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Highly charged dust grains in plasma discharges reside at the sheath edge, where the ions stream
toward the electrode at speed �cs . Above a critical pressure Pcrit, the grains lose their kinetic energy
and reach a strongly coupled crystalline state, but for P , Pcrit the grains acquire a large random kinetic
energy and act like a fluid. We show that the dust heating in the fluid phase is due to an ion-dust
two-stream instability, which is stabilized at P . Pcrit by the combined effect of ion-molecule and
grain-molecule collisions.
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1. Introduction.— Micron-scale “dust grains” immersed
in rf plasma discharges acquire a large negative charge
2Ze and settle into a dust cloud at the edge of the sheath
over the lower electrode, where gravity is balanced by the
repulsive force of the sheath electric field on the negative
grains. For a typical case with electron temperature Te �
3 eV and grain radius a � 3.5 mm, Z � 15 000 and the
screened interaction potential �f� between grains sepa-
rated by 200 mm is �500 eV. At sufficiently high gas
pressure P, the random kinetic energy of the grains is
damped by gas friction, and the kinetic temperature Td of
the dust grains reaches a steady-state value ,0.7 eV, the
instrumental limit [1]. Since Td <<< �f�, the grains are
strongly coupled and self-organize into a crystalline con-
figuration. However, it is important that at the sheath edge,
ions stream toward the electrode at a velocity u � cs �p

Te�mi , the ion sound speed. The ion flow creates an
electrostatic wake downstream of each grain, and there
are positively charged points in the wake structure behind
each grain, which attract other grains. As a result, the
grains line up directly behind each other along the stream-
ing direction, but transverse to the streaming form a lat-
tice which is usually hexagonal [1–6]. This type of crys-
tal structure, known as simple hexagonal, never occurs in
ordinary solids where the interactions between atoms are
isotropic.

In lower pressure experiments, a very different behav-
ior is seen. Despite the dissipation of grain kinetic energy
to gas friction, the dust grains reach a steady-state kinetic
temperature which is much larger than the temperature of
any other component in the plasma. In fact, Td is so large
that the dust acts like a fluid [1,5]. If P is increased in real
time, the dust cools down and freezes into a crystal. Con-
versely, an existing dust crystal melts as P is decreased.
Schweigert et al. [6] and Melandso [7] have explained the
melting in terms of an instability of the crystal phonons.
However, these authors imply that the phonon instability
disappears as the crystal structure melts. No explanation
has been offered for the intense heating of dust in the fluid
phase. Many possible mechanisms have been examined
and have been shown to be inadequate [8].
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In this Letter, we show analytically that an ion-grain
two-stream instability is present at low pressure but is
stabilized by the combined effects of ion-molecule and
dust-molecule collisions at pressures above a critical Pcrit.
Although streaming instabilities have been studied for over
five decades, most recently in the context of dusty plasma
[9], this Letter appears to be the first to show that the
two-stream instability between two cold components can
be stabilized by collisions. We then present homogeneous
simulations that show strong dust heating for P , Pcrit,
but very low Td for P . Pcrit. Finally, we present simu-
lations of the formation and evolution of bounded dust
clouds, which cool and condense into a crystal with sev-
eral crystal layers (at P . Pcrit), or heat and remain fluid
(at P , Pcrit). The phase transition points seen in the dust
cloud simulations agree with the stability limits from the
theory and are also consistent with the experimental ob-
servations. We conclude that this instability is the cause
of the observed dust heating, and the phase transition to a
crystal state occurs when the instability is stabilized.

2. Analysis of the two-stream instability.—Consider a
dusty plasma consisting of warm Boltzmann electrons with
density ne and Debye length lDe; ions with density ni ,
plasma frequency vi , and streaming velocity u; and dust in
the fluid phase with density nd and plasma frequency vd .
Both the dust and the ions are subject to collisions with
the neutral molecules, with momentum loss frequencies
nd and ni , respectively. In situations of interest, the phase
velocity of the most unstable waves is found to lie outside
the thermal distribution of either the dust or the ions but
well inside the electron distribution. Thus, both dust and
ions can be regarded as cold, and the dispersion relation is
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[It is assumed in (1) that the dust is a weakly coupled
gaslike plasma species. This is appropriate for the spe-
cific cases discussed in this Letter, but is would be of
© 2002 The American Physical Society 095006-1



VOLUME 88, NUMBER 9 P H Y S I C A L R E V I E W L E T T E R S 4 MARCH 2002
interest to extend the theory to include liquidlike correla-
tions between dust grains.] Numerical solutions of Eq. (1)
show that all modes are stable if both nd�vd and ni�vi

are large enough, as shown in Fig. 1. For the particular
case nd�vd � ni�vi it can be shown analytically that the
stability condition is
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where M � u�cs is the Mach number and u is the angle
between k and u. Note that modes with cosu .

p
2�M

are stable even in the collisionless limit.
Consider a typical experiment [5] in krypton gas, with

a � 3.5 mm, md � 2.7 3 10210 g ,

nd � 3.6 3 104 cm23 �within the dust cloud� . (3a)

