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We present the results of the first reduced model simulations of the nonlinear development of the
two-plasmon decay instability in an inhomogeneous plasma, including properties of the 3

2
harmonic

emission. A sharp increase in radiation and Langmuir turbulence fluctuation levels occurs above a
threshold laser intensity that depends on initial fluctuation levels. We study the competition between the
linear propagation of Langmuir waves in the density gradient and the nonlinear saturation due to the
Langmuir decay instability. The secondary decay Langmuir waves can provide the dominant source of
the radiation and are essential to explain experiments.
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The two-plasmon decay (TPD) instability, in which a
laser photon with frequency v0 and wave vector k0 decays
parametrically into a pair of Langmuir waves (LWs) with
wave vectors k and k0 2 k [1], appears to be the laser-
plasma instability least controllable by beam smoothing
[2]. It may be the most robust instability in direct-drive in-
ertial fusion configurations, as evidenced by recent experi-
ments on the Omega laser [3]. The emission of radiation
near 3

2v0 has long been used [4] as the primary indicator
0031-9007�01�86(3)�428(4)$15.00
of the presence of the TPD instability. In this Letter we
present results from the first ab initio calculation of the
spectrum of this radiation, for an inhomogeneous plasma,
directly from a nonlinear model of the saturation of the
TPD instability. This study illuminates several fundamen-
tal aspects of the role of nonlinearity in the saturation of
parametric instabilities in an inhomogeneous plasma [5].

The extended Zakharov model of TPD used here is simi-
lar to that used by DuBois et al. [6]:
= ? �2ivp0�≠t 1 ne±� 1 3y2
e=2 2 v2

p0�dn 1 dN��n0�E � �e�4me�= ? �=�E0 ? E�� 2 E0= ? E�� 1 SE , (1)
where E�x, y� is the complex vector envelope of the
longitudinal electric field, 1

2E exp�2ivp0t� 1 c.c., and
E0 is the laser electric field envelope, here taken to be
E0 � eyjE0j exp�ik0x 2 i�v0 2 2vp0�t�. The reference
electron plasma frequency is vp0 � �4pe2n0�me�1�2, and
ye � �Te�me�1�2 is the electron thermal velocity. For the
slow density variation, dn 1 dN represents the departure
from the reference density, n0 � 0.23nc, where nc is the
laser critical density. The static background density pro-
file is N�x� � �n0 1 dN�x�� � �0.23 1 0.04�2x�Lx 2

1��nc and varies from 0.19nc to 0.27nc as x varies from 0
to Lx; the gradient scale length is Ln � �23�8�Lx . This
is the “textbook” model of TPD in an inhomogeneous
plasma which has been employed in all previous linear
analyses. This Letter, we believe, presents the first non-
linear study of this fundamental problem and the first
ab initio calculation of the 3

2v0 spectrum.
The low frequency density fluctuations, dn, provide the

saturating nonlinearity in our model and evolve as ion
acoustic waves (IAWs) driven by the ponderomotive pres-
sure of the LWs,

�≠2
t 1 2ni±≠t 2 c2

s=2�dn � =2jEj2�16pmi 1 Sdn .
(2)

The damping operators, ni± and ne±, are local in k space
and have the form ne � ncollisional 1 nLandau-LW and ni �
nLandau-IAW, where all terms are functions of jkj [6] for
the fixed Maxwellian electron and ion velocity distribution
functions assumed here. cs �
p

�ZTe 1 3Ti��mi is the
IAW speed.

The well-known TPD convective growth rate [6]
follows from the linearization of Eq. (1) with the term
dn 1 dN omitted and is maximized at the intersections
of the hyperbolae k2

y � kx�kx 2 k0� with the circle
given by frequency matching at a given density, V�x� �
v0 2 2vp�x� � vp0

3
2l

2
De�k2 1 jk0 2 kj2�. These four

most unstable wave vectors are �kx�x�, ky�x�� � � 1
2k0 6

kDe

p
V�x��6vp0 , 6

p
k2

DeV�x��6vp0 2 k2
0 �, where

kDe � 1�lDe � vp0�ye. They represent two pairs of
TPD daughter waves, each pair composed of a LW propa-
gating up the gradient and one propagating down, shifted
in frequency from v0�2 by

Dv3�2 � vLW 2 v0�2 � 6
p

3�8 k0ye

p
V�x��vp0 .

(3)

The blueshifted (1) LW is forward-propagating, and the
redshifted (2) LW is backward-propagating. This shift is
conserved by WKB propagation.

