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We obtain via Monte Carlo simulations the low-temperature charge configurations in the lattice
Coulomb gas on a square lattice for charge filling ratio f in the range 1�3 , f , 1�2. We find a
simple regularity in the low-temperature charge configurations which consist of a suitable periodic
combination of a few basic striped patterns characterized by the existence of partially filled diagonal
channels. In general, there exist two separate transitions where the lower temperature transition �Tp�
corresponds to the freezing of charges within the partially filled channels. Tp is found to be sensitively
dependent on f through the charge number density n � p1�q1 within the channels.
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The question of what would happen to a physical sys-
tem, as the ratio between two competing physical parame-
ters or scales is varied from a simple low order rational
fraction to complicated higher order rational or even irra-
tional limit, has been, for a long time, one of the important
issues in diverse areas of physics in general and condensed
matter physics in particular. Here, we focus our atten-
tion to the problem of finding the ground states for sys-
tems with a competition between periodic pinning potential
and repulsive interparticle interactions, where interesting
commensuration-incommensuration effects are expected to
occur [1–3] as the particle filling density (playing the role
of the above-mentioned ratio) is continuously varied. Typi-
cal experimental examples include monolayers of adsorbed
atoms on crystalline substrates [4], and vortex systems un-
der periodic pinning potentials such as Josephson junction
arrays under uniform magnetic fields [5].

More specifically, in this work, we are dealing with the
two-dimensional lattice Coulomb gas (LCG) which is one
of the extensively studied model systems, where a fraction
f � p�q (p and q are relative primes) of the lattice sites
are occupied by unit charges upon a uniform neutralizing
background [6]. LCG appears in the vortex representa-
tion [7] of the two-dimensional Josephson junction arrays
under uniform external magnetic field that are also repre-
sented as uniformly frustrated XY (UFXY) models [8]. In
spite of many years of research effort, there still remains a
wide range of f (notably 1�3 , f , 1�2) for which not
much is known in terms of equilibrium properties. Even
the ground state configurations are known only for some
limited values of f [9]. In this paper, we report, based on
Monte Carlo (MC) simulations, the first systematic enu-
meration of the low-temperature ordered patterns of LCG
on a square lattice for 1�3 , f , 1�2.

In the case of a UFXY model on a square lat-
tice, Halsey proposed staircase states [10] as the low-
temperature ordered configurations with a q 3 q periodic
unit cell. However, the staircase state turns out to be
the true ground state for some limited values of f only
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such as f � 1�2, 1�3, 2�5, 3�8, etc. More recent works
on a UFXY model [11,12] and LCG [13] show that, for
f � p�q near 1 2 g�g � �

p
5 2 1��2� with q large, the

low-temperature vortex configurations in the UFXY model
can be different from the ordered charge configurations
in LCG. Especially, in the case of LCG on a square
lattice, it was shown [13] that there appear diagonal
striped configurations with partially filled diagonals.
However, the exact patterns of order at low-temperature
for arbitrary values of f in the dense regime have not been
enumerated yet.

In this paper, we find numerically that, for a large part of
the range 1�3 , f , 1�2, the ordered configuration con-
sists of periodic arrangements of a few basic striped pat-
terns. Four regimes of values of f are identified, each
of which represents a specific class of striped patterns
characterized by the existence of partially filled diagonals.
The transition temperature Tc is found to be only weakly
dependent on f. Below Tc, there exists a temperature
range where the charges within partially filled diagonal
channels are disordered (thus mobile along channels). We
found that there exists another transition at a lower tem-
perature Tp at which freezing of charges within partially
filled channels occurs. This lower transition tempera-
ture depends sensitively on the rationality of the charge
number density within channels n � p1�q1, decreasing
monotonically in q1.

General 2D LCG [14] is described by the following
Hamiltonian:

HCG �
1
2

X

ij

QiG��rij�Qj , (1)

where �rij is the distance between the sites i and j, and the
magnitude of charge Qi at site i can take either 1 2 f
or 2f. Charge neutrality condition

P
i Qi � 0 implies

that the number density of the positive charges is equal
to f. We can thus view the system as a lattice gas of
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N ? f charges of unit magnitude upon uniform negative
background charges of charge density 2f (N � L2 is the
total size of the system with the linear dimension L). The
lattice Green function G��rij� solves the equation �D2 2

l22�G��rij� � 22pd�rij ,0, where D2 is the discrete lattice
Laplacian and l is the screening length. For the case of
usual Villain transformation of the UFXY model, we have
l � `. But the screening term is included in this equation
for generality. On a square lattice with periodic boundary
conditions, G��r� is given by

G� �r� �
p

N

X

�kfi0

ei �k?�r 2 1
2 2 coskx 2 cosky 1 1�l2

, (2)

where �k are the allowed wave vectors with km � 2pnm�L
�m � x, y�, with nm � 0, 1, . . . , L 2 1. In the case of
infinite screening length, for large separation r, one gets
G��r� � 2 lnr [14]. In this work, the presented results are
all obtained for the case of l ! ` [15].

