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A multidisciplinary approach based on concepts from sociology, educational psychology, statistical
physics, and computational science is developed for the theoretical description of teaching-learning pro-
cesses that take place in the classroom. The emerging model is consistent with well-established empirical
results, such as the higher achievements reached working in collaborative groups and the influence of
the structure of the group on the achievements of the individuals. Furthermore, another social learning
process that takes place in massive interactions among individuals via the Internet is also investigated.
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The study and understanding of complex systems is a
promising field of multidisciplinary research that has at-
tracted the attention of an increasing number of scientists
[1]. Learning processes are quite complex and their study
has also developed into a very active area of investigation
[2]. Early studies on these processes have been conducted
by psychologists and sociologists [3,4]. Recent thought on
educational psychology suggests that learning processes
take place while people participate within social commu-
nities [5]. Also, learning is not restricted to any type of
intentional education but involves all kinds of social activi-
ties [2,5]. However, the topic is so difficult and complex
that there are still many controversies and open questions.
Within a more restricted social context, teaching-learning
processes that take place in the classroom (TLC) are be-
ing extensively investigated. For example, the processes of
learning and understanding physics and mathematics have
become the focus of cognitive research, because these sub-
jects are based on well-defined conceptual frameworks [6].
Therefore, an increasing number of physicists and mathe-
maticians have also been attracted to the study of cognitive
processes [7].

The aim of this work is to propose and study a model
for TLC that can be treated mathematically, solved numeri-
cally, and analyzed statistically. Furthermore, it is shown
that the model provides a suitable framework for the study
of other social learning processes, such as learning via the
Internet. Therefore, this novel and multidisciplinary ap-
proach links psychological and sociological theories of im-
pact [8], education psychology [2], mathematics, computer
science, and statistical physics [9].

The framework adopted is a generalized Ising model,
similar to those used to treat spin systems and neural net-
works. These kinds of models have been employed to de-
scribe other social activities and behavioral processes in so-
ciology [10] and economy [11]. So, let us now define and
discuss relevant concepts. The cognitive impact (CI) acting
on an individual is the overall result of those interactions
with his/her environment (teachers, peers, bibliography,
etc.), capable of modifying his/her knowledge and the self-
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elaboration of such influence. The individual can also be-
come a source of CI to other individuals by persuading and
supporting [12]. The persuasiveness, P;; = 0, describes
the degree to which the ith individual can persuade the
jth individual. Also, the support, S;; = 0, describes the
degree to which the ith individual supports the statements
of the jth individual. Within an interactive group, both §;;
and P;; become enhanced when individuals share similar
ideas about the subject under examination; they have social
and cultural affinities, etc. The knowledge of the jth indi-
vidual, [o7(7)], at time ¢, is defined as a dynamic variable
suchas —1 = o(r) = 1, where o7j(¢) = 1 corresponds to
optimum knowledge.

Based on these considerations, we propose that the CI of
the teacher on the jth student [CITS( j, )], can be written
as

CI™(j,t) = Pl — oj(t)or], (1)

where o7 > 0 and P;r are the knowledge of the teacher
and his/her ability to persuade the jth individual, respec-
tively. P;r depends on many factors, characteristic of both
the teacher itself and the teacher-individual relationship,
such as, e.g., the rhetorical ability and the persuasive skills
of the teacher, the didactic presentation of the subject of
study, etc. Notice that CI™S is minimal for o; = 1 and
or = 1, because it corresponds to the impact between two
individuals having the same (maximum) knowledge. Also,
CI™ is maximal for o; = —1 and or = 1, due to the
largest difference in the knowledge.

Within groups of N individuals, the CI of the student-
student interaction (supervised by the teacher) CI SS(j,1),
is given by

N
CIS(j,1) = Z {Pii(O[1 = ai()o; ()] — Si;(1)
i=Li%j
X [1+oi(t)oj(t)]}sgnloi(t)/or],
(2

where the first (second) term accounts for the mutual per-
suasiveness (support). The structure of these two terms
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is similar to that of Eq. (1) and it is plausible since it is
expected that mutual support will be larger when the in-
dividuals have similar knowledge (o;0; > 0) while per-
suasiveness is expected to play a more relevant role in
the opposite case (o;0; < 0). It is also assumed that
both §;; and P;; are composed of intrinsic and extrinsic
(or interactive) factors, so S;;(r) = S{;[or + o(t)], and
P;j(t) = P{ilor + o(t)], where the intrinsic terms, S};
and P{;, depend on many factors such as the strength of
psychological coupling, affinity of social status, educa-
tion, rhetorical abilities, personal skills, etc. The extrinsic
term is provided by a comparison established by the in-
dividual with the teacher who assumes a leadership role.
This term is included to account for the fact that the model
attempts to describe supervised collaborative group work
[13]. In fact, the term o7 + o;(¢) means that both per-
suasiveness and support between individuals could be ei-
ther reinforced or weakened when the knowledge of the
teacher is taken as a reference level. In addition, the term
A = sgn[o;(t)/or] in Eq. (2) explicitly accounts for the
plausible fact that an individual with knowledge below the
average (o; < 0) has little chance to cause an increment of
the knowledge of another individual which is above the av-
erage (o; > 0). Also, due to this term, in the inverse case
(o; > 0,0; < 0), the jth individual has a great chance to
increase his/her knowledge. It should be noticed that CI55
may be either positive, negative, or zero.

