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Dynamic Sand Dunes
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When sand falling in the spacing between two plates goes past an obstacle, a dynamic dune with a
parabolic shape and an inner triangular region of nonflowing or slowly creeping sand forms. The angle
of the triangular zone increases with the height of the dune and saturates at a value determined by the
geometry of the cell. The width of the dune, related to the radius of curvature at the tip, shows universal
features versus its height rescaled by geometrical parameters. The velocity profile in the flowing part is
determined and found to be nonlinear. The parabolic shape can be accounted for using a simple driven
convection-diffusion equation for the interface.
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Granular materials can exhibit very diverse features.
This particular state of matter has so far resisted a co-
herent and quantitative description. Several experiments
and theoretical attempts have been carried out [1]. A par-
ticular problem or subset of problems in the physics of
granular materials is the different pattern formations ob-
served when these materials are subjected to external per-
turbations such as shaking the container. Patterns, such as
rolls similar to the ones seen when a fluid is heated from
below, have been evidenced [2]. Such features encour-
age a continuum description, but other features such as the
formation of arches [1] point to the importance of discrete-
ness of the material. Our contribution here is in this spirit
and asks the question of what happens when sand flows
past obstacles. This experiment resembles flow past cylin-
ders say in fluid mechanics. Such a flow configuration is
well known by now and beautiful photographs of the dif-
ferent structures which form behind the cylinder can be
found in the literature. When a granular material is used,
two streams of dense material with no particular structure
form behind the obstacle. The two streams are separated
by an empty region due to the shielding by the obstacle
(Fig. 1). Such a behavior is very different from the vor-
tex shedding known in fluid dynamics. In the case of a
granular material, the interesting behavior actually occurs
on top of the obstacle where a dynamic dune with a para-
bolic tip forms (Fig. 1). Inside this parabola, a triangular
region of nonflowing or slowly creeping sand is observed.
The sand flow in the region between the triangular region
and the outer parabola displays a velocity profile which
is nonlinear. The coexistence of both still or very slowly
creeping and flowing regions clearly shows the complexity
of sand flow in a simple situation. Here we present a study
of the properties of this dynamic dune as well as an at-
tempt to describe it using models available in the literature
[3–5]. Our study points to the possibility of describing
such patterns using a convection-diffusion equation. This
experiment is a simple test ground for interface dynamics
of granular materials, their flow properties as well as the
complicated process of dune formation.
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In our experiments, the flow of sand is maintained be-
tween two parallel transparent plates (Plexiglass or glass)
with a fixed spacing e which we varied from about 2 to
8 mm. An obstacle is then blocked between the plates.
Dry beach sand (which has been sieved to eliminate large
particles and washed to eliminate the smallest particles) is

FIG. 1. Photographs of patterns formed by flowing sand
around obstacles: circle [R � 1.2 cm (a), R � 1.4 cm (c)];
triangle (base of 3 cm) (b) (dry beach sand, exposure time
1�50 s); flat obstacle (length of 2.4 cm) (d) (glass beads,
exposure time of 1024 s). Glass plates are used for (a) and
(b) and Plexiglass plates for (c) and (d). Note in photo
(c) the triangular inner region with little motion blur. (e) Ball
bearings of diameter 2 mm (e � 6.2 mm and R � 6 cm);
(f) glass beads (R � 2.25 cm, e � 6.2 mm) showing the full
view including the wake in the form of two streams.
© 2001 The American Physical Society
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poured in the spacing between the plates from a wedge-
like container, the bottom of which has an opening in the
shape of a long rectangle with variable width and a fixed
length L much larger than the size of the obstacle. The
sand which falls between the two plates undergoes free
fall. As a grain hits the solid obstacle, it bounces back
with a parabolic trajectory. When the number of grains
hitting the obstacle increases (which we do by changing
the mass flux through changing the width of the opening
of the upper container), a few particles get trapped on top
of the obstacle. This arrest of the movement of particles
becomes more and more important as the flux of particles
increases. From a few grains on top of the cylinder, a large
triangular region of nonflowing or slowly creeping sand can
be formed at high injection rates. While we are still inves-
tigating the details of formation of the dune, an interesting
possibility here is that the arrest of the particles on top of
the obstacle resembles the clumping or “inelastic collapse”
seen in simulations of one-dimensional granular systems
[6]. This clumping clearly shows that hydrodynamic de-
scriptions are difficult to implement in the flow of granular
materials. Recent experiments [7] and numerical simula-
tions [8] give evidence of such a collapse in two and three
dimensions. In our experiments a similar behavior is ob-
served pointing to the complexity of such flows. On the one
hand, a rapidly flowing region is present; on the other hand,
a triangular cold clump occupies the center of the pattern.
Let us note here that these experimental observations are
robust with respect to the granular materials used, such as
glass beads, ball bearings, and nonsieved dry beach sand
which is much more polydisperse and with respect to the
material of the plates which was either glass or Plexiglass.
While the distance between the obstacle and the entrance
was kept constant for most of the experiments reported
here we did note that the height of the dune decreases
slightly when the obstacle is placed much farther away.

