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The main operations from 1979 to 2000 in the GAMMA 10 tandem-mirror, characterized in
terms of the high-potential mode having kV-order plasma-confining potentials and the hot-ion mode
yielding fusion neutrons with 10–20 keV bulk-ion temperatures, are summarized and generalized
as a result of scalings of the formation and the effects of the potentials. The wide validity of
potential-formation physics from Cohen’s theory and the validity of the generalized Pastukhov’s theory
for the effects of thermal-barrier potentials on electron confinement are verified and consolidated
through electron-energy balance.
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Extended investigations of the original scenario of
potential-confined tandem-mirror plasmas with thermal
barriers [1,2] require experimental verification of the
potential-formation physics and the associated physical
effects of the produced potentials on plasma-parameter
improvement, so as to provide the essential physics bases
for scaling construction and extension [1–5] (e.g., effi-
ciency or various dependence studies of plasma parameters
along these experimentally verified theoretical scaling
bases, because of the inevitable necessity of potential
confinement for mirror-fusion achievement [1,2]).

Even at this time, however, the physics-mechanism and
scaling studies on the basis of the comparison between
experimental data and potential theories [6–9] are reported
in a limited number of publications for specific plasma
operations alone [10–12].

In this Letter, from a large number of databases
obtained from 1979 to 2000 in GAMMA 10, two rep-
resentative operations characterized in terms of (i) a
high-potential mode having kV-order plasma-confining
potentials [10–12], and (ii) a hot-ion mode yielding fusion
neutrons with 10–20 keV bulk-ion temperatures [13],
are investigated. These data summaries are physically
interpreted, combined, and then generalized under the
proposed consolidation and combination of the two major
theories of Cohen’s strong electron-cyclotron heating
(ECH) theory [6] and generalized Pastukhov’s potential
confinement theory [8,9] by the use of electron-energy
and particle balance equations.

GAMMA 10 is a minimum-B anchored tandem mir-
ror with outboard axisymmetric plug and barrier cells
[5,10–14]. It has an axial length of 27 m, and the total
volume of the vacuum vessel is 150 m3. The central
cell has a length of 6 m and a fixed limiter with a di-
ameter of 36 cm, and the magnetic-field intensity at the
midplane Bm is 0.405 T with a mirror ratio Rm of 5.2.
Ion-cyclotron heatings (200 kW at 4.47 or 6.36 MHz, as
well as 100 kW at 9.9 or 10.3 MHz) are employed for
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the central-cell hot-ion production and the anchor stabi-
lization, respectively [13,14]. The plug and the barrier
cells are axisymmetric mirrors; they have an axial length
of 2.5 m (Bm � 0.497 T, and Rm � 6.2). Microwaves
(150 kW at 28 GHz) are injected in the extraordinary
mode into the plug and the barrier regions to produce an
ion-confining potential fc, and a thermal-barrier potential
fb, respectively.

Plug potentials FP are measured with originally de-
veloped electrostatic spectrometer arrays for end-loss-ion
analyses (ELA) [15]. Central-cell potentials FC and bar-
rier potentials FB are directly measured with heavy-ion
�Au0� beam probes (HIBP) [16]. Thereby, we obtain
fc and fb, as FP-FC and FC-FB, respectively. X-ray
diagnostics give profiles of electron temperatures Te

along with detailed electron-energy spectra in each
region [10–12,17].

In Figs. 1(a) and 1(b), scaling relations between fc

and fb are summarized in the high-potential [10–12] and
hot-ion modes [13], respectively. Both figures show a simi-
larly behaved favorable increase in fc with increasing fb.
Careful notices of the data in Figs. 1(a) and 1(b), however,
find out a differently labeled ratio of the plug to central-cell
densities, np�nc, in each figure despite such similar be-
havior of fc with fb. In Fig. 1(a), plotted data have the
values of np�nc from 0.4 to 0.5, while in Fig. 1(b) data
plotted with filled and open circles range in 0.07–0.10 and
0.10–0.13, respectively. This evidence seems to be con-
trary to the following predicted dependence of fc and fb

on np�nc from the strong ECH theory for the potential-
formation mechanism [6]; that is,

