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We report the first ab initio quantum treatment of microwave driven alkali Rydberg states. We find
that nonhydrogenic atomic initial states exhibit fingerprints of classically chaotic excitation, and identify
the cause of their experimentally observed enhanced ionization, as compared to Rydberg states of atomic
hydrogen.
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Rydberg states of atomic hydrogen are the perfect quan-
tum analog of classical planetary motion. They incarnate
the correspondence principle via the equivalence of the
classical principal action and the principal quantum num-
ber n0, as well as of the classical Kepler frequency and
the local energy spacing in the Rydberg progression. Also
under strong periodic driving do they exhibit the essential
features of the underlying classical dynamics [1], which
go chaotic as the driving field amplitude F is increased.
However, classically chaotic motion is tantamount to the
destruction of symmetries and, hence, of good quantum
numbers in the quantum system, which prevents us from
identifying a single quantum state with a single chaotic
classical trajectory. Therefore, a large number of quan-
tum states, i.e., a large spectral density is needed as a
prerequisite for quantum dynamics to resolve the intricate
phase space structures of classically chaotic dynamics [1].
Furthermore, the periodic driving induces multiphoton
transitions of variable order between atomic bound and
continuum states, which finally gives rise to the ionization
of the atom [2]. Indeed, it is the resulting ionization yield
which is typically used as the experimental probe of the
chaotic bound state dynamics [3].

In laboratory experiments, it is state of the art to pro-
duce atomic Rydberg states with principal quantum num-
bers n0 between 20 and 120 [3–5], and, hence, large
spectral densities (scaling as n5

0). However, for driving
frequencies in the microwave regime which are near reso-
nant with the transition n0 � 57 ! n0 1 1 [6], chaotic
ionization is mediated by multiphoton transitions of the
order k � 1�2n2

0v $ 29 (simply given by the ratio of the
initial state ionization potential to the photon energy). An
exact theoretical/numerical treatment of the correspond-
ing quantum mechanical eigenvalue problem defined by
the T -periodic Hamiltonian

H�t� �
�p2

2
1 Vatom�r� 1 �r ? �F�t�, r . 0 ,

�F�t 1 T � � �F�t�, T �
2p

v
,

(1)

in dipole approximation and using atomic units, with v

and �F the driving field frequency and amplitude, remained
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untractable so far, simply due to its dimension [2]. Fur-
thermore, for reasons of experimental convenience, a con-
siderable part of the experiments was performed using
Rydberg states of alkali [4,5,7] rather than of hydrogen
atoms [3,6], starting out from the hypothesis that the driven
dynamics of the highly excited Rydberg electron should
not undergo any relevant changes due to the presence of
a multielectron core which modifies the potential Vatom�r�
only in the immediate vicinity of the nucleus. All avail-
able data prove, nonetheless, the opposite: nonhydrogenic
alkali Rydberg states appear to ionize at considerably lower
driving field amplitudes than Rydberg states of atomic hy-
drogen [3,5,7]. This assertion, however, is hitherto based
on a somewhat questionable comparison of the available
hydrogen and alkali data, since relevant experimental pa-
rameters such as the atom-field interaction time or the
driving field frequency are typically different for differ-
ent experiments. As the experimentally observed ioniza-
tion yield was shown to be explicitly time dependent [5],
and since the scale invariance of the classical dynamics of
the periodically driven two-body Coulomb problem pre-
vails —a priori—only in the driven hydrogen atom [3,8]
(where it allows one to realize the same classical ioniza-
tion scenario for different driving field frequencies v), the
experimentally observed enhanced ionization of nonhydro-
genic states of alkali atoms remains a puzzle for more than
a decade [3,5]. Only a (laboratory or numerical) experi-
ment which allows for the exclusive change of the atomic
species (from hydrogen to alkali), fixing all other experi-
mental parameters, can settle this long-standing problem.
Yet, while laboratory experiments on alkali atoms are eas-
ier performed than on atomic hydrogen, the converse is true
for a theoretical/numerical treatment. The alkali ionization
problem is complicated by the fact that it additionally in-
volves quantum mechanical scattering of the Rydberg elec-
tron off the multielectron core [8,9], on top of the mere
size of the eigenvalue problem defined by (1). Only with
the advent of the most powerful supercomputers, which
provide us with the means to treat the described atomic
ionization process in its full complexity, without any es-
sential approximations nor adjustable parameters, are we
now able to tackle this challenging problem.
© 2001 The American Physical Society
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It is the purpose of this Letter to present results of the
first numerical experiment on the microwave ionization
of nonhydrogenic states of lithium. These are compared
to laboratory results on atomic hydrogen, obtained under
identical experimental conditions.

