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Surface Temperature Dependence of the Inelastic Scattering of Hydrogen Molecules
from Metal Surfaces
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The surface temperature dependence of activated inelastic scattering and dissociation of D2 from the
Cu(111) surface has been computed using quantum wave-packet methods. It is found, in agreement with
experimental data, that the surface temperature dependence generally has an Arrhenius form with an
activation energy dependent on molecular translational energy and on the initial and final internal molec-
ular states. The translational energy dependence of the activation energy is linear up to the threshold
energy, with an abrupt change thereafter. On the basis of the wave-packet calculations, a model has been
developed to explain these findings and highlight their general nature.
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The scattering and dissociative chemisorption of mole-
cules on metal surfaces have been intensively studied in
recent years [1,2]. Developments in experimental tech-
niques, notably molecular beam methods, have accom-
panied great improvements in theoretical work, in the
computation of the energetics [3] and in molecular dy-
namics methods. This is particularly true for hydrogen
adsorption on metals [4], which provides the best studied
paradigms of gas-surface reaction dynamics, for which the
results of fully quantum computation of S-matrix elements
have been directly compared to experimental cross sections
[5–8]. The greater the level of detail provided by experi-
ment, the more we can say about the energetics and to-
pography of the potential energy surface (PES) governing
the reaction dynamics. Recent experiments [9,10] using
stimulated Raman pumping of the initial molecular state
have approached the state-to-state scattering limit needed
for quantitative comparison with theory.

Yet a key ingredient is missing from theory, namely the
influence of the surface vibrational (phonon) and electronic
(electron-hole pair) excitations on the dynamics. While
the influence of electron-hole pairs is still unclear [11],
low-dimensional models for phonons show that the mole-
cule loses energy as the surface recoils on impact. For di-
rect dissociation (where there is no trapping of molecules
before reaction) the thermal motion of the surface atoms
causes a Doppler downshift of the dissociation barrier,
and enhanced dissociation at low energy [12,13]. For hy-
drogen on transition metals, substrate recoil is small be-
cause of the mismatch between the molecular and surface
atom masses, but energy from vibrationally excited surface
atoms can be transferred to the molecule. Experimentally,
this should result in temperature-dependent scattering and
dissociation cross sections. Surprisingly, recent experi-
ments have shown [14,15] that this surface temperature de-
pendence for the H2�Cu system is very well described by
an Arrhenius law. This might lead one to propose trap-
ping and thermal activation from a state in equilibrium
with the substrate, yet H2�Cu is the archetypal activated
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direct scattering/dissociation system—there is no trapping
of molecules to allow the establishment of thermal equilib-
rium with the surface. Similar results have been observed
for H2 scattering from Pd surfaces [16,17], which show
more complicated, steering-dominated reaction [18,19]. In
this paper, we address the role of substrate phonons in the
direct reactive scattering of hydrogen molecules from met-
als. Explicit computation of cross sections using quantum
wave-packet methods yields exactly the Arrhenius behav-
ior observed in experiment. On the basis of this, we de-
velop a simple model that can be used to rationalize the
Arrhenius behavior and the molecular translational energy
dependence of the observed “activation energy.”

The quantum calculations describe dissociation at a
single surface site, 4 molecular degrees of freedom were
treated: molecular center of mass to surface distance, z,
molecular bond length, r, and its orientation �u, f�. A
model form with parameters appropriate for H2�Cu�111�
was used for the PES [20]. Substrate motion was treated
as a single Einstein oscillator having the mass of one Cu
atom and a vibrational frequency, vs, equal to the surface
Debye frequency [14 meV for Cu(111)]. Following Hand
and Harris [12], the motion of this oscillator couples to
molecular motion via a rigid shift of the z coordinate,
i.e., V�z, r, u, f, y� � V �z 2 y, r, u, f�, where y is the
oscillator coordinate. The five-dimensional wave func-
tion was expanded in the eigenfunctions of the surface
harmonic oscillator, and represented on a finite-element
grid in the molecular coordinates. The time-dependent
Schrödinger equation was solved with the split-operator
method [21], using a Chebychev expansion [22] of the
nondiagonal potential operator. The kinetic energy oper-
ator was computed with an extended symmetry adapted
discrete variable representation method [20]. The initial
wave function was a product of the appropriate molecular
state wave function and a surface harmonic oscillator
eigenfunction. The phonon expansion included nine chan-
nels centered on the initial phonon state; this was suffi-
cient for convergence. Thermal averaging of the cross
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sections was obtained by summation of the results for 15
initial phonon states, Boltzmann weighted according to
vs and surface temperature. The use of a single oscillator
is an approximation for which there is no firm foundation
despite its extensive use [23]. Therefore, we limit the
present study to a moderate range of surface temperatures,
200 , Ts , 900 K, the same range covered in experi-
ment [14,15].