In our MC simulations, the initial disordered ran-
dom configuration is updated according to the standard
Metropolis algorithm by selecting a positive charge at
random and trial-moving it over to one of the nearest
neighbor or next nearest neighbor sites [13].

Figure 1 shows the four basic component patterns. First,
component pattern (I) is a sequence of three diagonals
which are empty, filled, and empty, respectively [that may
be denoted by �010� in our notation where 1 refers to a
filled diagonal and 0 refers to an empty diagonal]. In other
words, it is a pattern with a single isolated diagonal which
is filled with charges, that is neighbored by empty diago-
nals on both sides. Repetition of this pattern generates the
ground state configuration for f � 1�3.

Second, component pattern (II) consists of a sequence of
five diagonals that can be written as �01010�. This forms
the basis of the ground state configuration for f � 2�5

FIG. 1. Regimes of charge patterns for the range of value of f
between 1�3 and 0.425. Filled squares and empty squares rep-
resent positive �Q � 1 2 f � and negative �Q � 2f � charges,
respectively, while gray squares denote lattice sites forming par-
tially filled diagonal channels, where only finite fraction n of
the sites are filled with positive charges.
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with lattice periodicity five. The third component pattern
(III) consists of a sequence of seven diagonals that can be
denoted by �010p010�, where p refers to a partially filled
diagonal where only part of the diagonal sites are occupied
by positive charges. This structure, which may be termed
as a channel structure, can form a basis of a periodic con-
figuration with spatial periodicity seven. Last, the fourth
component pattern (IV) can be denoted by �01010p01010�.
This thick channel structure can form a basis of a periodic
configuration with periodicity eleven.

We are now able to give a detailed description of the
low-temperature charge patterns. We may identify four
regimes for the striped charge configuration. We will call
these by regimes A, B, C, and D respectively. Figure 2
shows typical representative configurations in each of the
four regimes.

In regime A that is bounded by 1�3 & f & fc1

� fc1 � 0.357�, the low-temperature charge configuration
consists of combinations of type I and III patterns, where l
�l � 1, 2, 3, . . .� copies of type I patterns in sequence fol-
lowed by a single type III pattern �IlIII� form a basic unit,
repetition of which forms the whole charge configuration.
We can see that the lattice periodicity of the ordered stripe
configuration is equal to pA � 3l 1 7. As the value of f
increases within regime A, the value of l decreases in a
steplike manner. Therefore, regime A is further divided
into subregimes, each of which is characterized by a posi-
tive integer l.

Regime B covers the region fc1 & f & fc2 � fc2 �
0.381�, where the ordered charge configuration simply con-
sists of repetitions of type III stripe patterns with the re-
sulting lattice periodicity pB � 7. In regime C, which is
bounded by fc2 , f , 2�5, the low-temperature charge

FIG. 2. Low-temperature charge configurations for (a) regime
A with f � 7�20 �l � 1�, (b) regime B with f � 13�35,
(c) regime C with f � 0.384 �m � 1�, and (d) regime D with
f � 0.41 �n � 1�, respectively.
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configuration consists of combinations of type II and III
patterns, with m �m � 1, 2, 3, . . .� copies of type II stripe
patterns in sequence followed by a single type III pattern
�IImIII� forming a basic unit. Here, we can see that the
lattice periodicity of the ordered stripe configuration is
equal to pC � 5m 1 7. As the value of f increases within
regime C, the value of m increases monotonically in a step-
like manner.

Regime D corresponds to 2�5 , f & fc3 � fc3 �
0.425�, where the unit period of ordered configuration
consists of combinations of a type IV pattern plus n
�n � 0, 1, 2, 3, . . .� repetitions of type II stripe patterns
that may be denoted by IInIV. We see that the periodicity
of the striped order in regime IV is equal to
pD � 5n 1 11.

The above results are all based on extensive Monte Carlo
simulations. Beginning with random initial charge con-
figurations, approximately 105 to 107 MC sweeps (depend-
ing on f ) were performed at temperatures usually between
T � 0.025 and T � 0.03 which are a little below the tran-
sition temperatures. For each of the four regimes, we
checked five to ten different values of f for the simula-
tions depending on the specific regime. We could identify
the stripe periodicity pS of the (potentially) stable charge
configuration through tedious trial simulations (see also
below). After that, in order to further make sure that
we indeed found the stable configuration, we performed
simulations with lattices of dimensions 2pS 3 2pS, up to
6pS 3 6pS . By this procedure, we could confirm that
the above patterns are stable ones except for the extreme
limiting situations mentioned below.

We could also determine the crossover densities, fc1,
fc2, and fc3 by performing extensive Monte Carlo simula-
tions. In addition, we were also guided by the following re-
lations among f, n (filling density inside the partially filled
channels) and l, m, n that read f � �l 1 2 1 n���3l 1

7� (for regime A and B), f � �2m 1 2 1 n���5m 1 7�
(regime C), and f � �2n 1 4 1 n���5n 1 11� (regime
D), respectively, where l, m, n, and n are as defined
above. An important empirical fact is that the charge
filling n inside channels lies approximately in the range
0.5 & n & 0.7.