Combining group theoretical methods for the descrip-
tion of the atomic degrees of freedom (including the con-
tinuum), R-matrix theory to include the nonvanishing
quantum defects induced by the multielectron core [8], the
Floquet theorem (a generalized version of the Bloch theo-
rem familiar from solid state physics) to account for the pe-
riodic driving, complex dilation to extract the energies and
ionization rates of the atomic eigenstates in the field [2],
and an intelligent, parallel implementation of the Lanczos
algorithm with excellent scalability, we have been able
to perform the numerical experiment on nonhydrogenic
�0 � 0 angular momentum Rydberg states of lithium,
for a linearly polarized microwave field, i.e., �r ? �F�t� �
Fz cos�vt� in (1). We precisely chose the experimental
parameters employed in laboratory experiments on atomic
hydrogen [6], with the only exception of a finite quantum
defect of the � � 0, 1, 2, 3 angular momentum states, and
a well-defined atomic initial state jn0, �0 � m0 � 0�, with
m0 the angular momentum projection along the fixed field
polarization axis. Furthermore, we assumed a constant
microwave amplitude F experienced by the atoms, thereby
neglecting pulse-induced switching effects. These, how-
ever, are of minor importance in this kind of experiment
[2,3]. To be specific, the parameters were the driving field
frequency v�2p � 36 GHz, the atom-field interaction
time t � 327 3 2p�v, principal quantum numbers in
the range n0 � 28, . . . , 80, and lithium quantum defects
d��0 � 0.399 47, d��1 � 0.047 26, d��2 � 0.002 13,
and d��3 � 28 3 1025 [10]. Correspondingly, the order
of the multiphoton process to ionize the atomic initial
state extends from k $ 15 (for n0 � 80) to k $ 120 (for
n0 � 28), where we account for the shift of the effective
ionization threshold to a finite value of the principal quan-
tum number, nc � 105, due to the finite size of the basis
used for our numerical computations [2]. Note that such
a shift also occurs in the laboratory experiment, due to
unavoidable stray fields [3].

All calculations were performed on the CRAY T3E
Garching (for n0 $ 40), and on the HITACHI SR8000-F1
Munich (for n0 , 40, k . 50)— the latter one occupies
position 1 in the international ranking [11] of top-level par-
allel computing facilities in the academic realm. To obtain
converged low-n0 results, the availability of the HITACHI
SR8000-F1 was absolutely crucial. As an example, the
eigenvalue problem which describes the ionization of
jn0 � 28, �0 � m0 � 0�, for a given F, is defined by a
banded, complex symmetric matrix of dimension 1 000 000
and width 6000. Approximately 4000 eigenvalues and
eigenvectors have to be generated to gain all relevant spec-
tral information, for the final calculation of the ionization
yield.
Figure 1 shows a comparison of our numerical experi-
ment to laboratory data obtained in the Stony Brook group
[3,6]. The plot uses “scaled variables” [1] F0 and v0, i.e.,
the driving amplitude F and the driving frequency v are
measured in units of the Coulomb force (�n24

0 ) and of the
Kepler frequency (�n23

0 ) along the unperturbed classical
two-body Coulomb trajectory. Plotted is the ionization
threshold field F0�10%�, i.e., the field amplitude needed
to induce an ionization probability of 10% at given
interaction time t and frequency v, for different principal
quantum numbers n0 [1–5]. In a classical description of
the driven two-body Coulomb problem, F0 and v0 com-
pletely determine the classical phase space structure, what
allows for an immediate interpretation of the experimental
hydrogen data in Fig. 1 in terms of the underlying classical
dynamics [3]. Most prominently, the hydrogen ionization
threshold decreases almost monotonously in the frequency
windows (II) and (III), and exhibits local maxima around
v0 � 1.0 · · · 1.3 and v0 � 2.0 · · · 2.5, on top of a global
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FIG. 1. Experimentally measured, scaled ionization threshold
fields F0�10%� � F�10%�n4

0 of atomic hydrogen (dotted [6] and
dash-dotted [3] curves), compared to our numerical experiment
on the jn0, �0 � m0 � 0� state of lithium (full curve), as a
function of the scaled frequency v0 � vn3

