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The assumption of simultaneous chemical and thermal freeze-outs of the hadron gas leads to a sur-
prisingly accurate, albeit entirely conventional, explanation of the recently measured RHIC p� spectra.
The original thermal spectra are supplied with secondaries from cascade decays of all resonances, and
subsequently folded with a suitably parametrized expansion involving longitudinal and transverse flow.
The predictions of this thermal approach, with various parametrizations for the expansion, are in a strik-
ing quantitative agreement with the data in the whole available range of 0 # p� # 3.5 GeV.
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In this Letter, we offer a very simple explanation of
the p� spectra recently measured at RHIC [1–3]. Our
approach has the following ingredients: (i) simultaneous
chemical and thermal freeze-outs, with the hadron distribu-
tions given by the thermal model; in other words, hadrons
decouple completely when the thermodynamic parameters
reach the freezing conditions, and no particle rescattering
after freeze-out is present, (ii) these thermal distributions
are folded with a suitably parametrized hydrodynamic ex-
pansion, involving longitudinal and transverse flow, finally,
(iii) feeding from resonances, including cascades, is incor-
porated in a complete way.

So far, the thermal approach has been applied success-
fully in studies of particle ratios measured in relativistic
heavy-ion collisions at AGS and SPS [4–10]. Quite re-
cently, it has also been shown that particle ratios measured
at RHIC may be equally well described in the framework
of such models [11–13]. Description of hadronic p� spec-
tra in thermal models is more involved, since the spectra
are affected by decays of resonances, hydrodynamic flow,
and possibly by other phenomena occurring during the al-
leged phase transition from the quark-gluon plasma to a
hadron gas [14]. The model results presented in this Let-
ter are in a surprising agreement with the experiment in
the entire range of the data, 0 # p� # 3.5 GeV, as can
be seen in Fig. 1. The model has two free parameters:
one controlling the size of the system (overall normaliza-
tion of the spectra), and the other one the transverse flow.
We test two different models (parametrizations) for the
freeze-out hypersurface and the hydrodynamic expansion.
Both combine the Bjorken expansion [15] with transverse
flow [16,17], and follow the spirit of Refs. [18–22].

The first model (model I) assumes that the freeze-out
takes place at a fixed value of the invariant time, t �q
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y � const, which means that, due to

time dilation, the particles in the fluid elements moving
farther away from the collision center decouple later than
the particles in the fluid elements remaining at rest in the
center-of-mass system of the colliding nuclei. Further-
more, we assume that the four-velocity of expansion is
proportional to the coordinate
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The freeze-out hypersurface is parametrized as [20]

t � t coshak cosha�, rz � t sinhak cosha� ,

rx � t sinha� cosf, ry � t sinha� sinf ,
(2)

where ak is the rapidity of the fluid element
�yz � rz�t � tanhak�, whereas a� describes the
transverse size of the system �r � t sinha��. The
transverse velocity is yr � tanha�� coshak. We account
for the finite transverse size of the system by imposing
the condition r �

q
r2

x 1 r2
y , rmax. The second model

considered (model II) has the same parametrization of
the four-velocity and the freeze-out hypersurface as the
popular blast model [19,21]:

um � �cosh ak coshb�, sinhak coshb�,

cosf sinhb�, sinf sinhb�� ,

t � t coshak, rz � t sinhak ,
(3)

rx � t sinha� cosf, ry � t sinha� sinf .

Both models I and II are boost invariant. Since deviations
from boost invariance are seen in the rapidity distributions
at RHIC [3], our present approach should be regarded as
an approximate treatment of the midrapidity region. How-
ever, this approximation is very good. One may depart
from the boost invariance by limiting the integration in the
ak variable, thus limiting the longitudinal size of the sys-
tem. The results for the spectra obtained that way are very
similar to the boost-invariant results presented below even
for the limit for ak as low as 0.5.

