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Nonlinear Optics with Phase-Controlled Pulses in the Sub-Two-Cycle Regime
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Nonlinear optical effects due to the phase between carrier and envelope are observed with 5 fs pulses
from a Kerr-lens mode-locked Ti:sapphire laser. These sub-two-cycle pulses with octave spanning spectra
are the shortest pulses ever generated directly from a laser oscillator. Detection of the carrier-envelope
phase slip is made possible by simply focusing the short pulses directly from the oscillator into a BBO
crystal. As a further example of nonlinear optics with such short pulses, the interference between second-
and third-harmonic components is also demonstrated.
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Recent progress in ultrashort pulse generation with
mode-locked lasers has resulted in waveforms with inten-
sity envelopes shorter than two optical cycles. This makes
possible new experiments in nonlinear optics that depend
on the electric field waveform specifically and not just on
the intensity of the pulse [1,2]. Within such a pulse the
field oscillation at the optical frequency is not fixed with
respect to the pulse envelope but has an additional degree
of freedom—the carrier-envelope phase f, defined by the
delay between the envelope maximum and the next peak
of the carrier oscillation.

The carrier-envelope phase of pulses emerging from a
laser is not known a priori, and it generally slips from pulse
to pulse because the round-trip phase delay in a laser is
usually not the same as the round-trip group delay. Nonlin-
ear optical measurements that are sensitive to this carrier-
envelope phase are not only interesting in their own right
but can have a large impact on metrology as well. The
slip rate of this phase determines the absolute positions
of the frequency combs produced by mode-locked lasers,
and these regularly spaced combs can be used to bridge
the gap between atomic clock standards and optical
frequencies [3–6].

Very recently, two groups have observed and stabilized
the pulse-to-pulse carrier-envelope phase slip Df by spec-
trally broadening femtosecond laser pulses in an optical
fiber [5,7]. Subsequently, the long wavelength part of
the pulse spectrum is doubled in a nonlinear crystal and
brought to interference with the properly retarded short
wavelength part of the pulse spectrum. In this paper, we
describe the direct observation of a phase-dependent op-
tical effect occurring in nonlinear media. We report on
the determination and stabilization of Df using pulses ob-
tained directly from a mode-locked laser using x�2� and
x �3� processes.

The electric field component of a linearly polarized
pulse at a given point in space can be decomposed into
its analytic parts in different half-planes of the frequency
domain [8]
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with the complex field envelope A�t�, the carrier angu-
lar frequency v0, and the carrier-envelope phase f. It
is obvious that such a decomposition into carrier and en-
velope is not, in general, unique. On the other hand, the
pulse intensity I�t�— and its FWHM—is uniquely related
to the absolute square of the analytic signal component
I�t� � jE�1��t�j2 � A�t�A��t� [8].

For special pulses one can choose a carrier frequency
and phase, such that the envelope A�t� becomes real. Only
then can the electric field from Eq. (1) be written as E�t� �
A�t� cos�v0t 1 f�. If we further define the local time t
such that A�t� is a maximum at t � 0, then f measures
the deviation of the carrier phase from this maximum.

Of course, such a field is only a freely propagating opti-
cal field if it has no dc component. Since A�t� is real, this
also implies that the optical spectrum cannot have compo-
nents at frequencies above twice the carrier frequency, i.e.,
for jvj . 2v0. There are other physically plausible fields
without the high frequency constraint but then f cannot be
independent of time if A�t� is real. In a qualitative sense,
however, a carrier-envelope phase can always be defined
near the peak of the pulse.

For all physically realizable fields, the optical power
spectrum has to be independent of f, because linear propa-
gation through dispersive media cannot change the power
spectrum, even though it changes the carrier-envelope
phase by a value Dflin [9,10]. The carrier propagates
with the phase index n, while the propagation of the pulse
envelope is given by the group index ngr:

Dflin �
2p

l
�n 2 ngr�L � 2p

dn
dl

L , (2)

with the thickness of the medium L.
The pulse-to-pulse carrier-envelope phase shift Df in

a mode-locked laser can easily be changed by varying
the intracavity dispersion, i.e., by changing the insertion
of a prism or by tilting the prismatic end mirror [11].
© 2001 The American Physical Society
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Variation of the pulse power may also be used to induce
an additional nonlinear phase shift term Dfnonlin [7,9].
Neglecting noise, the carrier-envelope phase evolves with
the global time T in units of the cavity round-trip time
according to

f � f0 1 Df
T
TR

� f0 1 �Dflin 1 Dfnonlin�
T
TR

.

For a pulse repetition rate of fR � 1�TR , the frequency
ff �

Df

2p fR indicates the rate with which the electric field
of the pulse is reproduced in the train of output pulses. The
knowledge of fR and ff, which are both in the rf range,
defines the absolute positions of frequencies in the mode
comb completely [11].

