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Electron Acceleration by a Tightly Focused Laser Beam

Yousef I. Salamin* and Christoph H. Keitel†

Theoretische Quantendynamik, Fakultät für Physik, Universität Freiburg, Hermann-Herder Strasse 3, D-79104 Freiburg, Germany
(Received 20 July 2001; published 15 February 2002)

State-of-the-art petawatt laser beams may be focused down to few-micron spot sizes and can produce
violent electron acceleration as a result of the extremely intense and asymmetric fields. Classical fifth-
order calculations in the diffraction angle show that electrons, injected sideways into the tightly focused
laser beam, get captured and gain energy in the GeV regime. We point out the most favorable points of
injection away from the focus, along with an efficient means of extracting the energetic electron with a
static magnetic field.
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Laser acceleration has been of continuous interest as a
competitive mechanism to acceleration by expensive con-
ventional means. It has recently been demonstrated [1],
by numerical integration of the equations of motion, that
a single electron, incident initially at some angle to the
axis of a laser beam, may be captured and violently accel-
erated to GeV energies. Feasibility of such an accelera-
tion configuration, involving reflection rather than capture,
has also been demonstrated experimentally [2]. The re-
newed interest in this work is motivated by new strides [3]
in the development of high-intensity laser systems which
may eventually open the door for the construction of high-
energy laser accelerators.

Most theoretical treatments of electron laser acceleration
employ low-order Gaussian or Bessel beams [4]. The ulti-
mate goal is obviously to reach GeV or even TeV energies,
a task that requires the use of laser fields of extremely high
intensity. Such intensities may be produced in the labora-
tory by focusing over extremely small spatial dimensions,
typically a few microns. This calls for a detailed knowl-
edge of the laser electric and magnetic fields near the beam
focus. The question arises, in this connection, whether a
field description based upon low-order Gaussian or Bessel
beams is adequate. In addition to laser acceleration, there
is also the interest in numerous novel effects occurring in
ultraintense laser particle interactions for which this Letter
may be relevant. Such effects include quantum electrody-
namic corrections [5], laser induced fusion [6], and genera-
tion of coherent high-frequency light [7].

This Letter aims to accomplish three goals in addition to
demonstrating that laser acceleration into the GeV regime
is possible when the electron is injected at a small angle
to the axis of the tightly focused laser beam. First, we
show that focusing a laser beam to a few micron spot size
requires inclusion of terms of fifth order in the diffraction
angle e in the description of the associated fields. Second,
we demonstrate that initial injection of the electron towards
points on the beam axis on both sides of the focus may lead
to substantially more gain than if injected directly into the
focus. Third, extraction of a captured electron is shown to
be possible by means of a static laboratory magnetic field.
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The beam shown in Fig. 1 may be modeled by a vector
potential linearly polarized along 1x from which the fol-
lowing electric field components may be derived [8,9]
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Similarly, the magnetic field components are given by

Bx � 0 , (4)
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FIG. 1. The beam geometry. See text for the definitions.
© 2002 The American Physical Society 095005-1



VOLUME 88, NUMBER 9 P H Y S I C A L R E V I E W L E T T E R S 4 MARCH 2002
By � E

Ω
S0 1 e2

∑
r2S2

2
2

r4S3

4

∏

1 e4
∑
2

S2

8
1

r2S3

4
1

5r4S4

16

2
r6S5

4
1

r8S6

32

∏æ
, (5)

Bz � Ey

Ω
eC1 1 e3

∑
C2

2
1

r2C3

2
2

r4C4

4

∏

1 e5

∑
3C3

8
1

3r2C4

8
1

3r4C5

16

2
r6C6

4
1

r8C7

32

∏æ
. (6)

Note that a cross section through the beam focus is circular
and has a radius w0; a cross section through an arbitrary
point z on axis is also circular with a radius given by
w�z� � w0

p
1 1 �z�zr �2. With k � 2p�l, the Rayleigh

length is zr � kw2
0�2 and the diffraction angle is e �

w0�zr . In Eqs. (1)–(6), j � x�w0, y � y�w0, and

E � E0
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µ
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w
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Furthermore, k � v�c, r2 � x2 1 y2, and r � r�w0.
These equations were derived from a vector potential with
an amplitude A0 and a frequency v. Also, c � c0 1

cP 2 cR 1 cG, where c0 is a constant phase, cP �
h � vt 2 kz is the plane wave phase, cG � tan21�z�zr�
is the Guoy phase associated with the fact that a Gaussian
beam undergoes a total phase change of p as z changes
from 2` to 1`, cR � kr2��2R� is the phase associ-
ated with the curvature of the wave fronts, and R�z� �
z 1 z2

r �z is the radius of curvature of a wave front inter-
secting the beam axis at the coordinate z. The fields given
above satisfy Maxwell’s equations = ? E � 0 � = ? B,
plus terms of order e6.

