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Formation of Electromagnetic Postsolitons in Plasmas
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With particle-in-cell simulations we show that electromagnetic relativistically strong solitons, formed
in the wake of the laser pulse during the interaction of a high-intensity ultrashort laser pulse with a
collisionless plasma, evolve asymptotically into postsolitons. A postsoliton is a slowly expanding cavity
in the ion and electron densities which traps electromagnetic energy. Fast ions are accelerated during
the postsoliton formation. Postsolitons are elementary components of the relativistic electromagnetic
turbulence in laser-irradiated plasmas.
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When a relativistically intense laser pulse propagates in
a plasma, dispersion effects come into play due to the fi-
nite inertia with which electrons respond to the electro-
magnetic (e.m.) fields, while the nonlinearity appears due
to the relativistic increase of the electron mass and to the
plasma density redistribution under the action of the pon-
deromotive force. This force pushes the plasma particles
(the electrons first and, at a later time, the ions) away
from the region of maximum e.m. field. These effects lead
to well-known nonlinear phenomena such as relativistic
self-focusing [1] and relativistic e.m. soliton generation.
The analytical theory of relativistic e.m. solitons has been
developed in Refs. [2–7]. Relativistic solitons have been
seen in multidimensional particle-in-cell (PIC) simulations
of the laser pulse interaction with a plasma [8–10]. In
Ref. [4] fast solitons propagating in the plasma with group
velocity close to the speed of light were invoked as a tool
for particle and photon acceleration.

The theory of these solitons has been developed mainly
within the framework of the approximation of immovable
ions. When the ion dynamics is taken into account, soli-
tons have been found to exist just at propagation velocities
larger than a critical velocity [7]. On the other hand, PIC
simulations [8] demonstrated that the solitons are gener-
ated in the wake left behind the laser pulse and they propa-
gate with a velocity that is well below the speed of light
and that in a homogeneous plasma is almost equal to zero.
The time of the soliton formation is much shorter than the
ion response time so that ions can be assumed to be at rest
during the soliton formation. Ions can be assumed to be at
rest during approximately �mi�me�1�2 oscillation periods
of the e.m. field inside the soliton (the period of the field
oscillation inside the soliton is of the order of 2pv21

pe ). For
longer times the ponderomotive pressure of the e.m. field
inside the soliton starts to dig a hole in the ion density, and
the parameters of the soliton change. Rigorously speak-
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ing, what was a soliton on the electron time scale ceases
to be a soliton on the ion time scale. Nevertheless, a low
frequency e.m. wave packet remains in the plasma, being
well confined inside the slowly expanding plasma cavity.
We call this nonlinear e.m. wave packet a “postsoliton.”
It is important to know the properties of postsolitons be-
cause in an underdense plasma a substantial part of the
laser pulse energy can be converted into solitons [8–10]
which afterwards evolve into postsolitons.

The aim of this paper is to show for the first time, with
the help of 2D3V (all quantities depend on the x and y
coordinates and on time and the particle momenta have
three components) PIC simulations, the basic properties of
the postsoliton in collisionless plasmas.

In the simulations presented here the size of the simu-
lation box is 30l along x (the direction of the laser pulse
propagation) and 30l along y (transverse direction). The
cell size is 1�16 3 1�16l2 with nine electrons and nine
ions per cell. The total number of particles is approxi-
mately 3 3 106. The plasma begins at x � 5 and is pre-
ceded by a vacuum region 5l long. The normal incident
laser pulse is initialized outside the plasma in the vac-
uum region x , 0. In the run shown here, the dimension-
less amplitude of the laser radiation is a � eE�mvc � 1
(which corresponds to the intensity I � 1.37 3 1018 W�
cm2 for a 1 mm wavelength pulse). The laser pulse has a
Gaussian form both in the x and in the y directions, with
full width l� � 5l and length lk � 4l, corresponding to
a 13.3 femtosecond pulse length at 1 mm wavelength, and
is linearly s polarized (i.e., with its incident electric field
along the z axis). In the simulations presented here, the
ion mass is 1836me. The plasma density is n0 � 0.36ncr,
where ncr � v2m�4pe2 is the critical density. The corre-
sponding ratio between the plasma period and the period of
the laser radiation is 1.67. Between the plasma and the vac-
uum regions there is an exponential density ramp 5l long.
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The evolution in the �x, y� plane of the z component
of the electric field (first column) and of the electron and
ion densities (second and third columns) at t � 30, 70,
and 120 is shown in Figs. 1(a)–1(c). Here, and in the
following, the time and space coordinates are measured in
laser periods and wavelengths, respectively, the electron
and ion densities in units of the initial density, and the
electric field in units of mvc�e.