fc � Te

∑
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where the units for the central-cell electron temperatures
Te and the potentials are in keV and kV, respectively.
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FIG. 1. The scaling laws of fc with fb in (a) the high-
potential and (b) the hot-ion modes. The data having np�nc
in 0.4–0.5 for (a), as well as in 0.07–0.10 (filled circles) and
0.10–0.13 (open circles) for (b) are plotted. In (c), the gen-
eralized scaling surfaces (a) and (b) in the proposed three-
dimensional space of fc, fb, and np�nc are calculated from
Cohen’s strong ECH theory in combination with the scaling of
Tc with fb [see Fig. 3 (below)]. The data in (a) and (b) are well
replotted using the same symbols on the theoretical surfaces of
(a) and (b) in (c), respectively. (d) Schematic view of axial
magnetic-field and potential profiles in GAMMA 10 is depicted
with notations of plasma parameters.

At this time, the strong ECH theory is believed to be the
standard theory having the consistency with experimental
data on tandem-mirror potentials [10,11]. Thus, the fol-
lowing systematic studies are carried out to address this se-
rious problem. For plotting the solid curves labeled np�nc

in Fig. 1(a), an empirical relation of Te � 0.23fb 1 0.03,
obtained and approximated from the central-cell x-ray and
HIBP data (for more detail, see below), is introduced to
reduce Te in Eq. (1). The curves consistently trace the
data extended over fc � 2 kV. The same method for in-
terpreting the data in Fig. 1(b) is also applied because of
no reports except for the high-potential mode. The sub-
stitution of the empirical scaling of Te � 0.16fb 1 0.01
for the hot-ion mode similarly plots three curves labeled
0.07, 0.10, and 0.13, providing a finding of the recovery
of good agreement between the experimental data and the
strong ECH theory. In Fig. 1(c), the data sets of fc, fb,
and np�nc in Figs. 1(a) and 1(b) are replotted using the
same symbols, lying well on each curved surface labeled
(a) and (b), respectively. These methods and plots in the
proposed three-dimensional space, thus, address the mis-
understanding of no dependence of the relation between
fc and fb on np�nc. [For the notations of these parame-
ters, see Fig. 1(d).]

For further investigations of the potential-formation
mechanisms, an x-ray-energy spectrum in the plug region
for the hot-ion mode is plotted in Fig. 2(a) using a
specially developed semiconductor detector covering from
a few hundred keV down to a few hundred eV [17]. Data
in Fig. 2(a) are well traced by the calculated curve from
the strong ECH theory. Here, the data of 2fpb � 1.0 kV
measured with ELA and HIBP are employed for cal-
culating the x-ray spectrum from the potential-trapped
electrons [6,10,11], where fpb denotes the plug-electron
confining potential of fc 1 fb. Also, the high-energy
x-ray component is fitted using the mirror-trapped rela-
tivistic Maxwellian electrons (60 keV with a 35± loss
cone, and 3.8% of the total plug density) [12] having the
consistency with x-ray data in the barrier. In addition
to the high-potential mode [10,11], a finding of good
agreement between data and the strong ECH prediction
even in the hot-ion model implies the existence of the
common underlying physics in both representative modes
in GAMMA 10.

In Fig. 2(b), the values of fpb deduced from the x-ray
fittings, fpb-x , viewing across the lines of magnetic force
[0.94–1.1 T] are in good agreement with those from ELA
and HIBP, fpb-EH. The diagnostics characteristics of
fpb-EH may leave room for argument on the location of
Fp (e.g., at the mirror throat [18]) in the axial direction.
In Fig. 2(b), however, good agreement of fpb measured
from these two crossing directions confirms the location
of Fp around 1 T, as predicted from the strong ECH the-
ory. This evidence is also consistent with the decreasing
axial potential profile from 1 T towards the mirror throat
with electrostatic probe measurements.

