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Many physical systems (nuclei, molecules, atomic clus-
ters, etc.) are characterized in their equilibrium configura-
tion by a shape. These shapes are in many cases rigid.
However, there are several situations in which the system
is rather floppy and undergoes a phase transition between
two different shapes. A challenging problem is how to
describe properties of the system in the phase transition
region and in particular at the phase transition point.

One way to achieve this description is within the frame-
work of algebraic models [1,2]. In this approach, the dif-
ferent shapes (phases) correspond to dynamic symmetries
of some algebraic structure G and the phase transition
corresponds to the breaking of the dynamical symmetries.
This approach has been used extensively in nuclei, and it
is beginning to be used in molecules. In nuclei, where
the algebraic structure is U�6� it has been found that there
are three dynamical symmetries characterized by the first
algebra in the chain originating from G , that is, U�5�,
SU�3�, SO�6�, with spherical, axially deformed, and (so-
called) g-unstable shapes. It has been found [3] that the
phase transition between spherical, U�5�, and g-unstable,
SO�6�, shapes is second order, while that between spheri-
cal, U�5�, and axially deformed shapes, SU�3�, is first or-
der. No phase transition occurs between axially deformed
and g-unstable shapes. Properties of the system in the tran-
sition region and, in particular, at the critical point can be
found by solving numerically the eigenvalue problem for
the Hamiltonian, H. However, it is of interest to find ex-
plicit solutions in terms of quantum numbers which contain
the essential features of the critical point. Such analytic so-
lutions describe well-defined structural standards that can
serve as benchmarks for experimental studies.

Recently, it has been suggested [4] that by replacing the
potential at the critical point by a five-dimensional square
well potential, one can find an analytic solution which de-
scribes (approximately) the situation at the critical point
of the U�5� 2 SO�6� shape phase transition in nuclei. The
solution was obtained by analyzing the differential equa-
tion HC � EC. The eigenfunctions were C�b, g, ui� �
cb23�2Jt13�2�ks,tb�Ft,nD,L,M �g, ui�. These functions are
eigenfunctions of the invariant operators of the chain of
algebras E�5� . SO�5� . SO�3� . SO�2�. The differen-
tial equation with a square well potential has therefore a
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dynamical symmetry in the same sense in which the five-
dimensional harmonic oscillator has a dynamical symme-
try U�5� . SO�5� . SO�3� . SO�2�. The symmetry of
the square well differs from that of the harmonic oscil-
lator in that a nonsemisimple Lie algebra, E�5�, replaces
the semisimple algebra U�5�. Experimental examples of
this “critical symmetry” have been found [5]. The sym-
metry associated with the Euclidean algebra, E�5�, can
be generalized to describe shape phase transitions of the
type U�n� 2 SO�n 1 1�, n $ 2, with dynamic symme-
try E�n�, and thus used for applications to other areas of
physics where shape phase transitions occur. The fact that
the eigenfunctions are representations of the Euclidean al-
gebra in n dimensions gives also the possibility to cast the
problem in group theoretical language and connect it with
the underlying algebraic description, without resorting to
the differential equation.

However, as mentioned above, in nuclei one has another
type of shape phase transition, between U�5� and SU�3�,
that is, between spherical and axially deformed shapes. A
numerical description of nuclei exhibiting such behavior
in terms of the interacting boson model has been given in
[6]. It is the purpose of this Letter to show that one can
obtain an approximate analytic solution at the critical point
by exploiting the special character of the potential at this
point. Compared to E�5�, the situation here is by far more
complex. The differential Bohr equation with [7]
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does not support any other exact solution of the type dis-
cussed in [4]. While the algebras of E�5� and SO�5� can
be easily constructed from the variables in the Bohr Ham-
iltonian [E�5� is composed of the five dimensional mo-
menta, pm, and five dimensional angular momenta, Lmn ,
and SO�5� by Lmn], other algebras, for example, that of
SU�3�, cannot. In order to find exact dynamic symme-
tries associated with the transition U�5� 2 SU�3� one must
resort to other differential equations, or to an algebraic
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construction [1]. Nonetheless, it turns out that there is an
approximate solution of the Bohr Hamiltonian, which de-
scribes many of the properties of this phase transition. It is
the purpose of this Letter to present this solution. A com-
parison with experiment will be presented separately [8].