In Fig. 1 we present probabilities obtained from the
wave-packet calculations for rotational excitation of D2
scattered from Cu(111) as a function of the reciprocal
of Ts. Two rotational transitions are shown: �y � 0,
J � 0 ! 4� and �y � 0, J � 0 ! 6�, with threshold
energies, ET , for scattering from a rigid surface of
75 meV and 157 meV, respectively. The upper panel
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FIG. 1. Transition probabilities, S, versus inverse surface tem-
perature for the rotationally inelastic scattering of D2 from
Cu(111). The results of the wave-packet calculation (symbols)
are well reproduced by fits using an Arrhenius form (lines). Top
panel: S versus 1�Ts for rotationally inelastic channels 0 ! 4
(circles) and 0 ! 6 (squares) in the vibrational ground state,
y � 0, for Etrans � 104 meV. Bottom panel: S versus 1�Ts
for the 0 ! 4 rotational excitation for several Etrans. Solid lines
indicate results for y � 0, while the dashed line is for y � 1
at Etrans � 30 meV, for which the apparent activation energy is
51 meV compared to 62 meV for y � 0.
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shows the transition probabilities at a translational en-
ergy, Etrans, of 104 meV, while the lower panel shows
the results for �J � 0 ! 4� transitions, for varying Etrans.
Clearly, over the temperature range shown, the results
are described well by the Arrhenius form, S�Etrans, Ts� �
exp�2Ea�Etrans��kTs�, shown as the solid lines, where
S�Etrans, Ts� is the transition probability, Ea the energy-
dependent apparent activation energy, and k the Boltz-
mann constant. We find this common form for all scatter-
ing and dissociation cross sections in this system. Arrhe-
nius dependences were also observed experimentally for
rotationally inelastic cross sections of H2 scattering from
Cu(100) [15], and for the dissociative adsorption probabil-
ity on Cu(111) [14]. This suggests that a common mecha-
nism gives rise to the surface temperature dependence of
these quite different activated processes.

We stress that these are direct processes, with no trap-
ping of molecules, and no thermal equilibrium between
molecules and surface. Surface temperature appears
through the kinetic energy distribution of the surface
atoms. In the simplest approximation, the kinetic energy
gives a Doppler shift increasing/decreasing Etrans as the
molecule and surface atoms move together/apart. In
the quantum computations the wave packets represent
ensembles of scattering molecules sampling all surface
atom positions and motions for a particular surface
oscillator eigenstate. The effect of scattering from a
thermal distribution of oscillator states is obtained by a
Boltzmann-weighted average of the cross sections over
the initial oscillator states. This is similar in principle
to a simple treatment of the Debye-Waller factor in
diffraction.