For our “typical” case, we also assume

Te � 3 eV, ne � ni � 2 3 109�cm3,

Te�Ti � 24, and M � 1 or M � 0.5 . (3b)

However, it should be noted that none of the parameters in
(3b) is actually measured in the experiment. (The parame-
ters ne, ni , Ti , and u all vary rapidly in or near the sheath
and are very difficult to measure at the actual location of
the dust cloud.) For this case, at M � 1 marginal stabil-
ity occurs at P � 260 mTorr. It may be noted that in the
experiments [5] the dust is seen to be in a fluid phase at
P � 167 mTorr, but in a crystalline phase at 220 mTorr.
Thus, given the uncertainties in the experimental parame-
ters, it is very plausible that the phase transition from dust
gas to dust solid is associated with the stabilization of the
two-stream instability. To study this further, we have per-
formed particle simulations which are discussed in Secs. 3
and 4.

A very useful approximation can be made in the dis-
persion relation (1), which is quite accurate for the col-

FIG. 1. The curve is the stability boundary in the nd�vd 2
ni�vi plane. Each point corresponds to the parameters for
a single DSD simulation. Triangles: homogeneous dust fill,
M � 0.5. Diamonds: homogeneous dust fill, M � 1. Circles:
confined dust cloud, six layers thick, M � 1. Open symbols
indicate unstable cases; filled symbols indicate stable cases.
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lisional two-stream instability (but less so for the more
familiar collisionless case). Since v ø k ? u and v ø

ni, the term v may be omitted in the denominator of the
last term. The dispersion relation then reduces to
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which is quadratic in v, so that a complete stability analy-
sis is easily done in closed form. Equation (4) reproduces
the stability boundary (2) exactly, and the spectrum v�k�
to an accuracy of better than 1% for typical dusty plasma
parameters.

3. The DSD simulation code.—Simulation of dusty
plasma is difficult because the mass of a dust grain is
�1012 times larger than that of an ion, so the time scales
for grain motion are enormously slower than those for
ions or electrons. To resolve this problem in a numerically
efficient way, we have developed the “DSD” (dynamically
shielded dust) code [10], in which only dust grains are
represented as simulation particles. Electrons and ions do
not appear as particles. However, the interaction between
grains is the dynamically shielded Coulomb interaction
[11,12], i.e., the Coulomb interaction mediated by the
complete linear response of the plasma ions [distribution
function fi0�v�, streaming Maxwellian at temperature Ti

and streaming velocity u] and the warm electrons, includ-
ing wakefields, ion-neutral collisions, and Landau damp-
ing. In k space the potential of one grain is given by
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and (since the plasma is treated by linear theory) the to-
tal potential is assumed to be given by the superposition
of grain potentials. Pictures of the potential (5) in real
space are shown in the first paper in Ref. [10]. To re-
solve both the long- and short-range forces, DSD uses the
particle-particle/particle mesh technique of Hockney and
Eastwood [13].

Since the DSD model includes only the dust grains as
simulation particles, it may be a surprise that the two-
stream instability is present in the code. However, the di-
electric representation of the ions and electrons contains
all the information needed, and the dispersion relation (4)
may indeed be derived from the DSD model. [The model
leads to the dispersion relation (4) rather than (1), because
the grains are regarded as stationary in calculating the di-
electric, a very good approximation which has also been
used by all previous workers to calculate wakefields for
dusty plasma.]
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To study the nonlinear effect of the instability on the
dust, we first performed a series of simulations where the
dust grains form a uniform fluid filling the simulation
box. Since the simulation is periodic, this corresponds to
an infinite uniform medium and should reproduce the char-
acteristics of the dispersion relation (4) exactly. The pa-
rameters were given by (3), at pressures 150, 200, 250,
300, and 350 mTorr, and at Mach numbers M � 0.5 and
M � 1. Stable cases could easily be distinguished from
unstable cases: In unstable cases, electrostatic modes
grew exponentially through several orders of magnitude
and eventually saturated; for stable cases, the electrostatic
energy was thermal. In terms of nd�vd and ni�vi, the
transition from stability to instability occurred exactly at
the stability boundary predicted by theory, as shown in
Fig. 1. The predicted critical pressure for stability Pcrit
is 330 mTorr at M � 0.5 and is 260 mTorr for M � 1.
(Pcrit decreases as M increases because ni is an increas-
ing function of the ion velocity u.) The mode structure
is generally in accordance with the dispersion relation (4)
[14]. For example, the most unstable modes propagate
along the streaming direction u for cases with M � 0.5,
but obliquely to u for M � 1. In Fig. 2, we show the value
of Td after steady state has been reached for each of the
simulations. Note the sharp increase in Td for P , Pcrit.