Returning to Eq. (1), consider the case in which the
potential has a minimum at g � 0± and seek solutions of
the type C�b,g, ui� � w

L
K �b, g�D L

M,K �ui�, where D is
a Wigner function of the Euler angles ui�i � 1, 2, 3�. By
052502-2
noting that around g � 0± the last term in Eq. (1) can be
written asX
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and introducing reduced energies and potentials ´ �
2B
h̄2 E,

u �
2B
h̄2 V , one can rewrite the equation as
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with ´ � ´b 1 ´g and where �b2� is the average of b2

over j�b�. Suppose now that the potential is a square well
in the variable b and harmonic oscillator in g. This is an
approximation to the “true” potential. It is possible to ex-
press the potential as a function of b and g, by using the
method of intrinsic states [3,9,10] as applied to the inter-
acting boson model. One obtains the following potential
for the U�5� 2 SU�3� transition
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Here N is the number of bosons and 0 # z # 1 the con-
trol parameter. As z varies from 0 to 1 one spans the
transition region. The potential at the critical point of the
phase transition is shown in Fig. 1, for N � 10. The har-
monic approximation in g is obtained by expanding cos3g

and the square well potential is obtained by approximat-
ing the b dependence. If this assumption is made, then

FIG. 1. Potential energy surfaces at the critical point of the
U�5� 2 SU�3� shape phase transition obtained from the interact-
ing boson model Hamiltonian by the method of coherent states.
Left panel: V�b, g � 00�. Right panel: V�b � 0.6, g�.
both equations for jL�b� and hK �g� can be solved. For a
square well potential, u�b� � 0 for b # bW and u�b� �
` for b . bW , by setting j̃�b� � b3�2j�b�, ´b � k2

b ,
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n �

µ
L�L 1 1�

3
1

9
4

∂1�2

, (6)

one obtains a Bessel equation
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The boundary condition determines the eigenvalues and
eigenfunctions to be

´b;s,L � �ks,L�2; js,L�b� � cs,Lb23�2Jn�ks,Lb� ;

ks,L �
xs,L

bW
,

(8)

where xs,L is the sth zero of Jn�z�. The normaliza-
tion constants are obtained by imposing the conditionR`

0 b4j
2
s,L�b� db � 1.

The energy levels obtained from Eq. (8) are shown in
Fig. 2 in units of E1,2 2 E1,0, where the notation is Es,L.
Note that the levels are assigned to different families la-
beled by the quantum number s. The different families are
characterized by the energy ratio Rs �

Es,42Es,0

Es,22Es,0
. This ratio

is 2.91, for s � 1, and decreases steadily for higher lying
families (s � 2, 3, . . .). The location of the various fami-
lies is also fixed by symmetry. In particular, the location
of the s � 2 family is given by the ratio E2,02E1,0

E1,22E1,0
� 5.67.

When the expansion in powers of g is made, the equa-
tion in the g variable becomes the radial equation of a two
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with solution
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where L
jK j
n is a Laguerre polynomial. Combining all vari-

ables, b, g, ui , one obtains the most general expression

E�s, L, ng, K, M� � E0 1 B�xs,L�2 1 Ang 1 CK2,

C�b, g, ui� � cs,Lb23�2Jn�ks,Lb� (11)

3 hng ,K�g�D L
MK �ui� ,

where E0, B, A, C are arbitrary parameters. The values of
L in a sequence s, ng are determined by K. For K � 0,
L � 0, 2, 4, . . . , and for K fi 0, L � K, K 1 1, K 1 2, . . .
[7]. In Fig. 2 only sequences with ng � 0 are shown. Also
the wave functions C�b, g, ui � must be properly sym-
metrized, C�b, g, ui � � �1�

p
2 � �wL,K �b, g�D L

MK �ui� 1

�2�I1K wL,2K �b, g�D L
M,2K �ui��, to obtain the full solution.