The Arrhenius behavior applies over a wide range of
Etrans, but Ea depends on the quantum transition consid-
ered; there is a marked difference between �J � 0 ! 4�
and �J � 0 ! 6� transitions, and even a difference in
the �J � 0 ! 4� transition for molecules in the y � 0
or y � 1 states. A difference between apparent activa-
tion energies for the same rotational transition in two dif-
ferent vibrational states has been observed experimentally
[15] for the �J � 1 ! 3� transition of H2 scattered from
Cu(100). It was found to be 29 meV compared to 11 meV
found here for a transition of comparable internal energy
change. Ea also depends strongly on Etrans. As shown
in Fig. 2, Ea decreases linearly up to ET , where there is
a marked change: the variation is weaker, and a linear fit
is poor. A linear Etrans dependence of Ea below ET has
been observed experimentally in dissociation of H2 and D2
on Cu(111) [14], but a deviation from linearity above ET

has yet to be verified. For all cross sections computed, we
found the same general Etrans dependence of Ea. The slope
of the linear fit is determined by the particular cross sec-
tion; the slopes are clearly different for the �J � 0 ! 4�
and �J � 0 ! 6� transitions shown. The slope is de-
termined by what fraction of thermal energy feeds from
molecular translation (in the center-of-mass frame) into in-
ternal motion, as highlighted in the model below.
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All of the trends in surface temperature dependences for activated inelastic scattering and dissociation can be repro-
duced using a simple form for the Etrans-dependent cross section,

fn�Etrans� �

Ω
0 Etrans , En

T ,
a1�Etrans 2 En

T � 1 a2�Etrans 2 En
T �2 1 · · · Etrans $ En

T ,
(1)
where n labels the surface oscillator state. In the lowest or-
der model, the effect of surface motion is a linear decrease
in threshold energy with increasing n, En

T � E0
T 2 nDE,

while the shape of the cross section is independent of n.
DE is the amount of energy the surface motion contributes
to assist the molecule in undergoing a specific transition
and is a parameter of the model. Surface temperature is
introduced as in the wave-packet calculations by thermally
averaging the cross sections,

S�Etrans, Ts� �
1
N

X
n

fn�Etrans� exp�2nvs�kTs� , (2)

with normalization N �
P

n exp�2nvs�kTs�, where vs

is in atomic units. The inset of Fig. 3 shows the Ts de-
pendence of S�Etrans, Ts� in the range 200 , Ts , 900 K,
retaining only the linear term in Eq. (1) with a1 � 0.1 and
DE � vs. Clearly this is well represented by the Arrhen-
ius form, although deviations are more marked over a
larger Ts range [24]. The appearance of the curves is fairly
insensitive to the details of fn�Etrans�. We can change a1
or use a higher order polynomial without altering the gen-
eral behavior, an Arrhenius dependence is always followed
over a finite temperature range. The value of Ea does,
however, depend on the polynomial order: Ea � 40 meV
at E0

T for a linear fn, but rises to �100 meV for a third or-
der polynomial. Ea also depends on the maximum phonon
state contributing to the summation in Eq. (2), as discussed
below.
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FIG. 2. Apparent activation energies, obtained from Arrhenius
fits to the surface temperature-dependent transition probabilities
shown in Fig. 1. The error in the fit is no greater than 2%. Re-
sults are shown as a function of energy relative to the threshold
for excitation on a rigid surface for the rotational excitations
(J � 0 ! J � 4) and (J � 0 ! 6) for y � 0.
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The main part of Fig. 3 shows the translational energy
dependence of Ea, relative to E0

T , for DE of vs�2 and vs.
The change of the slope at threshold is more clearly evident
than in Fig. 2. This is due to the difference in the thresh-
olds used; E0

T differs slightly from the rigid surface thresh-
old, ET , used in Fig. 2 because of recoil of the oscillator.
Also, in the full quantum results, the shape of fn�Etrans�
does depend on n, and the shift of the threshold energy is
not linear (or even always monotonic) in n. DE should
be thought of as an effective downshift taking account of
these changes in an average fashion. However, comparing
Fig. 3 with Fig. 2, we can see that all the main trends are
reproduced; the linear dependence below E0

T , the sudden
change at E0

T , and the slower decrease at higher energies.
For Etrans , E0

T , we can see that varying DE alters the
gradient, E0

a, of Ea�Etrans�, with smaller DE giving larger
gradients. This can be simply explained from Eq. (2).
When Etrans , E0