Measurements of intensity, or even of the coherent inter-
ference of the pulse with itself, cannot provide information
about f. Interferometric cross correlations of successive
pulses can reveal pulse-to-pulse slip [9] but do not provide
sufficient accuracy for controlling a slow slip. A phase-
dependent nonlinear optical measurement is needed. By
raising E�t� in Eq. (1) to the nth power, it becomes
apparent that the nth power (harmonic) of the pulse field
would have a phase offset of nf. The carrier-envelope
phase f is thus observable by detecting the interference
between optical harmonic components of different or-
ders. The source of such interference is illustrated
in Fig. 1 which shows, for example, a rectangularly
shaped fundamental spectrum together with the spectra
generated from it by instantaneous x �2�(squaring)— and
x �3�(tripling)—processes. The necessary spectral span
� f1, . . . , f2� for observing an overlap between nth and
mth harmonic components is determined by the condition

f2 �
m
n

f1 �with f1 , f2 and n , m� . (3)

In order to obtain an interference between fundamen-
tal and second order at least one octave of spectrum is
required. Such an interference was first demonstrated in
[5], using a standard Ti:sapphire oscillator with subsequent
external spectral broadening in an air-silica microstruc-
ture fiber. Second-harmonic components were generated

FIG. 1. Schematic spectra of a pulse covering one octave on
an optical frequency scale together with the spectra generated
by x �2� and x �3� processes, given by successive convolution of
the fundamental spectrum.
separately and then recombined with selected fundamen-
tal components to observe the interference. A similar re-
sult was achieved [7] using only standard fiber with high
energy 9-fs pulses produced by a long-cavity Ti:sapphire
oscillator. In our work the interference occurs within the
femtosecond pulse itself, during propagation of the pulse
through the nonlinear crystal. The different frequency
components are not separated in time by the dynamics of
self-phase modulation and fiber dispersion.

From Eq. (3) it follows that the fundamental bandwidth
required to obtain overlap of adjacent harmonics decreases
with harmonic order. Thus, these effects can become rele-
vant even with relatively narrow bandwidth pulses in a non-
linear system of higher order. In particular, they may have
a large impact on high-harmonic generation, where the
generation efficiency can be undermined by the destruc-
tive interference between harmonics due to an unfavorable
carrier-envelope phase [1,2].

Until recently, spectra obtained directly from a laser
have been significantly narrower than one octave [12,13].
For the experiments reported here, octave spanning spectra
are made possible by the introduction of double-chirped
mirror pairs [14] into a strongly dispersion-managed Kerr-
lens mode-locked (KLM) Ti:sapphire laser [15].

The laser setup using these advances is described in
detail in [16]. The cavity is designed in a double-Z-folded
scheme. A thin Ti:sapphire crystal at one intracavity focus
is pumped by a 532-nm laser. A plate of BK7 is placed at
the second intracavity focus. The dispersion in the reso-
nator is compensated by double-chirped mirrors and two
CaF2 prisms allow for fine-tuning of the dispersion. With
an absorbed pump power of 4 W the cw output power was
30 mW. After the soft-aperture KLM action was initiated
by moving a prism, the output power increased to typically
120 mW.

The double-chirped mirror pairs allow for dispersion
compensation from 600 to 1200 nm while being highly re-
flective over the full octave. The pairs are designed so that
the dispersion ripple of one mirror cancels that of the sec-
ond. In the cavity they are used in sequential pairs. With
the addition of the second focus and the plate, the choice
of a proper dispersion map becomes a key requirement, as
shown in [15]. The details of the dispersion map are given
in [16].

The optical power spectrum at the laser output is dis-
played in Fig. 2 on both linear and logarithmic scales. In
its wings the spectrum extends over one octave from 600
to 1350 nm. The FWHM of the corresponding pulse as-
suming a flat phase would be 4.3 fs. The oscillations in
the spectrum have their origin in the residual dispersion
ripple caused by fabrication tolerances of the mirrors and
the transmission properties of the output coupling mirror.

After extracavity dispersion compensation the interfero-
metric autocorrelation measurement (IAC) is obtained by
a second-harmonic interferometric autocorrelator. The re-
sult is displayed in the inset in Fig. 2. A phase retrieval
algorithm [17] is used to reconstruct the IAC completely
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FIG. 2. Output power spectrum on both logarithmic and linear
scales. It extends over more than one octave. Inset: Measured
IAC of the pulse revealing a pulse width of 5 fs.

from the spectrum. This reconstruction yields a FWHM of
5 fs for the pulse.