In the distribution of the z component of the electric field
at time t � 30, we see the laser pulse, which has changed
its form due to the nonlinear processes, the scattering of
the e.m. radiation, and the formation of an s-polarized
e.m. soliton of the type considered in Refs. [8–10]. The
laser pulse changed its shape due to nonlinear processes
such as self-focusing and energy depletion. The forma-
tion of the soliton, as discussed in Ref. [9], is related to
the trapping of the e.m. energy due to the pulse frequency
downshift caused by the pulse depletion. The soliton is
seen at the center of the computation region. In the distri-
bution of the electron density we see a local minimum in
the position of the soliton and no substantial modulation in
the ion density distribution. In the distribution of the elec-
tron density we also see the modulations due to excitation
of the wakefield behind the laser pulse near the pulse axis
in the region 10 , x , 15 and a bunch of fast electrons at
x � 22.5, y � 0. However, the wakefield generation and
the electron acceleration do not influence the soliton sig-
nificantly. At time t � 70, after the remnants of the pulse
have left the simulation box, we see the postsoliton that
remains at the place where the soliton was formed. During
its evolution the postsoliton radiates away a portion of its

FIG. 1. Interaction of an s-polarized laser pulse with the
plasma: the z component of the electric field (left column),
the electron density (middle column), and the ion density
(right column) in the x, y plane at t � 30 (a), t � 70 (b), and
t � 120 (c).
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energy in the form of an e.m. wave. The electric field in-
side the soliton oscillates periodically, changing its sign as
in the case of electron solitons discussed in Refs. [9,10].
The hole in the electron density becomes wider and we
see a hole in the distribution of the ion density with almost
the same radius as that of the electron hole. The largest
density corresponds to the rings at the boundary of the
postsoliton. Figure 1(c) shows the asymptotic structure of
the postsoliton at time t � 120. The postsoliton has a per-
fect circular form, aside from the effect of the interaction
with the wakefield. The radius of the hole in the electron
and ion densities increases. The width of the density ring
becomes larger. We see a small scale structure inside the
ring, which corresponds to three confocal rings.

In Fig. 2(a) we show the distribution of the z component
of the electric field and in Fig. 2(b) we show the ion density
inside the postsoliton at t � 120.

We can describe the scenario of the postsoliton forma-
tion as follows. Since the soliton formation time is much
shorter than the ion response time �2p�mi�me�1�2v21

pe �
2pv

21
pi , ions can be assumed to be at rest during the soli-

ton formation. Inside the nonpropagating soliton (half-
cycle soliton [6]) the maximum of the e.m. field am and
the soliton frequency vs are connected as am � 2�v2

pe 2

v2
s �1�2�vs and the soliton width is equal to c��v2

pe 2

v2
s �1�2. The ponderomotive pressure of the e.m. field in-

side the soliton is balanced by the force due to the electric
field which appears due to charge separation. The am-
plitude of the resulting electrostatic potential is given by
f � �1 1 a2

m�1�2. The ponderomotive pressure displaces
the electrons outward and the Coulomb repulsion in the
electrically non-neutral ion core pushes the ions away. The
typical ion kinetic energy corresponds to the electrostatic

FIG. 2. 3D plot of the z component of the electric field (a) and
of the ion density (b) inside the postsoliton at t � 120.
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FIG. 3. The ion phase plane �py , y� inside the postsoliton at
x � 18, y � 0 for t � 30 (a), 70 (b), and 120 (c).

potential energy which is of the order of mec2am. This
process is similar to the so-called “Coulomb explosion”
inside self-focusing channels (see Ref. [11]).

In Fig. 3 we show the ion phase plane �py , y� at t � 30,
70, and 120. We see that the radial component of the
momentum of the fastest ions does not depend on time
for t . 30. The fastest ions are located at the outermost
ring seen in the ion density distribution in Fig. 1.