We performed a series of two-dimensional (2D) simu-
lations for the following parameters of a carbon plasma:
laser wavelength l0 � 1.06 mm, electron temperature
Te � 0.8 keV, ion charge state Z � 6, mi�me � 12 3

1836, and Ln � 200 mm [7]. We used an IAW damping-
to-frequency ratio of ni0 � ni�k��kcs � 0.1. The simu-
lation cell had Lx � 70 mm and Ly � 22 mm. The
© 2001 The American Physical Society
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time–random-phase Cerenkov noise sources, SE and Sdn,
maintain homogeneous, equilibrium levels of �jE�x, y�j2��
8pn0Te � �dn�x, y�2��n2

0 � 2.8 3 1025, with the laser
turned off. (These noise levels are appropriate for an
infinite-volume plasma with 600 electrons per Debye
cube.) The laser pump intensity was held fixed at various
indicated values. Pseudospectral methods were used with
periodic boundary conditions. In the x direction, LWs
are reflected at higher densities, and they are absorbed by
strong Landau damping at lower densities, so that there is
naturally very little cross talk between periodic cells [5].

Figure 1 displays power spectra of LW fluctuations as a
function of x and Dv3�2 from a simulation of Eqs. (1) and
(2) for a laser intensity I0 � 3.4 3 1013 W�cm2, below
the numerically determined linear absolute instability
threshold, and starting from thermal equilibrium levels
(above) for �jEj2� and �dn2�. In this regime, IAWs play
a negligible role in mediating LW behavior; this is TPD
in the linear, convective regime. The solid maximal-gain
curves shown in the figure are computed from Eq. (3) using
the linear density profile. The bright areas correspond to
the most intense LWs and roughly parallel the solid
curves. The upper, forward-propagating, intense LWs start
just to the left of the maximal-gain curves and propagate,
at constant frequency, Dv3�2 . 0, farther to the right of
these curves until they are damped or reflected. The waves
are amplified on crossing the maximal-gain curves, as ex-
pected for locally matched, convectively amplified, LWs in
a density gradient. For the lower curves, with Dv3�2 , 0,
the picture is the same with directions of propagation
reversed. The locus of reflection points for the forward-
propagating LWs is shown as a solid white curve as well,
partially occluded by the upper set of white disks that

FIG. 1. Power spectra of LW fluctuations, �jE�x, v�j2�, for the
convectively saturated TPD instability. The laser intensity is
I0 � 3.4 3 1013 W�cm2, and the laser propagates from left to
right. The position is labeled by background density, N�x��nc,
and the frequency origin is taken to be v0�2, as discussed in the
text, along with other parameters of the simulation. Maximal-
gain curves are denoted “TPD.”
represent 3
2v0 emission by these forward-propagating,

blueshifted LWs (see below). Only those LWs born near-
est to reflection actually reach it with significant intensity
despite strong collisional absorption. The redshifted LWs,
Dv3�2 , 0, propagate without reflection down the density
gradient until absorbed by Landau and/or collisional
dissipation.

The local current density driving the emitted radiation
near 3

2v0 is the transverse component of J3�2 � 2e 3

�E0= ? E� exp�2i�v0 1 vp0�t���16piv0me� 1 c.c. [6].
Its �v, k� spectrum thus provides information about LW
fluctuations. It is well known that wave number and fre-
quency matching constrain the LW k vectors that can
couple to the 3

2v0 emission to lie on the “radiation circle”
[8], jk0 1 kj � k3�2 	

p
8�3 k0. The frequency of the

emitted light is v3�2 � v0 1 vLW�k� and is shifted from
the reference frequency 3

2v0 by Dv3�2 � v3�2 2
3
2v0 �

vLW�k� 2 1
2v0, as in Eq. (3).

For LWs born on the maximal-gain curves, ky is given
above as a function of x, as is the shift Dv3�2. Both
are conserved by WKB propagation; in particular, ky �
�k3�2�y � k3�2 sin�u�, where u is the angle of emission
with respect to k0. Thus, given the angle of emission, we
can find the LW birth density and then the density at emis-
sion from WKB propagation, in addition to the shift ex-
pected at that emission angle. The white disks in Fig. 1
locate 3

2 -harmonic radiation with respect to shift and emis-
sion density for various emission angles.