T , there is a minimum n0 fi 0 satisfying
En0

T , Etrans, and we can rewrite Eq. (2) as

S�Etrans, Ts� �
1
N

X
n�n0

fn�Etrans� exp�2nvs�kTs�

�
e2n0vs�kTs

N

X
n�0

fn1n0�Etrans�

3 exp�2nvs�kTs� . (3)

FIG. 3. Apparent activation energy versus translational energy
relative to threshold for excitation on a 0 K surface, E0

T , obtained
with Eq. (2). Results are shown for DE of 7 meV (diamonds)
and 14 meV (circles) for a surface phonon frequency of 14 meV.
The inset shows the surface temperature dependence of S at three
different Etrans relative to threshold (symbols) and the Arrhenius
fits (lines). One hundred phonon channels were included in the
Boltzmann average. The Arrhenius fits apply well, with errors
ranging from 2% at the lowest energy to 5.5% at threshold.
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The smaller is Etrans, the larger is n0 and hence also Ea,
deriving mainly from the prefactor exp�2n0vs�kTs�, is
larger. For a given Etrans, n0 is also greater for smaller
DE, giving a larger E0

a. If E0
a was determined exactly

by Eq. (3) we could write E0
a � 2vs�DE, with an upper

limit of 21 because DE , vs. In reality, the threshold
does not continue to shift down in energy with increasing
n, there is saturation at some high n � nmax, truncating the
summation and making E0

a . 21, only approaching 21
as nmax ! `. This occurs for the �y � 0, J � 0 ! 6�
transition in Fig. 2 for which E0

a � 20.72. We can also
see from Fig. 2 that E0

a depends on the transition consid-
ered, for �y � 0, J � 0 ! 4� it has decreased to 21.15.
In the model, this reflects a smaller DE for this transi-
tion; in the full quantum results there is a combination of
different threshold shifts and changes in the form of fn

with increasing n. Ea can thus be seen to depend very
sensitively on the precise dynamics coupling the substrate
motion with the internal molecular motion [25].

The success of the analytical model strongly suggests
that the Arrhenius dependence observed in experiment and
in results from the present wave-packet calculations for
the cross sections for hydrogen scattering from Cu sur-
faces is mainly due to the Boltzmann distribution of sub-
strate phonon states. An Arrhenius dependence should
thus be a general characteristic of the influence of surface
thermal motion on direct molecular processes on surfaces,
manifesting itself most remarkably at subthreshold Etrans,
where Ea rises sharply as Etrans decreases. This has been
confirmed by applying the wave-packet model to dissocia-
tive adsorption and activated, vibrationally inelastic scat-
tering [25]. All results show a critical behavior of Ea at
threshold: a linear dependence on Etrans below threshold
decays into a weaker dependence above, in good agree-
ment with the predictions of the analytical model. Fur-
ther analysis shows [25] that this distinctive behavior does
not occur in the semiclassical surface mass model [26],
where the energy exchange between molecule and surface
is treated as a continuous quantity. The Arrhenius law still
applies, but with neither the linear dependence of Ea below
nor the abrupt change at ET . The present model is fully
quantum-mechanical taking account of the discrete levels
of the phonon spectrum. The difference between this and
the surface mass model suggests that the critical threshold
behavior is a manifestation of the quantum nature of the
molecule-surface energy exchange. The predictions of the
linear dependence below threshold and the sudden change
at threshold are subject to future experimental test.

In conclusion, we have developed a high-dimensional,
quantum wave-packet model for diatomic molecules inter-
acting with finite-temperature metal surfaces, and applied
it to investigate the effects of surface thermal motion on ro-
tational excitation of D2 molecules scattered from Cu(111).
We have found a common Arrhenius law for the transi-
tion probabilities with apparent activation energies increas-
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ing linearly with decreasing translational energy below
threshold, but having a slower nonlinear variation above
threshold. These findings agree very well with the trends
observed in experiment. A simple model in which the
effect of phonons is a rigid downshift of the excitation
threshold reproduces all of the trends, in particular the lin-
ear variation of the activation energy below threshold, the
slope of which depends largely on the fraction of phonon
energy involved in assisting the transition.
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(Ref. No. GR/L98480).
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