The ion expansion in the radial direction leads to the
digging of a hole in the ion density. The cavity forma-
tion in the distribution of the electron and ion densities is
shown in Figs. 1 and 4. In Fig. 4(a) the e.m. energy den-
sity distribution at x � 18 is shown versus y at t � 30,
70, and 120, together with the electron (dotted line) and
the ion (solid line) density distributions in Fig. 4(b). The
plasma cavity forms a resonator for the trapped e.m. field.
During the cavity expansion, the amplitude and frequency
of the e.m. field decrease. Since the radius of the cav-
ity increases very slowly compared to the period of the
e.m. field oscillations, we can use the adiabatic approxi-
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mation to find their dependence on time (see Ref. [12]).
The adiabatic invariant in this case is the ratio between the
energy and the frequency of the e.m. field:Z

E2 dV�vs � const . (1)

As a simple analytical model to describe the e.m. field
inside the postsoliton, we can use the well-known electric-
or magnetic-dipole oscillations inside a spherical resonator
(see Ref. [12]), where the lowest frequency depends on
the cavity radius as vs � 2.74c�R, for the electric-dipole
mode, and as vs � 4.49c�R, for the magnetic-dipole
mode. From Eq. (1) we find that E2 � R24. Under the
action of the e.m. pressure the wall of the cavity moves,
piling up plasma as a snow plow. In the “snow plow”
approximation [13] all the mass of the plasma pushed
by the e.m. pressure �E2��8p is located inside a thin
shell. The mass inside the shell is equal to the mass
M initially contained inside a sphere of the radius R:
M � 4pn0miR3�3. We write the second Newton’s law
for the motion of the mass M as

d
dt

µ
M

dR
dt

∂
� 4pR2 �E2�

8p
, (2)

or, using the expressions M � 4pn0miR3�3 and �E2� �
�E2

0� �R0�R�4, in the form

d

dt

µ
R3 dR

dt

∂
�

3R4
0 �E2

0�
8pn0miR2 . (3)

Here E0 is the amplitude of the electric field inside the soli-
ton, which evolves into the postsoliton, and R0 � c�vpe

is the soliton radius. By integrating Eq. (3), we obtain
R

R0
�

∑
�2t2�2�3 1 �2t2 1 t2 1 t

p
4t2 1 t2 �2�3

�2t2�1�3�2t2 1 t2 1 t
p

4t2 1 t2 �1�3
2 1

∏1�2

, (4)
where the time scale of the cavity expansion is equal
to t �

p
6pR2

0n0mi��E2
0�. Asymptotically, when t ! `,

the postsoliton radius increases as R � R0�2t�t�1�3; the
amplitude of the e.m. field and its frequency decrease as
E � t22�3 and vs � t21�3. Similarly, in the case of the
cylindrical cavity, we find that R � t2�5, when t ! `.

FIG. 4. Cuts of the e.m. energy density distribution (a) and
of the electron (dash-dotted line) and ion (solid line) densities
normalized on n0 (b) at t � 30, 70, and 120.
In Fig. 5(a) we present the log-log plot of the depen-
dence of the cavity radius versus time, as obtained from
the simulation. Although the above estimates are rather
rough, as they do not take into account the inner struc-
ture of the shell, we see that this dependence is neverthe-
less in fairly good agreement with the R � t2�5 law. The
time dependence of the maximum positive value of the z

FIG. 5. Dependence of the logarithm of the cavity radius on
the logarithm of time (a); time dependence of the maximum
positive value of momentum along z of different electrons inside
the postsoliton (b).
185004-3



VOLUME 87, NUMBER 18 P H Y S I C A L R E V I E W L E T T E R S 29 OCTOBER 2001
FIG. 6. Distribution of the electron (a) and ion (b) density in
the �x, y� plane showing the postsoliton necklace formed behind
a wide laser pulse at t � 70.

component of the momentum of different electrons inside
the postsoliton is plotted in Fig. 5(b). The band at the bot-
tom of the figure is due to electron heating. We see that the
amplitude and frequency of oscillations decrease in time.
Thermal effects do not contribute to the cavity evolution
because the quiver momentum is substantially larger than
the thermal momentum. However, later in time the plasma
pressure can become of the order of the ponderomotive
pressure inside the cavity and stop its expansion.

Wider laser pulses produce a cloud of solitary waves
in their wake [9]. When the ponderomotive pressure of
the e.m. field inside the solitons starts to dig holes in the
ion density the soliton cloud evolves into postsolitons,
as shown in Fig. 6 for an s-polarized pulse with ampli-
tude a � 1, width 30l, and length 15l in an underdense
plasma (n�ncr � 0.64) at t � 70. In the distribution of the
electron [Fig. 6(a)] and ion densities [Fig. 6(b)] we see a
“necklace” of the postsolitons.
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In conclusion, when a relativistically strong e.m. wave
propagates in a plasma, a portion of its energy is trans-
formed into solitons which then form slowly expanding
cavities in the distribution of the ion and electron densities
with the e.m. field trapped inside. The regular structures
seen in the ion distribution in the postsoliton necklace in
the laser field can be a source of high harmonic emission
and fast ion generation.
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