At u � cos21�
p

3�8 � � 52.2±, kx � 0 on the radiation
circle, so to emit radiation at larger (smaller) angles, LWs
must be propagating down (up) the gradient. The upper set
of white disks in Fig. 1 (i.e., those for which Dv3�2 . 0)
locates potential emission by WKB LW packets, born on
the upper maximal-gain TPD curve, that can propagate
without reflection to the radiation circle, as indicated by the
right-pointing arrow in the figure. Blueshifted emission at
angles greater than 52.2± is negligible in the present case
because the required backpropagating LWs are strongly ab-
sorbed by collisional damping. Blueshifted, backscattered
light from linear TPD alone is expected to be very weak,
contrary to many experimental observations.

The maximal-gain curve and emission disks for the
redshifted light are shown in the lower half of Fig. 1.
Red-shifted emission from TPD LWs dominates blue-
shifted emission for u . 90±. Although red LWs appear
to couple locally at u 
 90±, there is no transverse compo-
nent of the current density and no emission at 90±, in fact,
for the strictly linear dN�x� and plane-wave laser profile
assumed here.

Close to the quarter-critical density, red LWs appear to
couple directly to the radiation. As the quarter-critical den-
sity is approached from below, the redshifted LW k vector
vanishes, and the WKB analysis breaks down. In contra-
diction to the (invalid) WKB prediction, we typically find
redshifted forward emission from linear TPD alone, ob-
served over a wider range of forward angles with increas-
ing laser intensity.
429
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In Fig. 2 the power spectrum of LW fluctuations is
shown from a simulation for the same parameters and ini-
tial conditions as in Fig. 1, but with a slightly higher laser
intensity, I0 � 3.5 3 1013 W�cm2, just above the thresh-
old for absolute TPD instability. Here two new solid curves
are drawn indicating the loci of LWs resulting from the
Langmuir wave decay instability (LDI) of the primary TPD
LWs [5]. The curves are drawn using only the unmodified
density profile, N�x�. Also drawn are points on the radia-
tion circle that can be reached by propagation of these
LDI waves. The backward-propagating LDI waves, re-
sulting from the decay of forward-propagating TPD waves,
now have significant intersections with the radiation circle,
even without propagation, and engender strong, backward-
emitted, blueshifted 3

2v0 light. The forward-propagating
LDI waves can likewise couple locally to forward-emitted,
redshifted light for u , 52.2±.

Notice that LW spectral energy is spread down in
frequency, away from the TPD-LDI reference curves
in Fig. 2, as the (unperturbed) quarter-critical density
is approached from below. This spreading is due to
turbulent profile modification driven by LW collapse.
Collapse is most efficiently nucleated by the red TPD LWs
near quarter-critical density [5] where, once the strong
turbulence is excited, it is difficult to distinguish between
LWs born of TPD, LDI, or collapse; TPD and LDI spectra
tend to coalesce, and the LW dispersion tends to become
distinctly nonlinear. Thus the origins of the redshifted,
forward-emitted light, in particular, are manifold in the
turbulent state. Nevertheless, where TPD and LDI LWs
can be distinguished, the nonlinearly produced LDI waves
drive more blueshifted, backscattered light and more
redshifted, forward-scattered light than the primary,
linearly unstable TPD waves.

FIG. 2. �jE�x, v�j2�, as in Fig. 1, but for the nonlinearly
saturated TPD instability. The laser intensity is I0 � 3.5 3
1013 W�cm2. Decay of the primary LWs on the maximal-gain
curves of Fig. 1 produces secondary LWs on the curves denoted
“LDI” here.
430
In Fig. 3 (inset) we plot the intensity of the transverse
component of the current density fluctuations on the ra-
diation circle averaged over forward- and over backward-
emission angles separately. All simulations for this figure
were started from strong-turbulent, superthermal levels of
fluctuations, and the turbulence was self-sustaining for
laser intensities greater than 2.6 3 1013 W�cm2. This “in-
flation” threshold lies well below the absolute instability
threshold (approximately 3.5 3 1013 W�cm2). For inten-
sities between these two threshold values two states are
possible (i.e., there is hysteresis), depending on initial con-
ditions: either the strong-turbulent, or inflated, state or the
weak regime of near-linear, convective TPD [5]. The inten-
sity of 3

2v0 current density fluctuations increases dramati-
cally as the LDI turns on for intensities above the inflation
threshold (and also increases at fixed intensity with IAW
damping ni0 [5]).