The CI of the bibliography and other sources of infor-
mation [CIBS(j,1)] are given by

CI®S(j,1) = A(HO(J)HI[1 = o;)], 3)

where 0 < A(j) = 1 is the ability of the jth individual
to understand the available material that involves the in-
dividual’s own capacity to perform critical analysis, and
to establish relationships between topics, etc. Also, 0.1 =
Q(t) = 1 is the quality of such material.

The knowledge is a dynamic variable influenced by the
CIL So, during a time interval A¢, the knowledge changes
as follows: oj(t + Atr) = o;(t) £ Ao, where for the cal-
culation o is assumed to be discrete so that A¢ is the
“quantum” of knowledge. Notice that o;(r) has an upper
bound given by the maximum knowledge of the available
sources, e.g., teachers (or), bibliography Q, etc. Also,
o (1) may improve (become worse) with the probability
P;=r7;/(1 + 7;) and (1 — P;), where 7; is a general-
ized Metropolis rate [9] given by

T = eBTSCITS(.f,t)+,Bss(N)CISS(.f,t)+,BBsC1BS(.f,t)’ 4)
where each process has its own “noise” given by 1/frs,
1/Bss(N), and 1/Bps, respectively. In fact, for the
teaching-student relationship, the noise may be due to
disorder in the classroom, inappropriate teaching material,
lack of attention of the students, obscure explanations, etc.
For the student-student interactions the noise 1/B8ss(N)
appears due to disordered discussions, misunderstandings,
the lack of a well-organized participative activity, etc.
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In this case, the dependence on the number of students
N has been considered to account for the division of
the impact observed upon interactions within groups [8].
Finally, 1/8gs may be due to inappropriate selection of
the bibliographic material, lack of attention, etc.

It is worth mentioning that in order to understand the
plausibility of Eqs. (1)—(3) it is essential to analyze them
in connection to Eq. (4) [14]. Also, in the absence of any
source of knowledge (CI™ = 0 and CIBS = 0), the term
CI5% may be suitable for the description of the spontaneous
emergency of knowledge, either positive or negative with
the same probability. The study of this phenomenon is
beyond the aim of this work; instead we have analyzed
the case where such symmetry is broken by a source of
knowledge. The proposed model is simulated by means of
a standard Monte Carlo technique [9].

In order to study the influence of the structure of
the collaborative groups on the TLC process we have
assumed or =1, Pjr =1 V j, and Ao = 0.1, with
i,j=1,...,Nr, where Ny is the total number of indi-
viduals. Also, S and Pj; are assumed to be randomly
distributed in the interval (0,1), so their average value
over the whole classroom is close to 1/2. It has also
been assumed that the students can be classified into three
different sets, namely “high-achieving (HA) students”
with (o)ya = 0.5, “average-achieving (AA) students”
with (oaa) = 0, and “low-achieving (LA) students” with
(oLa) = —0.5. Figure 1 shows the time evolution of the
knowledge of the students corresponding to three different
cases with 8 = Brs = Bss = 4 and Bgs = . In case |
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FIG. 1. Plots of the time evolution of the knowledge of

HA, AA, and LA individuals in three different environments.
In case I individuals only attend lectures of the teacher. In
cases II and III the individuals are also engaged in collaborative
group work forming heterogeneous and homogeneous groups,
respectively.  The inset shows results for HoG where the
interactions between individuals are weakened according to the
ratio HA:AA:LA — 1:2:10. The total number of individuals
is Ny = 96 and results are averaged over 10° different cases.
More details are provided in the text.
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the students only attend the lectures of the teacher. Cases
II and II correspond to students that not only attend
such lectures, but are also engaged in collaborative work
forming groups of N = 3 individuals [15]. However,
those groups are formed in two different ways: in case
II the groups are heterogeneous (HeG) and the members
are chosen at random, but in case III the groups are
homogeneous (HoG) and all the members of each group
are selected so that they have similar initial achievements.
An analysis of Fig. 1 clearly indicates the occurrence of
three distinct time regimes: For the short time regime
(r < 5) the knowledge is almost independent of both the
employed method and the structure of the groups. In
the intermediate time regime (roughly for 5 <t < 80)
it is clear that the performance of HA students is higher
when they form HoG, while LA students perform better
when they are in HeG groups. This finding is very well
documented by numerous studies, see, e.g., [16,17], and
references therein. Finally, for the long time regime (say
t > 80) it is clear that the achievement of the students
involved in collaborative work is much better than that
of those attending only the lectures, in agreement with
extensive studies [18]. Also, an interesting result is that
HeG have obtained better (final) knowledge than HoG.
The results shown in Fig. 1 can be discussed in light of
the available evidence: (i) The fact that the composition
of the groups may cause LA students to learn at the
expense of HA students has already been recognized [16].
The dilemma faced by teachers in order to determine
optimal grouping strategies becomes evident, due to the
fact that the performance of all kinds of students cannot
be optimized simultaneously. However, our results show
that achievements may depend on how long the course
is. (ii) Our result from the best performance of HeG for
long instructional times is subtle, but evidence showing
this behavior has been reported [19]. It should be noticed
that this difference depends on the noise vanishing for
1/B8 = 1/2, while for 1/8 = 1 the opposite trend is
observed.