Transition rates can be calculated by taking matrix ele-
ments of the quadrupole operator
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where t is a scale factor. The evaluation of the matrix
elements here is more complicated than in [4]. In the same
approximation used for the Hamiltonian, g � 0±, only the
D

�2�
m,0 term survives. The integral over the Euler angles ui

can be done using the properties of the Wigner D func-
tions. One is left with the b part

R
bjs,L�b�js0 ,L0 �b� 3

b4 db �
R1

0 cs,Lcs0,L0Jn�ksLb�Jn 0�ks0L0b�b2 db � Is,L;s0,L0 .
Evaluation of these integrals gives the results of Fig. 2 for
BE�2� values in units of B�E2; 21 ! 01� � 100.

The solution described here can be used to study phase
transitions between spherical and axially deformed shapes
[8]. It is interesting to compare the properties of this
solution with those of the E�5� symmetry that describes the
U�5� 2 SO�6� transition. In Table I, some key properties
are confronted. In particular, the order n of the Bessel
functions whose zeros provide the energy eigenvalues is
different. For E�5� it is a half-integer number related to
the quantum number t of the common SO�5� subalgebra of
U�5� and SO�6�. For the solution described here, denoted
by X�5� in the table, it is an irrational number related to the
common SO�3� subalgebra of U�5� and SU�3�. This order
is crucial for applications, since it determines all properties
052502-3
(energy eigenvalues, transition rates, . . .) of the system and
is the arresting feature of the analysis presented in this
Letter.

An important question is whether or not the solution
presented here is a dynamical symmetry. The wave func-
tions are written in Eq. (11). The Wigner D functions,
solutions of the quantum mechanical problem of a sym-
metric top, can be written in terms of the totally symmet-
ric representations of SO�4� 	 SO�3� ≠ SO�3�, and the
two-dimensional Laguerre polynomials are related to rep-
resentations of the two dimensional harmonic oscillator,
SU�2�. However, the Bessel functions with irrational or-
der cannot be written in terms of (tensor or spinor) rep-
resentations of E�n�, obtained by contraction of those of
SO�n 1 1�. The eigenfunctions of the invariant operators
of E�n� are Bessel functions with integer (for n � even)
or half-integer (for n � odd ) order n [11]. Thus the situ-
ation described here is not a dynamical symmetry in the
usual sense.

However, there exists another class of representations
of Lie groups, called projective representations. These are
proper representations of the algebra, but multivalued rep-
resentations of the group. These representations have been
only marginally investigated, except for SO�3� 	 SU�2�
and its complex extensions SO�2, 1� 	 SU�1, 1� [12].
The eigenfunctions of the invariant operators of these
groups are Legendre polynomials Pm

� �u�. In the projective

FIG. 2. Schematic representation of the lowest portion of the
spectrum of X�5� symmetry. Only states with ng � 0 are shown.
Energies are in units of the energy of the first excited state,
E21 2 E01 � 100. B�E2� values are in units of B�E2; 211 !
011 � � 100.
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TABLE I. Some properties of critical symmetries and usual dynamic symmetries. (a) Vibra-
tional energies in these symmetries depend on additional parameters in the Hamiltonian.

Property E�5� X�5� U�5� O�6� SU�3�

“Critical” order
n

t 1
3
2 � L�L11�

3 1
9
4 �1�2

“Rotational” excitations

R �
E41 2E01
E21 2E01

2.20 2.91 2.00 2.50 3.33

“Vibrational” excitations

R0 �
E02 2E01
E21 2E01

3.03 5.67 a a a
representations, m is not necessarily an integer. In the
case discussed here, the Bessel functions with irrational
order can be associated with projective representations of
E�n�, and consequently the solution presented here is a
dynamic symmetry, albeit of unusual nature. When these
representations are included, the corresponding algebra
is often denoted by placing a tilde over it, Ẽ�5�. The
notation X�5� (which is not intended as a group label) has
been used in Table I in order to distinguish it from the
E�5� symmetry discussed in [4]. A full discussion of these
group theoretical aspects will be given elsewhere.

Finally, the solution presented here is only an approxi-
mate solution in which the b and g degrees of freedom are
decoupled and only the b term is retained in the transition
operator. To obtain a solution that includes b 2 g cou-
plings and b2 terms in the transition operator, one must re-
sort to a more general equation than the Bohr equation (see
p. 123 of [1]) or return to the algebraic description. Again,
a full account will be presented in a longer publication.
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