The photos in Fig. 1 show the shape of the sand dunes
around a circular obstacle (a), a triangular obstacle (b),
and a flat obstacle (d): the main features seem to depend
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FIG. 2. Anatomy of the dune.
little on the geometry of the obstacle itself. The photos
in Figs. 1(a) and 1(b) (using sieved dry beach sand, mean
diameter: 0.3 mm) clearly display two regions: an inner
region with little motion blur indicating small velocities
and a blurred region where the velocity can reach several
cm�s. Figure 1(d), for which we use glass beads (mean
diameter of 0.5 mm), is taken using an exposure time of
1024 s to illustrate the small roughness of the interface.
For Fig. 1(c), which was taken in transmission, several
photos were averaged to illustrate the two different regions
more clearly. The inner still or slowly creeping region is
triangular as can be seen in 1(c); the blurry region contains
flowing sand. Figure 1(e) shows a dune formed using ball
bearings of 2 mm diameter to illustrate the insensitivity
of the observed shape with respect to the material used.
Figure 1(f) shows a wide view of the whole structure in-
cluding the wake behind the obstacle consisting of simply
two streams of structureless dense material. The overall
shape of the pattern is parabolic as illustrated by the solid
line in Fig. 2 for a circular obstacle. The interface shape is
given by h�x� � H 2

x2

2Rc
where H is its height as counted

from the top of the obstacle and Rc the radius of curvature
at the tip of the parabola. The sand is flowing slowly near
the triangular region and much faster near the outer edge.
In the region delimited by the outer parabola and the tri-
angular still inner region, a velocity profile is established.
This figure contains examples of the trajectories of two par-
ticles in the flowing region which were determined from di-
rectly tracking the particles using a fast video camera with
a rate of 250 images per second giving a time step of 4 ms.
The particle trajectories are roughly straight lines with
the velocity almost constant along such lines. The small
fluctuations seen are within experimental uncertainty in de-
termining the position of the particles. These trajectories
are also roughly parallel to each other and roughly parallel
to the line delimiting the static zone. The total velocity
increases dramatically as the outer region is approached
starting from the inner triangular region. From tracking
several particles in the flowing region, a velocity profile is
determined. A cut of this velocity profile perpendicular to
the trajectories of the particles and to the line delimiting
the inner zone is displayed in Fig. 3. This profile is non-
linear and increases from very small velocities near the in-
ner triangular region to very large velocities near the outer
parabola. This velocity profile is plotted against a reduced
distance � d

d0
2 1� for different realizations with different

dunes and different grain types. Here d is the distance from
the top of the obstacle along a cut perpendicular to the line
delimiting the inner triangular region and d0 is the position
of the intersection point (see Fig. 2). The data show too
much scatter for a critical test of theoretical predictions [9].
Our results seem to be consistent with recent experiments
where the mean velocity of the layer of sand was found
to increase as its height increases [10,11]. Within the tri-
angular region, we found it very difficult to measure the
movement of the particles as they hardly moved during the
time scale of the experiments which could last as long as
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FIG. 3. Velocity profile in the dune versus �d�d0 2 1� (see
Fig. 2) obtained by tracking several marked particles in the flow-
ing region of the dune.

10 s which gives an upper bound for the velocity in this
zone of much less than 1 mm�s. Our observations do not
rule out the possibility of creep flow in this region espe-
cially near d0 [12].

To quantify these patterns, measurements of the height
of the parabola H, the radius of curvature Rc, and the
angles of repose u of the inner triangular region are car-
ried out for different circular obstacles. The mass flux of
particles Q (mass per unit time) of sand as well as the
spacing between the plates e and the radius of the obstacle
R were varied. Q values ranged from 0.5 to 0.05 kg�s,
R values changed from 5 to 30 mm, and e changed from
1.8 to 8 mm (the ratio e to grain size ranged from about
6 to about 25 for sand grains). The idea here is to test
whether the patterns observed are independent of geomet-
rical parameters. We find that H increases linearly versus
the mass flux of grains Q; also, for a fixed flux this height
turns out to be linearly proportional to the radius of the
circular obstacles and inversely proportional to the square
of the spacing between the plates: H � QR�e2 as can be
seen in the inset of Fig. 4.

The dependence of Rc�R versus H alone turns out to be
quite complicated. We noted, for example, that Rc�R starts
close to 1 and decreases to smaller values as H increases;
however we also observed that Rc�R goes through a mini-
mum and increases as H becomes very large. Despite this
complicated behavior we did find a way to rescale our data
in a simple fashion by using He�R which is simply propor-
tional to the mass flux Q per unit area (Le) and

p
2RcH,

the half-width of the parabola at the level of the top of the
obstacle. Figure 4 shows the variation of ��

p
2RcH ��R�

versus He
R2 found using different diameter circles, different

spacings e, different flow rates, and different grain types;
the data from different realizations fall on straight lines
for almost the whole range of values of He�R2 except at
small values of this parameter where a steep decrease is
observed.