Furthermore, the strong ECH theory predicts the rela-
tion between fpb (or fc) and fb as a function of np�nc,
without explicit dependence on nc. In Fig. 2(c), data in
the high-potential mode are distinguished by the triangles,
squares, diamonds, and circles in nc ranging (0.4–0.5),
(0.5–0.6), (0.6–0.7), and �1 2� 3 1018 m23, respectively.
The data shown by the open symbols have np�nc � 0.4.
On the other hand, the strong ECH theoretical curves are
represented by the dotted, solid, and dashed curves for
np�nc of 0.2, 0.4, and 0.6, respectively. It is found that
the data having various values of nc but the same value of
np�nc of 0.4 are well fitted by the theoretical curve with
np�nc � 0.4. This finding adds the evidence to verify the
validity of the strong ECH theoretical bases. In Fig. 2(c),
seven data shown by the filled symbols with the labeled
values of np�nc are plotted, where the shapes of the sym-
bols are similary employed for distinguishing nc. Wider
validity of the theoretical dependence on np�nc ranging in
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FIG. 2. (a) The plug x-ray spectrum in the hot-ion mode for
2fpb � 1.0 kV is fitted by the curve from the Cohen theory.
(b) The data on fpb from the x-ray diagnostics, fpb-x , viewing
over the 0.94–1.1 T region are compared to those from ELA
and HIBP, fpb-EH. (c) In the high-potential mode, data on
the relation between fpb and fb are distinguished by various
symbols for nc as labeled in the figure. Cohen’s curves are
represented by the dotted, solid, and dashed curves for np�nc �
0.2, 0.4, and 0.6, respectively. Open symbols having np�nc �
0.4 with various nc, and seven filled symbols having the labeled
np�nc, are plotted and well fitted by the theory.

0.17–0.65 beyond the typical operational regime of np�nc

of 0.4–0.5 in the high-potential mode is also found.
The next issue is to clarify the predominant factor in

determining Te. This has been one of the unresolved prob-
lems in tandem mirrors. Moreover, the above-described
two empirical relations between Te and fb obtained from
the data fitting have to be physically interpreted for gen-
eralizing the proposed three-dimensional plots in Fig. 1(c)
for exploring the future alternative operational regime.

In Figs. 3(a) and 3(b), the scaling of Te with fb on the
magnetic axis are plotted in the high-potential and hot-ion
modes, respectively. In Fig. 3(a), data with the warm-
electron temperatures Tew � 1 2 keV and the density ra-
tio new�nc � 0.01 0.05 to nc � �4 6� 3 1017 m23 are
plotted. (For the Te analyses and distribution functions,
see Refs. [8], [10], and [11].) Ion temperatures Ti �
2 keV, and the neutral-particle populations n0 � �1 4� 3

1015 m23 are observed. Here, n0 decreases with increas-
ing Te. In Fig. 3(b), data having Ti � 1 5 keV, nc �
�1 2� 3 1018 m23, n0 � �1 4� 3 1015 m23, and Tew �
1 keV with new�nc � 0.005 0.01 are plotted.

The theoretical analyses from the above viewpoints are
carried out by the use of the energy- and particle-balance
Eqs. (2) and (3), respectively:
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FIG. 3. The scalings of Te with fb in (a) the high-
potential and (b) the hot-ion modes are traced by the solid
and dashed curves from Eqs. (2) and (3), respectively, using
Pastukhov’s energy- and particle-confinement times along with
the labeled values of new�nc, Ti , or n0 [1 and 2 in (a) corre-
sponding to 1 and 2 3 1015 m23, respectively, and in (b) being
2 3 1015 m23] (see text). In (a), data with Tew � 1 2 keV,
new�nc � 1% 5% �nc � �4 6� 3 1017 m23�, Ti � 2 keV,
and n0 � �1 4� 3 1015 m23; and in (b), data with
T � 1 5 keV, nc � �1 2� 3 1018 m23, and n0 � �1 4� 3
1015 m23 are plotted.

dWVBB

dt
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and

dnc

dt
� n0nc�sn� 2

nc

tp
, (3)

where W and �sn� denote the bulk-electron energy den-
sity of 3

2ncTe, and the ionization cross section, respec-
tively. Slowing-down power densities to the bulk electrons
from the warm electrons, and the hot ions are defined as
Pwb and Phb , respectively. The volume of the warm elec-
trons, flowing from the plug region and thus existing be-
tween both barrier regions, is represented by VBB [10].
Diamagnetic-loop-array signals for hot-ion profile mea-
surements are analyzed to identify the axial profile [19]
and the volume of hot ions Vh.