In some cases of f, the value of l, m, or n can be almost
uniquely identified by combining this restriction on n and
the above relations. However, in general, there can be more
than one value of l, m, or n compatible with the above
range of n and the relations. In those ambiguous cases,
we performed simulations on the lattices with sizes com-
mensurable with each of the candidate striped states. By
this procedure, the system with lattice size that is not com-
mensurate with the true ground state configuration usually
results in defective configurations lacking in global order,
thereby allowing us to identify the stable configuration. We
could identify by this method channel-striped configura-
tions up to l � 3, m � 3, and n � 4. As the value of f ap-
proaches near 1�3 (for example, f & 0.34) or f gets close
to 2�5 from below (for example, 0.395 & f , 0.4), the
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unit cell of the channel-striped configuration gets larger,
and we found it very hard to equilibrate the systems into
some ordered configurations within reasonable computa-
tion time. In these limits, it is possible that there may
exist many metastable states competing with striped con-
figurations. Except for these extremes, for all the striped
configurations we could identify, we confirmed the stabil-
ity of the configurations.

We find that there exists in general another transition
at lower temperature Tp corresponding to charge freez-
ing inside partially filled channels. In order to check this,
we calculated the inverse dielectric constant along two
perpendicular diagonals to identify the transition tempera-
tures. The wave vector dependent inverse dielectric con-
stant is defined as [16], e21��k� � �1 2

2p

TVk2 �rkr2k��,
where rk �

P
ri

Q� �ri� exp�2i �k ? �ri� is the Fourier com-
ponent at wave vector �k of the charge density, and V � L2

is the total area of the system. By letting �k ! 0 for a
given direction of the wave vector, one can obtain the long
wavelength limit of the inverse dielectric constant along a
specific direction.

Figure 3 shows the dependence of the inverse dielectric
constant along parallel and perpendicular to the stripes, re-
spectively, for f � 13�35. We can clearly see that there
exists, in addition to the transition at Tc � 0.32 corre-
sponding to the onset of striped order, an intermediate
regime of temperature where the dielectric constant ex-
hibits asymmetry due to the channel-striped structures.
Also, the system is seen to undergo another transition at
lower temperature Tp � 0.015 (determined as the tem-
perature where the inverse dielectric constant changes most
rapidly). Figure 4 shows the dependence of the inverse di-
electric constant along parallel to the stripes for various
values of f in regime B, where a wide variation is seen
in the temperature dependence of the inverse dielectric
constant.
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FIG. 3. Inverse dielectric constants along parallel (diamonds)
and perpendicular (circles) to the stripes for f � 13�35 and
L � 35 versus temperature. We can clearly see an anisotropy
of the inverse dielectric constants.
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FIG. 4. Inverse dielectric constants along parallel to the
stripes for f � 18�49 �n � 4�7�, f � 3�8 �n � 5�8�, and
f � 29�77 �n � 7�11�, respectively. These are chosen from
regime B. Top right: Transition temperatures Tc (triangles) and
Tp (squares) versus the charge filling ratio f . Bottom right:
The dependence of Tp on the denominator q1 of n � p1�q1.

Shown in top right of Fig. 4 is the dependence of the two
transition temperatures on f � p�q in regime B where the
higher transition Tc is seen to depend on the values of f
smoothly, while the lower transition temperature Tp ex-
hibits sensitive dependence on f. From the bottom right
of Fig. 4 which is a plot of Tp versus the integer denomi-
nator q1 of the charge number density n � p1�q1 within
channels, one can recognize that Tp decreases monotoni-
cally as q1 increases. This is another commensuration ef-
fect coming from the rationality of the particle number
density within channels each of which forms effectively a
one-dimensional lattice gas system. The freezing transition
Tp corresponds basically to the freezing of charges within
individual channels into the pattern given in Refs. [1,2] (at
least for the values of f considered in this work). For some
cases of f (e.g., f � 13�35), this freezing is found to be
accompanied by a unique long range correlation between
charges inside different channels. In general, however, the
relative arrangement of charges within different channels
could depend on the history of annealing, presumably due
to some degeneracies or near degeneracies in the energy
of the configurations.

Now we are left with the region of fc3 , f , 1�2.
Even though we have not investigated the ordered con-
figurations extensively for all values of f in this regime,
we could see, from our simulations for some typical ra-
tional values of f in this regime, that the low-temperature
configuration no longer shows striped patterns but rather
consists of regular arrays of hole defects upon f � 1�2
checkerboard configurations [9,17].

In summary, we have shown numerically that the 2D
LCG on a square lattice exhibits a simple regularity in its
striped charge configuration at low-temperatures for f in
a large part of the range 1�3 , f , 1�2 which consists
of simple combinations of four basic striped patterns char-
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acterized by the existence of partially filled diagonals. In
general, there exists another transition at a lower tempera-
ture Tp corresponding to the freezing within partially filled
channels. It would be interesting to observe these striped
charge patterns experimentally, e.g., in arrays of ultrasmall
tunnel junctions or in the macroscopic systems of dielec-
tric charged spheres [18] under periodic pinning potentials.
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