4. Dust cloud simulations.— In discharge experiments,
the dust accumulates in a disk-shaped region near the
sheath edge at the lower electrode, where there is a ver-
tical balance between gravity and the sheath electric field.
The grains are typically confined laterally by electric fields
resulting from the electrode geometry. To simulate this in
DSD, we impose a vertical electric field which increases
linearly with z, and a much weaker radial confining field
which increases linearly with r. We initiate the grains
at random positions in the simulation box. The grains
rapidly collapse toward the equilibrium region, acquiring
a large kinetic energy in the process, and this kinetic en-
ergy is equilibrated by grain-grain collisions. Thus, at an
early time, the grains form a weakly coupled disk-shaped
cloud. At high pressure, the grains then lose energy due

FIG. 2. Td as a function of P. Triangles: homogeneous dust fill,
M � 0.5. Diamonds: homogeneous dust fill, M � 1. Circles:
confined dust cloud, six layers thick, M � 1. Open symbols
indicate unstable cases; filled symbols indicate stable cases.
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to friction on the neutral gas, eventually become strongly
coupled, and settle into a stationary configuration which
is highly ordered. An example is shown in Figs. 3a and
3b for 1000 grains in a krypton discharge at pressure
350 mTorr, plasma parameters (3), and ions streaming at
M � 1. Figure 3a shows the projection of the grains onto
the x-z plane. Note that the grains are stratified into six
layers. Figure 3b shows the projection onto the x-y (trans-
verse) plane and shows mostly hexagonal short-range or-
der, and even a substantial degree of long-range order. To
give some indication of the vertical structuring, in Fig. 3b
grains that are located in the top region, z . 15.1lDe, are
shown as blue diamonds, and grains in the bottom region
z , 15.9lDe are shown as red circles. Note that nearly
every blue diamond overlaps a red circle, indicating that
the grains are arranged into vertical columns. Other struc-
tural features can be discerned and are discussed elsewhere
[10]. The ordering is very similar to what is seen in dust
crystallization experiments [1–6].

For pressure below Pcrit � 330 mTorr, the simulation
shows a very different picture. The grains collapse into

(a)

(b)

FIG. 3 (color). Snapshot of grain locations, for a simulation
with P � 350 mTorr (stable). (a) Projection of the grains onto
the x-z plane. (b) Projection of the grains onto the x-y plane.
The streaming direction is z. Blue diamonds indicate grains
located in the top region 15.9lDe , z, black dots indicate grains
in the middle region 15.1lDe , z , 15.9lDe, and red circles
indicate grains in the lower region z , 15.1lDe.
095006-3



VOLUME 88, NUMBER 9 P H Y S I C A L R E V I E W L E T T E R S 4 MARCH 2002
a dust cloud which remains hot, fluidlike, and nearly un-
structured. For P � 150 mTorr, e.g., Td reaches a final
steady-state value $25 eV (which is 8 times Te, and or-
ders of magnitude larger than the ion or neutral tempera-
ture), despite the continuing frictional dissipation of grain
kinetic energy, and the absence of any explicit mechanism
in the code that heats the grains. The heating of the grains
can be due only to the two-stream instability.

In Fig. 2, we have also plotted Td against P for five
dust cloud simulations (shown as circles) at pressures 150
to 350 mTorr, including the two cases discussed above.
In all cases, the plasma parameters are given by (3) and
M � 1. Note the sudden increase in Td when P falls be-
low Pcrit � 330 mTorr. The parameters for the five simu-
lations are also plotted as circles in the dimensionless space
ni�vi 2 nd�vd in Fig. 1. The critical pressure for the
dust cloud is greater than Pcrit for the homogeneous simu-
lation. Because of the confining forces, the cloud grain
density is approximately twice as large as the homoge-
neous grain density. The resulting higher plasma frequency
vd requires a larger nd and thus a higher pressure for sta-
bilization. Even for the dust cloud, stabilization occurs at
the point predicted by the dispersion relation (4), so nei-
ther the inhomogeneity of the dust cloud nor the presence
of confining forces seems to affect the stability condition.
However, the collisional two-stream instability is convec-
tive in the dust frame [14], so the instability growth is
limited by the thickness of the cloud. As a result, Td is
smaller for a bounded cloud than for unbounded homoge-
neous dust, as seen in Fig. 2.

5. Discussion.—We conclude that two-stream instabil-
ity is the explanation for the high kinetic temperature of the
dust grains in low-pressure experiments, and the collisional
stabilization of the two-stream instability is the trigger for
condensation of the dust into a solid state. Instability
calculations show good quantitative agreement with dust
cloud simulations, and qualitative agreement with experi-
ments, even though the theory strictly applies only to an
infinite homogeneous medium. The details of the mecha-
nism by which the instability heats grains, and the detailed
kinetics of the dust phase transition, are being studied and
will be discussed in future papers.

Schweigert et al. [6] have explained the melting of the
crystalline state in terms of phonons driven unstable by
the presence of wakes. There is no reason to expect that
the level of collisionality necessary to stabilize the phonon
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instability is the same as the collisionality necessary to sta-
bilize the two-stream instability for fluid-phase dust. If the
critical pressure for melting a dust crystal is higher than
Pcrit for freezing a dust fluid, it follows that there is a
range of pressures where both the solid and fluid phases of
the dust are stable, and one may expect a mixed-phase sys-
tem, as has been observed [5]. Although the dust grains
emphatically do not constitute a closed system, this is
analogous to first-order phase transition phenomena in a
thermodynamic system.
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