
(1999).

[11] R.P. Feynman, Found. Phys. 16, 507 (1986).

[12] S.L. Braunstein, Phys. Rev. Lett. 80, 4084 (1998).

[13] S.L. Braunstein, Nature (London) 394, 47 (1998).

[14] D.F Walls and G.J. Milburn, Quantum Optics (Springer,
Berlin, 1994).

[15] D. Gottesman et al., Phys. Rev. A 64, 012310 (2001).

[16] H.P. Yuen and J. H. Shapiro, IEEE Trans. Inf. Theory 26,
78 (1980).

[17] G.J. Milburn and D.F. Walls, Phys. Rev. A 28, 2065
(1983).

[18] S.D. Bartlett and B. C. Sanders, Phys. Rev. A (to be pub-
lished), quant-ph/0110039.

097904-4