The local freeze-out conditions, i.e., the values of the
temperature and the chemical potentials, are universal
for the whole freeze-out hypersurface. Since for boost-
invariant models the particle ratios at midrapidity are
not affected by the expansion (this important point is
discussed below), the values of the thermodynamic
parameters may be obtained directly from the standard
thermal analysis, which yields [13] T � 165 6 7 MeV,
mB � 41 6 5 MeV, mS � 9 MeV, and mI � 21 MeV.
© 2001 The American Physical Society 272302-1
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FIG. 1. The p� spectra at y � 0 of pions (solid line), kaons (dashed line), and protons or antiprotons (dash-dotted line), as evaluated
from model I (thicker lines) and model II (thinner lines), compared to the PHENIX preliminary minimum-bias data (a),(b), and to
STAR (open symbols) and PHENIX preliminary highest-centrality data (c) (Au 1 Au at 130 GeV).
Knowing T and m’s we calculate the local distribution
functions of hadrons which include the initial thermal
contribution, as well as additional contributions from the
sequential two- and three-body decays of all heavier reso-
nances. These decays are very important, since they effec-
tively cool the system by 35–40 MeV, as recently shown
in Ref. [13], and also known from earlier works on other
reactions [23,24]. The standard Cooper-Frye-Schonberg
formula [25] is used to calculate the p� spectra of the
observed hadrons. As a result, the particle densities are
obtained as the integrals over the freeze-out hypersurface,
Ni �

R
d3p�p0

R
pmdSmfi�p ? u�, where dSm is the

volume element of the hypersurface, fi is the phase-space
distribution function for particle species ib (composed
from the initial and secondary particles), and pm �
�m� coshy, m� sinhy, p� cosw, p� sinw� is the four-
momentum. Finally, we find, for the case of model I,
the rapidity and transverse-momentum distributions of
hadrons,

dNi

d2p�dy
� t3

Z 1`
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0
djp ? ufi�p ? u� , (4)

where p ? u � m� cosh� y 2 ak� cosha� 2 p� cosj 3

sinha� and j � f 2 w. Similarly, for model II the rele-
vant parameters are the velocity b� and the volume of
the system [19,21]. We observe that the rapidity distri-
bution (4) is boost invariant, since the dependence on y
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can be absorbed in the integration variable by shifting
ak ! ak 1 y. Clearly, this is a direct consequence of the
assumed boost-invariant form of the freeze-out surface.

In the thermal-model fit of particle ratios of Ref. [13]

one computes the integrals Ni � V
R

d3pfi�
q

m2
i 1 p2 �.

The question arises [26] whether the ratios obtained in
that way, which correspond to the collection of particles
from the whole phase space, are the same as the ratios ex-
perimentally measured in the midrapidity region, i.e., the
ratios of the integrals dNi�dy �

R
d2p�dNi��d2p�dy�.

The answer is yes, and follows from the boost invariance
of the expansion model. Indeed, since dNi�dy are inde-
pendent of y, we have

dNi�dy
dNj�dy

�

R
dydNi�dyR
dydNj�dy

�
Ni

Nj
. (5)

This obvious general result can be verified explicitly in our
specific boost-invariant models.

Figure 1 shows our main result. In Figs. 1(a) and 1(b)
we compare the model predictions for the p� spectra of
pions, kaons, protons, and antiprotons, with the PHENIX
minimum bias preliminary data [1]. The model parame-
ters are fitted by the x2 method including all points in
the range 0 , p� , 2 GeV from Figs. 1(a) and 1(b).
This yields t � 5.55 fm, rmax � 4.50 fm for model I,
and V � �6.48 fm�3, b� � 0.52 for model II. The
statistical errors in the fitted parameters are of the order
of 1%. In Fig. 1(c) we compare the model predictions
to preliminary PHENIX [1] and STAR [2] data for the
272302-2
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most central collisions. The model parameters are fitted
by the least-square method to all points in Fig. 1(c),
yielding t � 7.66 fm, rmax � 6.69 fm for model I, and
V � �9.81 fm�3, b� � 0.52 for model II. It is natural
that the size parameters of the system for the most central
collisions are larger than for the minimum-bias case,
which averages over centralities. The size parameters
correspond to the size of the system, in particular for
central collisions in model I rmax � 6.69 fm is very
close to the radius of the Au nucleus, 6.22 fm. We note
that the quality of the fit in Fig. 1 is impressive. For the
minimum-bias data [Figs. 1(a) and 1(b)] model I (thicker
lines) crosses virtually all data points within error bars,
with x2�degree of freedom less than 1. Amusingly,
also the very-high p� data are reproduced. The fit with
model II is very similar in the range 0 , p� , 2 GeV,
and falls slightly below the data at higher p�, where hard
processes are expected to contribute. The fit to the most
central collisions, Fig. 1(c), is of similar quality except for
the p preliminary data from STAR, which fall 30%–50%
below the model fits at low p�. Note, however, that at
low p� the STAR and PHENIX preliminary data are not
fully consistent. The total multiplicity of charged particles
produced in the most central event measured at PHOBOS
[27], 555 6 12 6 35, is consistent with size parameters
quoted above, and yields t � 7 fm for model I and
V � �9 fm�3 for model II.