In Fig. 3(a), the solid curves labeled new�nc � 1 and
4% having Tew of 1 keV are calculated from Eq. (2)
with the substitution of generalized Pastukhov’s energy-
confinement time modified by Cohen et al. [8] into tE .
Here, the second term of the right-hand side of Eq. (2) is
1 order of magnitude smaller than the first term (2 keV
ions with Vh�VBB of 0.39). The dashed curves are simu-
lated from Eq. (3) with Pastukhov’s particle-confinement
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time [8,9] into tp . The tendency of an increasing neutral-
shielding effect with increasing Te or fb is seen by the
data from fb � 0.8, through 0.5, and then to 0.2 kV,
since these data are traced by the dashed curves labeled
1 and 2 (corresponding to n0 � 1, and 2 3 1015 m23,
respectively), and then the calculations with poorer
shielding with n0 � 5 3 1015 m23, respectively. This
behavior is consistently understood by the dependence of
�sn� on Te.

Similarly, data in Fig. 3(b) are also fitted by the
calculated solid curves from Eq. (2) with Ti � 1 and
3 keV along with nc � 1.5 3 1018 m23. In contrast
to the parameter regime in Fig. 3(a), PhbVh dominates
over PwbVBB. In Fig. 3(b), the dashed curve is similarly
estimated from Eq. (3) by the use of the averaged data of
n0 � 2 3 1015 m23 and the above-described parameters.

Good agreement between the data and the calculated re-
sults in each different parameter regime with the different
dominant-heating source in Figs. 3(a) and 3(b) confirms
the simultaneous validity of Eqs. (2) and (3) along with
the generalized Pastukhov theory for the confinement
of the central-cell bulk electrons. (The results from
various modifications of Pastukhov’s theory [9,20,21]
range in the present data plots within the error bar.)

In this context, we investigate to find the general for-
mula for the relation between Te and fb on the basis of
the combination of the energy-balance equation with the
Pastukhov energy confinement time in place of the two
experimentally obtained empirical scalings of Te with fb

employed in Fig. 1.
In a quasisteady state, one can obtain the following

equation when equalizing tE from the generalized Pas-
tukhov theory with tE in the energy-balance equation:

7.48 3 1025 T
3�2
e

nc lnL x exp�x� 1
I�x21�

2
3 x 1
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3
2 ncTe
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,

(4)

where I�x� is well approximated by �1 1 x�2���1 1

x2�4� with x � fb�Te [8,9]. By the use of f�x� �
�x exp�x���� 2
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where the units of Te, fb, nc, Phb , and Pwb are in keV,
kV, 1018 m23, W 3 m23, and W 3 m23, respectively.

From the generalized Eq. (5), one can reproduce the
above-mentioned two empirical scalings of Te with fb.
A finding of a good approximation of f21�x� � 0.04 1

0.97 ln�f�x��, along with the substitution of standard for-
mula for Phb and Pwb , allows us to derive the above-
employed empirical formula of fb � 1.33 1 4.39�Te 2
0.33� with the Taylor expansion in the above-described
parameter regime of the high-potential mode [Fig. 1(a)],
for instance.

In summary, in combination with the theoretical general-
ization and interpretations of the empirical scaling relations
between Te and fb through the electron energy-balance
treatment due to the generalized Pastukhov potential-
confinement mechanisms [Eq. (5) for the generalization
of the above empirical scalings of Te with fb], the
potential-formation scalings in the representative tandem-
mirror operational modes [Figs. 1(a) and 1(b)] are
generalized and consolidated [Fig. 1(c) with Fig. 3 or
Eq. (5)] on the basis of the findings of wider validity of
Cohen’s strong ECH theory (Figs. 1 and 2). Accordingly,
the present investigations, providing an opportunity to
combine and consolidate these two major theories for the
potential formation and the associated potential confine-
ment of tandem-mirror plasmas, may give the bases for
exploring the future developing operations extended from
the present database [22].
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