We discuss the dynamics of the electron, of mass m, and
of charge 2e, by numerically solving the equations

dp
dt

� 2e�E 1 b 3 B�,
dE
dt

� 2ecb ? E .

(10)

In Eqs. (10) the quantities have their usual definitions:
the momentum p � gmcb, the energy E � gmc2,
the Lorentz factor g � �1 2 b2�21�2, and the veloc-
ity, normalized by the speed of light c in vacuum, is
b. The peak field intensity I0 will be expressed in
terms of q � eE0�mcv, where I0l2 � 1.375 3 1018q2

�W�cm2� �mm�2.
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We will consider projection of the trajectories onto the
plane of polarization. Without any loss of generality,
the electron, in all the examples to be considered, will
be fired from the point whose Cartesian coordinates are
�x0, 0, z0� towards a point on the beam axis a distance s
from the focus. For our purposes in this Letter we will
take, as the boundaries of the beam, the curves in the xz
plane defined by x � 6w�z�. An electron will be trans-
mitted if its trajectory crosses the line x � w�z�, it will
be considered reflected if the trajectory crosses the line
x � 2w�z� twice. Otherwise, it will be considered cap-
tured by the beam. Strictly speaking, the field intensity on
the curves x � 6w�z� falls down to 1�e2 of its maximum
value on axis. Thus a transmitted or reflected electron will
be weakly affected by the laser fields beyond the beam
boundaries.

Figure 2(a) illustrates the three distinct cases of electron
motion following injection towards the focus of the beam.
In Figs. 2(b) and 2(c) the variation of Ex and Ez , respec-
tively, along the electron trajectories are shown. Two os-
cillations with substantial asymmetry are apparent in 2(b)
and the correlation between them and the trajectory oscil-
lations is quite evident, especially in the case of capture.
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FIG. 2. (a) Portions of trajectories illustrating reflection, cap-
ture, and transmission, when the electron is injected into the
focus. The dark lines mark the beam boundaries as defined
in the text. (b) The transverse component, and (c) the lon-
gitudinal component of the electric field sensed by the elec-
tron along the transmission and capture trajectories displayed
in (a). For all cases, z0 � 23 mm, and peak intensity I0 �
3.08 3 1021 W�cm2. The full interaction time is such that
vt � p 3 105, at the end of which the gains are �207 MeV
(capture), �40 MeV (transmission), and �25 MeV (reflection).
The legends in (a) apply to (b) and (c).
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We recall that this asymmetry in the tightly focused
regime is essential, because, according to the Lawson-
Woodward theorem, in a symmetric plane wave where
every accelerating half cycle is followed by an equally
decelerating one, no net gain is to be expected [10].

Note that Ez is roughly 2 orders of magnitude smaller
than Ex; yet, together with the b 3 B force, it contributes
significantly to the forward drift and to the rate at which
the electron gains energy from the field, as can be inferred
from Eq. (10). Only a small portion of the actual trajectory
is shown in Fig. 2(a). The energy gains reported here (see
the caption to Fig. 2) are the ones found at the very end
point on each trajectory. Still, it should be noted that the
transfer of momentum takes place over a small portion of
the trajectory in the nature of a series of impulses delivered
mainly by the b 3 B and Ez forces. After that the electron
mostly follows a straight line path at b ! 1.

Next we show that terms of order up to e5 in the field
description are essential. To this end, the energy gain, de-
fined as �g 2 g0�mc2, is shown versus the beam waist
radius at focus in Fig. 3. Three distinct regions show
up in Fig. 3(a). R1 corresponds to spot sizes of radii
w0 . 20 mm, for which all corrections that go as e2 and
smaller may be dropped. The inset shows substantial gain
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FIG. 3. For injection at ui � 6± into the focus, we show
variation of the gain with: (a) The beam waist radius at focus
w0 , and (b) the constant phase angle c0. The laser wavelength is
l � 1 mm and its peak intensity is I0 � 5.5 3 1020 W�cm2

�q � 20�. The initial electron coordinates are (x0 � z0 tanui ,
0, z0 � 23 mm) and its injection kinetic energy is K �
4.599 MeV. The interaction time is such that vt � p 3 105.
The legends in (b) apply to (a), as well.
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for large v0 once the beam boundary approaches the elec-
tron’s initial position. Since we kept the maximal laser
intensity constant, rather than the laser power, the large
w0 values require very high laser powers prior to focusing,
and are thus of little practical significance. In R2, of radii
roughly 7 mm , w0 , 20 mm, the terms of order e5 rep-
resent small corrections to the terms of order e3. How-
ever, in R3 where w0 , 7 mm, inclusion of terms up to
e5 seems to be essential, for the given parameter set. Our
calculations with this particular set, the results of which
are not shown, indicate that the terms of order e5 repre-
sent but tiny corrections to the terms of order up to e4,
down to w0 � 4 mm. Thus, for w0 , 20 mm higher than
first order corrections in e are necessary for our parame-
ter regime; up to fifth-order corrections appear sufficient
down to and probably even well below w0 � 4 mm.