A distinguishing feature of the inner triangular region
is its high angle of repose which can reach values as
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high as 80±. Figure 5 shows the angle of repose u of
the inner zone as a function of the height of the dune H.
The higher the dune the higher is the angle of repose.
These measurements are done for different diameters
of the obstacle, varying particle mass flux, and different
spacings e. Note that above a certain height the angle
seems to saturate at a certain value umax determined
directly by the ratio R�e as indicated by the horizontal
lines [tan�umax� � R�e]. The flowing sand must exert
extra pressure on the inner pile for it to have a large
angle of repose. Clearly a question to be addressed is the
relation between the flow characteristics and the angle
of repose, a difficult issue at the present time [13]. The
simple law for the variation of the maximum angle
with the ratio R�e points however to geometrical rea-
sons for the stability of such high angles; since tan�u�

20

30

40

50

60

70

80

90

0 10 20 30 40 50 60 70

R/e = 10/8
R/e = 13.5/2.5

R/e = 10/6
R/e = 14.5/4.6

θ 
(d

eg
re

es
)

H (mm)

arctan(R/e)=51.5˚

79.5˚

59˚

72.4˚

FIG. 5. Angle of repose of the triangular region as a function
of the height of the dune for various R�e. The dimensions are
given in millimeters. Note the saturation at tan�umax� � R�e
as indicated by the horizontal lines.



VOLUME 86, NUMBER 19 P H Y S I C A L R E V I E W L E T T E R S 7 MAY 2001
measures a friction coefficient, our result indicates that
this coefficient depends first on the height of the dune and
saturates at a value fixed by the geometry. We have made
other interesting observations: the height of the triangular
region as well as tan�u� increases linearly versus H at first
but then saturates at larger values of H; this is the point
where the angle starts to saturate. For these large values
of H only the flowing region continues to grow as H in-
creases. Incidentally, this is also the point where the radius
of curvature of the parabola goes through a minimum.

Before we conclude, let us mention that the use of a
simple phenomenological model for the interface of the
pattern leads to shapes which are very close to the shapes
seen in this experiment. This model is borrowed from re-
cent theoretical attempts to understand avalanche dynam-
ics [3–5]. In a sense, the interface height is postulated
to obey a convection diffusion equation as for say a dye
concentration convected by a velocity field. This can be
written as ≠th 2 y≠xh � D≠xxh 1 q. The left-hand side
expresses the convection of the interface height h by a
constant velocity y parallel to the horizontal axis x. The
right-hand term includes a characteristic constant vertical
velocity q acting as a source term and a diffusive term
with a diffusion constant D. The presence of the diffusive
term may be related to the roughness of the patterns as
evidenced by taking photographs with a fast shutter speed.
A solution of this equation in the stationary case gives
the following interface height profile: h�x� � H 2 q�y

x 1 Dq�y2�1 2 exp�2yx�D��. H is simply the height
of the dune at its center. A direct fit to the profile gives
very good agreement with experiments as seen in Fig. 2
(the values of the parameters extracted from the best fits
are q�y between 4 and 6, D�y between 2.24 and 3.78 cm,
and D�q between 0.56 and 0.63 cm, to be compared to the
value of Rc of 0.75 cm extracted from the parabolic fit).
The value of q turns out to be close to a typical vertical
velocity extracted from the variation of H versus Qe�R2

which is about 100 cm�s (a typical value of y is about
20 cm�s). The value of D turns out to be about 60 cm2�s.
If one sets D � Vz where V is a typical velocity paral-
lel to the interface and z a typical diffusion length, the
numbers above would give a diffusion length less than a
centimeter. In fact, the calculated profile is very close to
the parabolic shape in case the term yx�D is small. Since
V is much larger than y as we checked experimentally,
the approximation can be justified. An expansion of the
exponential factor can be carried out and what remains is
just H and the second order term. In this limit one can
write h�x� � H 2 q�Dx2. This form gives an expression
for the radius of curvature of the parabola as Rc � D�q.
This expression can be used in conjunction with our experi-
mental findings to give the variation of D�q versus flow
properties. In any case, and in the limit of validity of this
model, the measurement of Rc is a direct measure of D�q.
Let us mention that if we do not include a diffusive term,
we would find linear profiles. Our experiment points to the
possible relevance of diffusive transport for interface dy-
namics in granular flows as has been argued theoretically.
Despite this encouraging simplicity, the presence of an in-
ner nonflowing or slowly creeping zone with some curious
features such as its high angle of repose determined by
geometry leaves some unanswered questions.

We studied pattern formation in a novel situation: the
flow of a granular material around obstacles in a quasi-
two-dimensional situation. The patterns observed which
are dynamic sand dunes form on top of the obstacle, have
parabolic shapes, and present an inner triangular region
where the sand is nonflowing or slowly creeping. The flow
between this inner part and the outer parabola displays a
nonlinear velocity profile. The radius of curvature at the
tip and the angle of repose display intriguing behavior and
some universality. A simple model based on a convection
diffusion equation for the interface of the dune seems to
account for the parabolic shapes observed.
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