The setup for the direct observation of a phase-sensitive
nonlinear optical effect is shown schematically in Fig. 3.
The signal is enhanced by spectrally selecting and de-
tecting only a narrow portion of the output at the high
frequency end of the fundamental pulse spectrum. As
indicated above, a phase-dependent signal in this region
may be thought of as due to the interference between
low frequency second-harmonic components and high fre-
quency fundamental components. But here, these com-
ponents are not generated separately in space and time.
The newly generated components at the second harmonic
lead to a distortion of the pulse shape and polarization,
so that under proper projection via a polarizer and a filter,
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FIG. 3. Top: Experimental setup: Three bounces on double-
chirped mirrors (DCM) and a tiltable glass plate allow for tun-
able group delay compensation. Frequency doubling occurs in
a 1-mm thick BBO crystal. A PMT detects the carrier-phase-
dependent output behind a 10-nm wide wavelength filter and a
polarizer. Bottom: rf spectrum of the PMT signal. The right
peak at 65 MHz is from the repetition rate fR . The two inner
peaks represent the carrier-envelope phase evolution frequency
ff and the mixing product fR 2 ff. The background is from
shot noise.
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the resulting electric field leads to a significantly phase-
dependent detector signal. Note the group delay variations
in the crystal over the spectral width of the pulse are about
60 fs. In order to guarantee overlap of the spectral compo-
nents at 580 nm, the chirp of the input pulse is controlled
by three double-chirped mirror reflections and a tiltable
0.5-mm thick glass plate between the laser and the non-
linear crystal. The rf spectrum of this detected signal is
displayed in the lower part of Fig. 3. The peak at 65 MHz
corresponds to the fundamental repetition rate fR . The
two peaks in the center, above the shot-noise floor, are the
carrier-envelope phase evolution frequency ff and the
mixing product fR 2 ff. The width of the ff peak is
narrower than 10 kHz, and in the free running system ff

changes slowly (on a 100-ms time scale) in a 5-MHz win-
dow (see also Fig. 5).

We have also observed the beat between second- and
third-harmonic components of the pulse spectrum. In
this case, because we do not have a medium with large
enough x �2� and x �3� nonlinearities, we optimize the
nonlinear interaction by separating the processes as shown
in Fig. 4. The pulse train from the laser is launched into a
Mach-Zehnder-type interferometer. The short wavelength
part of the spectrum around 660 nm is coupled into one
arm (arm I), the long wavelength part around 990 nm into
arm II. In arm I a 1-mm thick critically phase-matched
beta-barium-borate (BBO) crystal produces the sec-
ond harmonic at 330 nm. In arm II a 0.5-mm thick
temperature-tuned, noncritically phase-matched KNbO4
crystal produces second-harmonic light at 495 nm. To
generate the third harmonic in arm II, the fundamental
and the second harmonic are summed in a subsequent
1-mm thick critically phase-matched BBO crystal, after
proper definition of polarization and temporal overlap.

The beams from the two arms, each with a power of a
few nW, are superimposed by a beam splitter. For observa-
tion of the signal depending on the carrier-envelope phase,

FIG. 4. Interference between second and third harmonic. Top:
Setup: In the lower branch of the Mach-Zehnder-type interfero-
meter third harmonic of the long wavelength end of the laser
spectrum is generated by two subsequent nonlinear crystals. In
the upper branch the second harmonic of the short wavelength
end is generated. The beams are superimposed at the upper right
beamsplitter (black). A PMT detects the beat frequency behind
a spatial and a wavelength filter.
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FIG. 5. Stability of the carrier-envelope phase evolution fre-
quency ff with/without external stabilization to an rf oscillator
by means of a phase-locked loop (PLL).

three overlap requirements have to be accomplished: tem-
poral overlap between the two arms — adjusted by the de-
lay line in arm I, spatial overlap between the beams from
the two arms — assured by aligning the beams through two
pinholes acting as spatial filters, and spectral overlap —
selected with a 10-nm wide spectral filter in front of the
photomultiplier tube (PMT). The results from this mea-
surement are very similar to those described above for fun-
damental and second-harmonic interference.

Equation (2) implies that the carrier-envelope phase is
affected by a linear and a nonlinear contribution. In con-
trast to [7,9], we could not observe correlations between
amplitude fluctuations of the laser and the position of ff.
In our case, the observed fluctuations of ff are dominated
by environmental noise. The major contribution appears
to be a jitter in the intracavity beam pointing angle (in the
mrad range) which translates to dispersion fluctuations at
the prisms. Higher stability might be achieved with an
acoustically isolated and/or prismless oscillator.

With a phase-locked loop, we then successfully locked
the phase-slip frequency to an external rf oscillator, as
shown in Fig. 5. The fluctuation spectrum provides a con-
venient detection window between the time constants of
the laser dynamics (in the microsecond range) and the
time constants of environmental fluctuations (in the 100-ms
range) so that heterodyne locking, using ff as a refer-
ence frequency, is possible with integration times up to
10 ms. In order to guarantee a fixed phase relationship for
the emitted pulses, one could either lock the rate to a sub-
multiple of the pulse repetition rate and select constant f

pulses at that lower frequency or use a heterodyne locking
scheme to lock ff to zero [5].

In conclusion, we report on two nonlinear optical ex-
periments which reveal the pulse-to-pulse carrier-envelope
phase shift of pulses obtained directly from a mode-locked
laser. These experiments are made possible by the octave-
spanning spectrum of the sub-two-optical cycle pulses that
are generated by the laser. No external spectral broadening
is required.
The first experiment demonstrates phase-sensitive out-
put by focusing the short pulse into a single nonlinear
crystal. The second experiment extends the observation of
carrier-envelope phase effects to higher order nonlineari-
ties. In both cases the phase evolution has been success-
fully locked to an rf oscillator to produce a light source of
phase-controlled sub-two-cycle pulses that can enable fur-
ther progress in phase-dependent nonlinear optics as well
as in metrology.
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