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Scaling near the Quantum-Critical Point in the SO(5) Theory of the High-Tc Superconductivity
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We study the quantum-critical point scenario within the unified theory of superconductivity and anti-
ferromagnetism based on the SO(5) symmetry. Closed-form expression for the quantum-critical scal-
ing function for the dynamic spin susceptibility is obtained from the lattice SO(5) quantum nonlinear
s-model in three dimensions, revealing that in the quantum-critical region the frequency scale for spin
excitations is simply set by the absolute temperature. Implications for the non-Fermi liquid behavior of
the normal-state resistivity due to spin fluctuations in the quantum-critical region are also presented.
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The principal idea behind the universality at phase tran-
sitions —that the physics at the transition point is ruled
only by interaction at macroscopic length scales —leads
to critical behavior, where classical thermal fluctuations
govern the phase transition scenario. However, there is an
ample class of systems for which quantum effects domi-
nate the phase transition, resulting in a critical point ac-
cessible by tuning the relevant variable other than the
temperature [1]. Recently, there have been a number of
detailed dynamic scattering measurements on supercon-
ducting cuprates [2] showing that the overall frequency v

scale of the spin excitation spectrum is given simply by
the absolute temperature kBT . Interestingly, this v�kBT
scaling is consistent with an existence of the nearby quan-
tum critical point (QCP). The possibility of a quantum
critical behavior governing the physical properties of the
superconducting cuprates has attracted great attention in
recent years motivated by the fact that quantum criticality
affords the way of a controlled study of the non-Fermi liq-
uid behavior [3].

Proximity of the magnetism and superconductivity (and
competition between these phases) is one of the most
important hallmarks in the physics of high-Tc super-
conductors. In a recent theoretical framework, anti-
ferromagnetic (AF) and superconducting (SC) order
parameters form a five-dimensional supervector n, and
the SO(5) rotation turns AF into SC states and vice versa
[4]. With increasing quantum fluctuations, ordering in
some phases can be suppressed opening the possibility
to a QCP where the AF state goes into the SC state
through direct second-order phase transition [5]. In this
paper we characterize the quantum critical behavior which
develops in the vicinity of this special point. Our purpose
is twofold: First, our quantitative study substantiates
the (sometimes vague) QCP scenario by putting it into
a specific theoretical framework. Second, it may also
provide a useful diagnostic tool for testing the SO(5)
theory in the critical region by comparing the quantitative
predictions (e.g., for scaling functions) with the outcome
of the relevant experiments [6].

We begin by writing down the SO(5) Hamiltonian for a
simple cubic (s.c.) three-dimensional (3D) lattice:
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where i � 1, . . . , N (N is the number of lattice sites).
The locally defined five-component superspin vector
ni � �n1, n2, n3, n4,n5�i describes AF �n2, n3, n4�i and
SC �n1, n5�i degrees of freedom. In the Zhang for-
mulation [4], these are treated as mutually commuting
coordinates and their dynamics is given by their conjugate
momenta: pmi � i≠�≠nmi and �nm, pn� � idmn. Here,
L

mn
i � nmipni 2 nnipmi are the generators of SO(5)

algebra and L15
i is a charge operator coupled to the

chemical-potential m (measured from the half filling).
The parameter u in turn regulates the quantum fluctuation
effects by controlling the kinetic energy of rotors (u is
simply the moment of inertia of the rigid rotor). Further-
more, Jij (� J for nearest neighbors and 0 otherwise) cor-
responds to the stiffness in the charge and spin channel [7].
In the presence of SO(5) symmetry breaking, a quadratic
term of the form V�ni� �

g
2

P
i�n

2
2i 1 n2

3i 1 n2
4i� is also

allowed. The anisotropy constant g selects either the
“easy plane” in the SC space, or an “easy sphere” in the
AF space, depending on the sign of g.

Given H, one can simply perform a Legendre transfor-
mation to obtain the corresponding Euclidean Lagrangian
in the Matsubara “imaginary time” t formulation �0 #
t # 1�kBT � b�:

L �p, n� � ip�t� ?
d
dt

n�t� 1 H�n, p� . (2)

The partition function Z � Tre2H�kBT of the system is
then given by

Z �
Z Y

i

�Dni�
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i

∑
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∏
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i �d�ni ? pi�e
2

R
b

0
dtL �p,n�

. (3)

Because of the rigid nature of the quantum rotors, one must
be cautious and integrate only over the momenta trans-
verse to the supervector �pi ? ni � 0� with fixed length
�n2

i � 1�. To this end, we cast the problem in terms
of the exactly soluble quantum spherical model [8] by
© 2001 The American Physical Society 097002-1
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taking the superspin components as continuous variables,
i.e., 2` , ni�t� , `, but constrained (on average) to
have unit length. The spherical closure relation amounts
then to the replacement:

Q
i d�1 2 n2

i � ! d�N 2
P

i n2
i �.