In Fig. 3(b) we investigate the role of the constant phase
c0 introduced in Eqs. (8) and (9) which alters the fields and
the final energy in a sensitive way. For example, the fields
sensed by the electron along its trajectories display a high
degree of symmetry, in the sense described above, for c0
values roughly in the range from 60± to 90±. Thus, for
the chosen parameter set, such fields result in virtually no
energy gain. Elsewhere in Fig. 3(b) the reverse is true, i.e.,
lack of field symmetry leads to substantial energy gain.

Obviously, the fields are strongest near the beam focus.
However, the high-field region is very small and highly
symmetric. This allows for a short interaction time, pro-
vided the electron is initially energetic enough to penetrate
the focal spot. This means an electron that is aimed di-
rectly at the focus may easily get transmitted with little
energy change, if at all. Slightly to the right of the focus,
the beam is thicker and less symmetric. This allows for
more interaction time and facilitates capture and high en-
ergy gain, as can be seen in Fig. 4.

Energy gains of a few hundred MeV have, thus far, been
reported for laser intensities of a few times 1020 W�cm2.

1 0 1 2 3
s/zr

0

50

100

150

200

E
ne

rg
y 

ga
in

 (
M

eV
)

Fields to order ε
Fields to order ε3

Fields to order ε5

q = 15

γ0 = 8

θi = 5
o

w0 = 7.8 µm

ψ0 = 0

FIG. 4. Variation of the energy gain with s when contri-
butions to the fields of order up to eN , N � 1, 3, and 5,
are taken into account. The electron initial position is �x0 �
2�s 2 z0� tanui , 0, z0 � 23 mm� and it is injected into the
point �0, 0, s�. The laser wavelength is l � 1 mm, and its peak
intensity is I0 � 3.09 3 1020 W�cm2. The interaction time is
such that the plane-wave phase h changes by 4p 3 103.
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In Fig. 5, at an intensity near the ultimate currently achiev-
able [3] and with somewhat larger injection energies, we
find electron energy gains in the GeV regime. For ex-
ample, injection at Ki � 3.69 MeV [see 5(e) for the other
parameters] results in capture and an energy gain of about
1.589 GeV. A static magnetic field of strength 5 T, applied
in the 2y direction over the small region 6 , z , 9.2 cm,
suffices to bend the electron trajectory and cause it to cross
the beam boundary, as may be seen in Figs. 5(c), 5(d), and
5(e). As the electron changes course, it suffers inelastic
collisions with the photons that would otherwise stream
by, and loses about 5% of the gained energy. For a dif-
ferent choice of the parameter set, the electron may even
gain, rather than lose energy in the process. Alternatively,
extraction may be possible using a parabolic mirror, with a
high enough damage threshold, to diffract the beam away,
letting the electrons pass through a hole [11].

Our model employs monochromatic fields, while
ultraintense pulses tend to possess a significant band-
width, which, in turn, leads to sensitive phase variations
whose effect eventually propagates to influence the
electron energy gain. To illustrate this point, we have
calculated the energy gained by a single electron under
the conditions of Fig. 5(e) for frequencies in a band of
width Dn � 1.136 363 3 1012 Hz, centered on n0 �
c�l � 2.840 909 3 1014 Hz. The results are displayed
in Fig. 5(f). It can be inferred from these data that con-
tribution from all frequencies roughly in the band n0 6
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FIG. 5. (a) and (b) Energy gain vs the scaled injection en-
ergy g0. The peak field intensity is I0 � 1.375 3 1022 W�cm2.
(c) and (d) Actual trajectories of the electron with and with-
out Bs. (e) Gain accompanying the motion displayed in (b).
(f) Gain for the example shown in (e) vs the laser frequency.
The parameters given in (e) and the legends in (c) apply every-
where.
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0.14% will enhance the gain, while those slightly outside
will lower it, but not substantially.

In conclusion, the electron dynamics in a tightly focused
intense laser beam of a few micron spot size is adequately
described via an analysis including up to fifth-order terms
in the diffraction angle. The adjustable injection parame-
ters have been optimized in order to take advantage of
maximal intensity and asymmetry of the fields. GeV elec-
trons are shown to be extracted by a static magnetic field
after off-focus injection.
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