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Suppression of the Sawtooth Instability in a Storage Ring by Free-Electron Laser:
An Example of Nonlinear Stabilization by Noise
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The stabilization of nonlinear excitations by noise is a topic of fundamental importance in many physi-
cal problems. We discuss a genuine example within the context of storage ring-free electron laser physics,
by presenting a model which allows the characterization of the system evolution and the determination
of the conditions leading to the suppression of instabilities of sawtooth type. The conclusions of the
model are confirmed by a comparison with experimental results on the Super Aco Storage Ring-Free
Electron Laser.
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The interplay between noise (disorder) and nonlineari-
ties is a topic of fundamental importance in a number
of unsolved problems in physics [1–3]. We discuss
nonlinearity-disorder interplay, within the framework
of the competition between sawtooth instability (STI)
and free electron laser (FEL) in storage ring (SR) based
devices [4]. The multiturn interaction of the beam with
the FEL radiation induces bunch lengthening and energy
spread which cause the saturation of the device. The e
beam may be affected by different types of instabilities,
due to its interaction with the ring environment which are
sources of beam quality degradation.

Longitudinal instabilities and FEL are competing non-
linear mechanisms generating noise, which manifests in
an increase of the e-beam energy spread and bunch length.
The competition can be traced back to the mutual feedback
between the respectively induced disorders on the e beam,
which may lead to the collapse of one of the two growing
instabilities.

Empirical procedures based on the excitation of white
noise in the radio frequency cavities of SR have been used
to reduce and partially stabilize the instabilities [5].

When the e beam is passed many times inside the inter-
action region, the process does not preserve any memory
of the FEL correlated microbunch interaction, and the long
time effect on the beam of the multiturn interaction is that
of a noisy contribution. We will limit our analysis to the
ST manifestation of the microwave instability [6], which
appears as a fast blowup in bunch length (or energy spread)
followed by damping, in SRs with a relatively intense beam
and a strong damping effect. The key parameter control-
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where �I� is the average beam current, E0 the beam en-
ergy, n the harmonic of the revolution frequency, ns the
synchrotron tune, �Zn� the broadband impedance, s´,0 the
natural energy spread, and ac the momentum compaction.

STI develops for d . 1, i.e., for large values of the
e-beam average current, or for low threshold current Ith.
We use the model equations of Ref. [7],
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where a denotes the instability growth rate, T0 is the ma-
chine revolution period, ts is the damping time, and si is
the induced energy spread.

The right-hand side of Eqs. (2) consists of a growth con-
tribution and a term, due to the Landau damping, which
controls the instability via the diffusive or noise contribu-
tion due to the induced energy spread, ruled by the second
equation. The amplitude of the instability increases with
d. By adding a white noise term to the second of Eqs. (2),
we can control and even eliminate the instability.

In Fig. 1, we report the STI evolution of the induced
energy spread predicted by Eq. (2), together with the ex-
perimental data from the SUPER ACO Storage Ring [8].
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FIG. 1. Energy spread evolution predicted by Eq. (2) (curve
a) and experimental results (curve b); the horizontal axis is
expressed in number of machine turns; 5000 turns correspond
to 1.2 ms. The other parameters are �I� � 30 mA, Zn

n � 2V,
s´,0 � 6 3 1024, T0 � 2.4 3 1027 s, E � 800 MeV, ts �
9 ms, ns � 6.6 3 1023 , ac � 1.4 3 1022 , Ith � 10 mA.

The important conclusion we can draw from the above
discussion is that STI grows until the self-induced energy
spread provides the necessary saturation mechanism and
the damping restores the conditions for a new start-up
of the instability. The mechanism we have described is
similar to the SR-based FEL dynamics, whose principal
saturation mechanism is associated with the self-induced
multiturn energy spread [9]. We must emphasize that, in
spite of the analogies, a remarkable difference between
the two processes is due to the fact that FEL may reach a
steady state behavior due to the saturation, while Eqs. (2)
are characterized by a pseudostationary condition occur-
ring for d

dt a � 0, at values of the induced energy spread
provided by

s� �
p

d2�3 2 1 , (3)

which is a parameter of paramount importance within the
framework of FEL-STI competition. The superimposition
of the FEL dynamics to Eqs. (2) is accomplished by adding
the equation [7]
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where g0 is the FEL small signal gain and modifying the
equation for the induced energy spread, by adding the con-
tribution due to the FEL, i.e.,
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where x denotes the dimensionless intracavity intensity, t

is the longitudinal coordinate normalized to the electron
bunch length, G is the gain function including the spec-
tral and spatial dependence, the longitudinal distribution
of the electron bunch, and the inhomogeneous degradation
due to the induced energy spread, r is the ratio between
cavity losses (h) and the maximum homogeneous small
signal gain, S plays the role of spontaneous emission con-
tribution, and D is the detuning parameter controlling the
synchronism between optical and electron packet. Equa-
tion (4) is an approximate form of the FEL pulse propa-
gation equation; it is, however, adequate to the present
purposes. The definition of x�t� in terms of physical quan-
tities is [7]
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where I�t� is the intracavity power density, and N is the
number of undulator periods. Is is the FEL saturation
power density, which in practical units reads
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K and lu are the undulator strength and period length, re-
spectively, and fb�K� is the Bessel factor correction. Even
though (7) holds for ordinary FELs, its extension to op-
tical klystron configurations is quite straightforward: It
is sufficient to replace N by 2N�1 1 d�, where N is the
number of periods of each section, and d �

Nd

N with Nd ,
the number of equivalent periods of the dispersive section.