The convenient way to enforce the spherical constraint is
to use the functional analog of the Dirac-d-function repre-
sentation d�x� �

R1`
2`�dl�2p�eilx which introduces the

Lagrange multiplier l�t� [8]. In the thermodynamic limit
N ! `, the method of steepest descents becomes exact
and at the saddle point l�t� � l0 will satisfy

1 �
1

bN

X
k,v�

�2Gs�k, v�� 1 3Ga�k, v��� , (4)

where Ga�k, v�� � 1��2l0 2 J�k� 1 uv
2
� 2 g� and

Gs�k, v�� � 1��2l0 2 J�k� 1 u�v� 1 2im�2� are the
(order parameter) susceptibilities in the AF and SC
sector, respectively. The summation in Eq. (4) is per-
formed over all wave vector components k (2pp�Na #

ka # pp�Na, where a � x, y,z; p are integers 0 #
p # N 2 1 and a is the lattice spacing). Furthermore,
v� � 2p��b �� � 0, 61, 62, . . .� are the (Bose) Matsu-
bara frequencies arising from the restriction to periodic
functions along the imaginary time direction. Finally,
J�k� � J´�k�, where ´�k� � cos�akx � 1 cos�aky � 1
cos�akz� is the structure factor for the s.c. lattice in 3D.

At the critical lines for the AF and SC phases, the La-
grange multiplier l assumes values at which correspond-
ing uniform and static order parameter susceptibilities
diverge: G21

a �k � 0, v� � 0� � 0 and G21
s �k � 0, v� �

0� � 0, which yields l
a
0 � �3J 1 g��2 for AF and

l
s
0 � �3J 1 4m2u��2 for the SC state, respectively. On

examining of the saddle point equation (4), one finds
that g . 0 favors the AF state whereas the m . 0 term
prefers the SC state. For l

a
0 � l

s
0 (which happens for

mc �
p

g�4u� both AF and SC transition lines merge at
the bicritical point at �Tbc, mc�. However, for sufficiently
small parameter u, quantum fluctuations will drive Tbc

to zero giving rise to a quantum critical point (see
Fig. 1). An especially interesting regime appears in the
vicinity of the QCP where kBT is significantly larger
than any energy scale which measures deviations of the
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FIG. 1. T 2 m phase diagram for parameters indicated in the
inset. The QCP is at T � 0, m � mc with the critical exponents
z � 2 and n � 1�2. Solid lines demarcate ordered SC and AF
phases. Broken lines defined by jm 2 mcj

nz � �8umc�21kBT
mark the boundary of the QC region (shaded area).

coupling constants from their zero-temperature critical
values. In this so-called quantum critical (QC) region
[9], the system feels the finite value of the temperature
before becoming sensitive to the deviations of m from
mc (i.e., the leading behavior of the system will be
described at all scales by the T � 0 critical point and its
universal response to a finite temperature). To quantify
this observation, we introduce the deviation of l from
the QCP value dl � l 2 l0 [which plays the role of the
critical “mass” vanishing at QCP; note that dl is related
to the correlation length j � h̄c�2dl which diverges as
j � �m 2 mc�2n]. At finite temperatures, the deviations
from T � 0 behavior are distinguished by the scale set
by the thermal coherence length jT � T21�z (where z
is the dynamic critical exponent). The QC region is then
defined by the inequality jT , j.

To extract the universal information in the QC region,
we evaluate in the saddle point equation (4) the momentum
integration and subsequent frequency summations using
the Poisson formula. We find
1 � 3
Z 1`

2`
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1 2
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Here, K1�x� stands for the modified Bessel function [10] and r�k� � �1�N�
P

k d�k 2 ´�k�� is the density of states for
the 3D s.c. lattice:

r�k� �
1

p3

Z min�1,22k�

max�21,222k�

dw
p

1 2 w2
3 K

2
4

s
1 2

µ
k 1 w

2

∂2
3
5Q�3 2 jkj� , (6)

where K�x� and Q�x� are the elliptic integral of the first kind [10] and the unit step function, respectively. Utilizing
the asymptotic form K1�x� � 1�x 1 O�x� for small x and the relation