Since the values of the strange and isospin chemical
potentials are very close to zero, the model predictions
for p1 and p2, as well as for K1 and K2 are practi-
cally the same. The value of the baryon chemical po-
tential of 41 MeV splits the p and p̄ spectra. Note the
convex shape of the pion spectra in Fig. 1, reproduced by
the model. In addition, the p1 and p curves in Fig. 1
cross at p� � 2 GeV, and the K1 and p at p� � 1 GeV,
exactly as in the experiment. We stress that our method is
different from traditional fits in the blast or similar models,
where the temperatures for various particles are being ad-
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justed independently or from semiempirical formulas. We
have no freedom here: the temperature is the freeze-out
temperature fixed by the particle ratios, and the spectra are
obtained as described in Ref. [13].

In Table I we present the inverse slope parameters Teff,
defined by fitting the function const 3 exp�2m��Teff� to
the data [28], and average p�. Agreement of model I
and the data for the inverse slopes is within error bars
except for most central p data from PHENIX (2.5 standard
deviations) and K2 and p data from STAR (2 and 4.6
standard deviations, respectively). The values of �p�� are
within error bars.

We end this Letter with a more pedagogical discussion
of the role of various effects included in our analysis. In
Fig. 2 the dotted line shows the initial pion p� spectrum
in a static fireball with the same temperature and chemi-
cal potentials as used in our calculation. No secondaries
are included here. The effect of the decays of all reso-
nances is represented by the dash-dotted line, representing
the sum of the initial and secondary pions. Decays of the
resonances lead to an effective decrease of the temperature
by about 35–40 MeV [13], since the emitted particles tend
to populate the low-p� region. However, the spectrum re-
mains concave. The effect of the pure longitudinal Bjorken
expansion (with t �

p
t2 2 r2

z � const) is illustrated by
the dashed line. This is a redshift effect, since all fluid
elements move away from the observer, which leads to ex-
tra cooling of the spectrum. The solid line corresponds to
model I (model II gives very similar results), incorporat-
ing both the longitudinal expansion and the transverse flow.
The transverse flow causes some fluid element to move
in the direction of the observer, leading to blueshift [29].
Hence we find a combination of redshift and blueshift,
yielding the p� spectrum displayed by the solid line in
Fig. 2. Note that the spectrum finally acquires the convex
shape, as seen in the experiment (cf. Fig. 1). The effects
of blueshift are stronger for more massive particles, hence
the behavior of Fig. 1 and Table I.
TABLE I. Inverse slope parameters Teff, and the average transverse momentum �p��.

Teff [MeV] p K p or p̄

PHENIX, min. bias, expt. 190 6 17 272 6 16 274 6 11
positive hadrons model I 203 263 292

PHENIX, min. bias, expt. 207 6 20 260 6 17 301 6 14
negative hadrons model I 202 255 291

PHENIX, most central, expt. 197 6 19 – 367 6 23
negative hadrons model I 206 273 310

STAR, most central, expt. 188 6 20 300 6 35 560 6 50
negative hadrons model I 176 223 327

�p�� [MeV] p K p or p̄

PHENIX, most central, expt. 370 6 70 600 6 60 840 6 50
positive hadrons model I 438 629 853

PHENIX, most central, expt. 370 6 70 630 6 80 860 6 50
negative hadrons model I 434 629 852
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FIG. 2. Contributions of various effects to the p� spectra of
p1 (normalizations arbitrary).

To conclude, we emphasize that the presented descrip-
tion, implementing in a simple fashion all key ingredi-
ents: freeze-out, decays of resonances, and longitudinal
and transverse flows, works for RHIC in the whole avail-
able range of data. We stress that we have assumed
that the chemical and thermal freeze-outs occur simulta-
neously, which is in the spirit of the sudden hadroniza-
tion of Refs. [30,31]. A practical value of our results is
that they give hints and constraints for more involved hy-
drodynamic calculations, e.g., [32–34], by providing the
freeze-out conditions that describe the data. A natural ex-
tension of the model should include different centrality ef-
fects (elliptic flow), and rapidity dependence. Also, the
model must be further verified against the available data
from the HBT pion interferometry [35]. Note that our
size parameters are very similar to the experimental HBT
radii. We have checked that our model works also for the
SPS data. The details of these studies will be presented
elsewhere.
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