The FEL-STI competition occurs according to the fol-
lowing scheme.

(i) If the FEL reaches an intensity sufficient to induce
an energy spread larger or comparable with the threshold
values s�, d

dt a � 0, the instability is suppressed and the
FEL operates without preserving any memory of its effect.

(ii) If the intracavity power is not sufficient to reach the
threshold power for the suppression of the instability, the
FEL may operate in a chaotic form or can be suppressed.

An example of the two regimes is given in Fig. 2, for
the case of perfect synchronism. In Fig. 2a, we have re-
ported the case of small r values; the intracavity intensity
may reach large values and the FEL dominates the process
providing the suppression of the instability. In Fig. 2b, we
have considered a case with large r; the intracavity power
is therefore low and subthreshold, the gain is not sufficient
to sustain the laser growth not withstanding there is a ten-
dency to reduce the effect of the instability.

In the case of nonperfect synchronism, the laser does
not reach a steady state behavior and the interplay between
FEL and STI is more interesting. The STI is indeed not
turned off definitively by the onset of the laser, and we
may have a revival as indicated in Fig. 3.
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FIG. 2. STI-FEL competition D � 0, E � 104, n
T0

2pacs´,0 �
3 3 104, d � 3. Normalized induced energy spread s and
FEL dimensionless intracavity intensity x for (a) small cavity
losses (r � 0.2), (b) large cavity losses (r � 0.45). The solid
line refers to the case without STI and the dotted line corre-
sponds to the case with STI. The small signal gain coefficient is
g � 2.5%.

An analogous near-subthreshold behavior has been
experimentally observed at SUPER ACO as reported in
Fig. 4, providing the evolution of the FEL intensity and
of the electron bunch length (electron bunch and energy
spread are within large limits proportional): It is evident
that when the laser drops the bunch length blows up.

It is also worth noting that the threshold intracavity laser
power needed to suppress the instability is, in terms of

FIG. 3. Instability growth rate (a) and FEL optical pulse length
normalized to the electron natural bunch length (sz,0 � 1.5 cm)
(b) vs time (r � 0.45, D � 0.1, E � 104, n

T0
2pacs´,0 � 3 3

104, d � 3). The laser does not reach a stationary behavior and
the instability periodically reappears. To speed up the calculation
in Figs. 2 and 3, we have assumed ts � 1.5 ms.
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physical quantities, provided by
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where g0 is the small signal gain coefficient, N is the num-
ber of undulator periods, and Ps is the power lost by syn-
chrotron radiation in one machine turn. We have compared
the power level of Fig. 4 with those predicted by Eq. (8)
and found that they are consistent. The 20 W relevant to
Fig. 4 are indeed consistent with N � 120 (including the
dispersive section), g0 � 2%, s´,0 � 6 3 1024, d � 3,
and Ps � 1 kW.

The model we have used refers to a FEL operating in the
normal configuration and the data of Fig. 4 are relevant to
an optical klystron operation; the power level required to
switch off the instability is, however, independent of the
device configuration.

We believe that the above considerations and the com-
parison with the experimental results provide a physical
insight into the mechanisms noise-nonlinearity interplay
and confirm the conjecture put forward some years ago
[10] that the onset of the FEL may suppress instabilities
of longitudinal and of transverse type. We must, however,
emphasize that the model we have developed, even
though efficient and fast from the computational point of
view, provides information on average quantities such as
induced energy spread, growth rate . . . , but cannot provide
any insight on the phase-space dynamics of the particle
ensemble undergoing the combined FEL-STI interaction.
We have developed a numerical analysis based on a
multiparticle tracking procedure with a phenomenological
impedance model [7,11]. In Fig. 5 we have reported a
“tooth” evolution: (a) left bottom, (b) top, (c) half a syn-
chrotron period from (b), (d) right bottom. The dynamics
is fairly clear: The fresh beam in (a) is captured in a com-
plicated bucket structure (b), determined by the interaction

FIG. 4. Output laser intensity (solid line) and bunch length
(dotted line) vs time. The data are deduced from the analy-
sis of a double sweep streak camera image for the following
experimental conditions: same parameters of Fig. 1, r � 0.41,
g0 � 2%, and intracavity power 20 W.
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FIG. 5. e-bunch length vs time in presence of STI (A);
phase-space portraits at different times on one tooth period; the
configuration point c occurs after half synchrotron period from
the first peak. The simulation parameters are T0 � 2.4 3 1027,
ts � 0.12 ms, �I� � 6 mA, sz0 � 2 cm, s´,0 � 2 3 1024,
jzn�nj � 1 V, ac � 8 3 1022. See text.

itself, which causes a splitting of the bunch and the conse-
quent increase of the energy spread and bunch length. In
(d) the damping has almost restored the initial conditions.
In Fig. 6, we have added the FEL contribution and the
phase-space dynamics is dominated by the FEL induced
diffusion which smears out and makes inefficient the STI
mechanism.

Anomalous bunch lengthening and energy spread may
exist, without the STI manifestations, in machines char-
acterized by low d values and by long damping times
compared to the ring turn period. In this case, the FEL
instability interplay is more soft and can be treated using
different methods [12].

We believe that a deeper understanding of the mecha-
nism discussed in the paper may lead to the solution of
different problems in physics and may provide efficient
feedback methods.
134801-4
FIG. 6. Same as Fig. 5 with the inclusion of FEL interaction
(r � 0.2); the presence of the FEL has smeared out the tooth
structure and the phase space portrait is taken at large time values
when the STI is switched off.
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