P`
��1 �22 � p2�6, we evaluate from Eq. (5) the

leading temperature dependence of dl near QCP:
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With the result for dl at hand, we now turn to analysis
of the measurable magnetic correlation functions in the
quantum-critical region. The magnetic scattering cross
section for neutrons which is proportional to the dynamic
structure factor S �Q, v� is directly related to the spin-spin
correlation function �S0�0� ? Sj�t�	 [11]:

S �Q, v� �
1

2p

Z 1`

2`
dt eivt

X
rj

eiQ?rj �S0�0� ? Sj�t�	

�
1
p

�1 1 n�v��x 00�Q, v� , (9)

where x 00�Q, v� is the imaginary part of the dynamic
susceptibility and n�v� � �1 1 exp�2v�kBT ��21 is the
Bose function. An integration of the spectral function
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x 00�Q, v� over wave vectors Q yields the integrated (local)
spin susceptibility x 00�v� �

R
d3Qx 00�Q, v�— an impor-

tant quantity for verification of the v�kBT scaling in the
QC region. To establish the connection with our SO(5) cal-
culations, we consider the “imaginary-time” spin-spin cor-
relation function Gij�t 2 t0� � �Si�t� ? Sj�t0�	, where
�. . .	 denotes the ensemble averaging with the Hamiltonian
(1). Utilizing the relation between spin operators and
SO(5) Lie algebra generators [4] we can write

Gij�t 2 t0� � �L43
i �t�L43

j �t0�	 1 �L42
i �t�L42

j �t0�	
1 �L32

i �t�L32
j �t0�	 . (10)

The averages over the product of angular momentum
operators can be conveniently performed using functional
differentiation by adding to the Lagrangian (2) sources
which couple linearly to Lmn . As a result, we obtain the
following in the momentum-frequency representation for
the propagator (10):

G�Q, v�� �
4u

bN

X
q,nn

Ga�q, nn� �1 1 u�v� 2 2nn�2

3 Ga�Q 2 q, v� 2 nn�� . (11)

Subsequent summation over the internal Matsubara fre-
quencies gives
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where Aq �
p

�2dl 2 J�q� 1 3J��u. To proceed, we perform now the analytic continuation of G�Q, v�� to real fre-
quences ivn ! v 1 i01 (where 01 stands for the positive infinitesimal). After integration over external momenta, we
obtain, finally, the imaginary part of the local dynamic susceptibility x 00�v� in the scaling form:
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where D �
p
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is the universal scaling function. Our results for x 00�v� are
summarized in Fig. 2. The appearance of the temperature
as the relevant energy scale for spin dynamics may be very
significant because of its possible relation to the normal
state characteristics of superconducting cuprates.

Moriya, Takahashi, and Ueda [12] have calculated the
contribution to the electrical resistivity from quasiparticle-
spin fluctuation scattering. Monien et al. [13] have com-
bined the formula of Moriya et al. with the results of the
NMR phenomenology; the knowledge of the dynamic spin
susceptibility allows one to calculate the spin fluctuation
scattering contribution to the dc resistivity from
R�T� �
1

kBT

X
q

Z 1`

2`

dv
vev�kBT

�ev�kBT 2 1�2
x 00�q, v� .

(15)

Accordingly, the calculated closed-form formula for the
spin susceptibility x 00�v� may serve as input for calcula-
tions of transport properties near the QCP. Using Eqs. (13)
and (14), we argue that the contribution to the electrical re-
sistivity R�R0 due spin fluctuations should scale similar to
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In Fig. 3 we plotted the normal-state resistivity R�T��R0

for several values of the parameter D that controls the
quantum fluctuations. For increasing D, one observes that
the temperature dependence of the resistivity becomes lin-
ear in T— a hallmark example of anomalous properties in
cuprate materials.

FIG. 3. Temperature dependence of the resistivity R�R0 due
to spin fluctuations in the QC region for several values of the
parameter D (for fixed m). The parameter values are indicated
in the inset.
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In conclusion, we have performed a quantitative study
of the quantum-critical point scenario within the concept
of the SO(5) group based theory of superconductivity and
antiferromagnetism for high-Tc materials. The physical
properties governed by the proximity to the AF/SC
quantum-critical point account for the universal scaling
for the finite temperature behavior. The general prereq-
uisite of a given QCP scenario is that it must involve the
concept of a broken symmetry. Several questions related
to this issue arise in applying other alternative QCP
based theories (such as charge instability near optimum
doping; see, e.g., [14]) to cuprates: What are the relevant
phases with order and associated broken symmetries?
Some possibilities that address these problems are being
currently debated [15]; however, further theoretical work
on quantum-critical dynamics in cuprate materials is
clearly called for.
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