Young and Moody [7] observed the emergence of a
blueshifted component of the backemitted 3

2v0 radiation
with increasing I0. This appears to be consistent with our
observation that the backscattered, blueshifted component
emerges as the inflation threshold is exceeded. This is il-
lustrated in Fig. 3. However, the angular dependence of the
current density spectra in these simulations is not in good
agreement with the radiation spectra detected remotely in
the experiments. For example, Young and Moody observe
a strong redshifted component at u � 180±, whereas we
observe a dominant blue component. They also see a
smoother angular dependence in the backward direction,
including emission at u � 90± for which the theory pre-
dicts zero emission. (Glenzer finds that whether or not

FIG. 3. Power spectra of 3
2 v0 transverse current density fluc-

tuations averaged over forward-scattered angles (F) and over
backward-scattered angles (B), as indicated, for (a) I0 � 6.1,
(b) I0 � 3.5, and (c) I0 � 2.75 3 1013 W�cm2. Spectra are
normalized by the maximum value(s) in (a). In the inset we
plot the intensity of the fluctuations averaged over frequency
and over forward- and backward-emission angles, �jJ3�2

T j2�v,u ,
in units of �en0ye�2 3 10210, as a function of laser intensity in
units of 1013 W�cm2.
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the strongest spectral feature is redshifted or blueshifted
is unpredictable in time at a fixed angle of detection, in
gas-bag experiments at NOVA [9].) Such discrepancies
likely originate in the difficulty of inferring remotely de-
tected radiation spectra from local current density fluctua-
tion spectra when the experimental plasma density profile
in the turbulence region is unknown.

A possible shortcoming of the modeling may be our
failure to account for nonlocal heat transport at the longer
wavelengths in this relatively low-temperature regime. Ac-
cording to simple “static” models [10], this effect appears
to be marginal for IAWs that participate in backward emis-
sion through LDI. This is a topic for future research.

Now consider a CH plasma at a higher electron tem-
perature, motivated by envisaged long scale-length plasma
experiments at Omega [11]: l0 � 0.351 mm, Te �
4.0 keV, Ln � 750 mm, and ni0 � 0.1, corresponding
to Te�Ti � 2.5. The simulation cell had Lx � 260 mm
and Ly � Lx�4, and we took I0 � 3.7 3 1014 W�cm2,
about 4 times the threshold laser intensity for absolute
instability. Figure 4(a) shows the 3

2v0 emission observed
[11] from a spherical target uniformly irradiated by 60 laser
beams for which there were many emission angles in the
range 0 , u , 90± possible at the detector. Figure 4(b)
shows the computed spectrum, averaged over forward
angles; in this higher-Te regime, the Landau damping of
the backward-propagating LWs is so high that no back-
ward emission is predicted. Both spectra show a more
intense redshifted peak and have roughly the same ratio of
redshifted-to-blueshifted intensities. But the separation of
peaks is about twice as large in the simulation. The red-
blue separation is proportional to ye 


p
Te [see Eq. (3)]

and also increases with the angle of emission and with
laser intensity, e.g., see Fig. 3. It is likely that the ex-
perimental spectrum represents a sampling of the current
density spectrum that is not uniform with forward-emission
angle, unlike the sampling used for Fig. 4(b). The effec-
tive temperature in the turbulence region of the experiment
was probably less than 4 keV [11], and the actual experi-
mental intensity may have been less than assumed here.
Finally, we note that the intensity of the 3

2v0 radiation has
been observed to increase sharply with laser intensity in
the experiments [11], possibly as the inflation threshold
indicated in Fig. 3 is crossed.

In summary, we have presented the first 2D simulation
results for the fundamental textbook problem of the na-
ture of Langmuir turbulence induced by the saturation of
the TPD instability of a plane-wave laser in a linear den-
sity profile. We find that the unstable LWs are convectively
saturated along the maximal-gain curves in the density pro-
file even when the system is above the absolute instability
threshold. The signatures of the 3

2v0 emission spectra are
strongly affected by the waves excited in the nonlinear
saturation of the TPD instability. We have shown that there
is a discontinuous change in the behavior of the emission
at a nonlinear laser threshold that includes the excitation
of the LDI [5]. Several improvements needed for more
FIG. 4. Power spectra of (a) 3
2 v0 radiation observed at the

Omega Laser Facility and of (b) the 3
2 v0 transverse current

density fluctuations from our simulation for similar parameters
(see text) averaged over forward-scattered angles, juj , 90±.
Both are plotted as functions of wavelength; (a) is in arbitrary
units and (b) is normalized by its maximum value.

realistic modeling of experiments are evident. In particu-
lar, more complex models for the laser and density profile,
possibly including the effects of nonlocal heat transport,
should be employed in a stronger effort to make contact
with the observed angular dependence of the emission.
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