Figure 1 shows that homogeneous LA classes will, over
time, rise to a similar level of knowledge as all other com-
binations of classes. However, tracking research has found,
in like cases, dramatically different results [20]. This kind
of behavior can also be accounted for by the model just
changing the strength of the interactions. In fact, assum-
ing that persuasiveness and support are weakened for HoG
according to the ratio HA:AA:LA — 1:2:10, different final
outputs are obtained, as shown in the inset of Fig. 1.

Extensive test studies have demonstrated that in a large
number of cases it is difficult to find differences between
the traditional teaching method and the modern approach
of group work [18]. In order to help understand these
observations, we have also performed simulations with
groups in different environments. The initial knowledge
of the students is assumed to be uniformly distributed,
—1=0(t=0) =1 and HeG of N = 3 students are
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considered [15]. Figure 2 shows plots of the maximum
knowledge achieved after a long instructional time (o) as
a function 1/8, with B1s = Bss. Itis found that using the
traditional method oy, decreases steadily when the noise is
increased. In contrast, the knowledge achieved in collabo-
rative groups is more robust and exhibits a sharp drop only
for 1/B = 6. It is found that collaborative work always
improves the achievements (see the inset of Fig. 2). How-
ever, the achievements of very good teachers (smaller val-
ues of 1/8) can only slightly be improved by the groups,
a fact which makes it difficult to detect differences using
tests. This is also difficult in the other extreme case, e.g.,
for bad teachers and noisy groups. Also, there is an inter-
mediate regime where the difference becomes maximum
and tests have great chances to be useful [18].
Nowadays, the Internet has become an attractive me-
dia which favors the interactions among a large number
of individuals. The application of the proposed model to
treat this social learning process is straightforward. First,
it is assumed that the process is no longer supervised by
a teacher, so the first term of Eq. (4) and the standard of
knowledge provided by the teacher in Eq. (2) have to be
neglected. It is also assumed that, while a large number of
individuals (N7 = 1024) are engaged in the process, only
subsets having N, individuals are actually linked among
them. Also, the members of each subset are selected at ran-
dom during each time step, in order to allow the branching
of ideas. The division of the impact [8] is considered tak-
ing Bss(Np) = B(3)/(NL/3)*, where a is an exponent
and it is assumed that the best achievement is obtained
for Ny = 3 [15]. Figure 3 shows plots of the maximum
knowledge (o) achieved by the individuals as a function

10

1/B

FIG. 2. Plots of the maximum achieved knowledge (o)
versus the noise 1/, as obtained for (a) O, individuals only
attending lectures of the teacher; (b) <, individuals as in
(a) but also engaged in collaborative work forming groups of
three members. The inset shows the difference between cases
(b) and (a). The total number of individuals is Ny = 96 and
results are averaged over 107 different cases.
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FIG. 3. Plots of the maximum achieved knowledge (o), cor-

responding to a learning process using the Internet, versus the
number of linked individuals (N;) and obtained for different
values of the noise, as indicated in the figure. Setting a thresh-
old for the knowledge oy = 0.6 (horizontal full line), gives
the maximum connectivity N = 124 (vertical arrow). Results
averaged over 10* different cases. The inset shows the data col-
lapsing that were obtained by plotting o, versus N./S.

of Ny for « = 2. The main results shown in Fig. 3 are
(1) keeping the noise constant, oy decreases steadily with
the connectivity, reflecting the fact that for & = 2 the di-
vision of the impact always prevails. (ii) For each value
of B, every threshold previously defined as an acceptable
knowledge (o) is compatible with a maximum possible
connectivity (N77), as shown in Fig. 3 for 8 = 10 and
o'AT,, = (0.6. It is also found that Niw o 3, aresult that can
be interpreted as a compromise between noise and con-
nectivity: the greater the noise the smaller the amount of
individuals that can be successfully linked. All these re-
sults can be summarized by means of a universal curve,
as shown in the inset of Fig. 3. The collapsed curve gives
Niw/,B = 14 + 2 for o'AT,, = (.6, which sets the maximum
connectivity for such a threshold. (iii) Neglecting the divi-
sion of the impact (¢ = 1) we have obtained “naive” re-
sults, namely, optimum knowledge (o), = 1) can always
be achieved, irrespective of the noise, simply by increas-
ing the connectivity toward an unrealistic large number of
individuals.

Summing up, a theoretical framework for the study of
learning processes that take place in the classroom has been
developed. The theory is flexible and can be applied to
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other areas of social learning, as in the case of learning via
the Internet.
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