0 . The dotted curve
was obtained under precisely the same conditions as the lithium
data, i.e., at frequency v�2p � 36 GHz, interaction time t �
327 3 2p�v, and principal quantum numbers within the range
n0 � 28, . . . , 80. Only �0 and m0 were not well defined in the
laboratory experiment, but microcanonically distributed over the
energy shell [3,6]. Furthermore, the atoms experienced a fi-
nite rise and fall time of the microwave pulse in the laboratory
(approximately 80 field cycles each [6]), whereas the numeri-
cal experiment assumes a constant value of F. These finite
switching times of the microwave pulse are responsible for the
more pronounced structures of the laboratory data as compared
to the lithium results, but do not affect the globally very good
agreement in the v0 interval (I). We also reproduce the experi-
mental results obtained with v�2p � 9.923 GHz [3], to cover
the low-v0 regime for hydrogen. (I), (II), and (III) distinguish
scaled frequency ranges where v . Dhyd, Dalk , v , Dhyd,
and v , Dalk, respectively; compare Fig. 2.
3539



VOLUME 86, NUMBER 16 P H Y S I C A L R E V I E W L E T T E R S 16 APRIL 2001
increase in the frequency window (I). The decrease in
(III) and (II) essentially follows the classical ionization
threshold which can be extracted, e.g., from classical 3D
Monte Carlo simulations of the hydrogen experiments
[3], whereas the global increase in (I) is a signature of
dynamical localization [5,6], the analog of Anderson lo-
calization in the quantum transport of driven, chaotic, low-
dimensional Hamiltonian systems [12]. The local maxima
around v0 � 1.0 and v0 � 2.0 are a quantum signature
of locally integrable [3] or “sticky” [13] classical dynam-
ics, within or in the vicinity of nonlinear resonance islands
in classical phase space.

Comparison of the laboratory to the numerical experi-
ment immediately leads to the following observations:

(1) In the scaled frequency window (I), the ionization
thresholds of nonhydrogenic Rydberg states of lithium fol-
low the global trend of the hydrogen data, in particular,
with the same absolute values of the driving field ampli-
tude. Furthermore, the lithium data exhibit local maxima at
v0 � 1.1 and v0 � 2.2, very much as the hydrogen data.

(2) There is a dramatic difference between hydrogen and
lithium thresholds in the frequency window (II), where the
lithium thresholds continue to increase with v0, whereas
the hydrogen thresholds decrease from rather high values,
in accordance with classical results [1,3].

(3) The scaled lithium thresholds are essentially n0 in-
dependent at very low values in the interval (III), whereas
hydrogen exhibits (classical) thresholds approximately 10
to 20 times as large as for lithium, in this low-frequency
regime.

The clue for understanding these features lies in the level
structure of the unperturbed alkali spectrum which is illus-
trated in Fig. 2: For driving frequencies v larger than
or comparable to the energy difference Dhyd�n0� � n23

0
between neighboring hydrogen manifolds, and this is pre-
cisely in the regime (I), the driving field can efficiently mix
hydrogenic and nonhydrogenic levels of the lithium atom,
even for initial atomic states with nonvanishing quantum
defect. Since in this frequency domain the essential sym-
metry properties of the driven two-body Coulomb prob-
lem below the ionization threshold prevail in the alkalis
[8], also the transition to chaotic transport in the classical
dynamics (i.e., the destruction of these symmetries) domi-
nates the v0 or n0 dependence of the ionization thresh-
old of nonhydrogenic alkali Rydberg states, despite their
manifestly nonclassical character due to the scattering of
the Rydberg electron off the multielectron core [9].

For driving frequencies v larger than the closest, en-
ergy gaining dipole transition frequency Dalk�n0� starting
out from the nonhydrogenic initial state, but smaller than
Dhyd�n0� [regime (II)], the driving field is still capable to
efficiently couple different hydrogenic and nonhydrogenic
states, whereas no comparable excitation mechanism is
available in the hydrogen atom. Consequently, the general
dependence of F0�10%� on v0 is unaltered for lithium in
this regime, whereas the hydrogen threshold is now deter-
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FIG. 2. Hydrogenic (full lines) and nonhydrogenic (dotted
lines) energy levels of the unperturbed lithium atom, with a
detail of the Rydberg progression on the right. In alkali atoms,
the angular momentum degeneracy of the hydrogen spectrum is
lifted by the multielectron core. The latter induces nonvanish-
ing quantum defects d� [10] of the low angular momentum
states, which lead to the apparent energy shift of the nonhydro-
genic with respect to the hydrogenic eigenstates. The relevant
frequency scales for the ionization process, which define the
intervals (I), (II), and (III) in Fig. 1 are Dhyd�n0�, the spacing
of adjacent hydrogenic manifolds, and Dalk�n0�, the energy
splitting corresponding to the first dipole-allowed upward tran-
sition leaving the nonhydrogenic initial state of the atom.

mined by the classical ionization process in the absence of
near-resonant quantum mechanical transition amplitudes
[1]. Accordingly, the alkali data display the general trend
of increasing threshold with v0, i.e., the signature of dy-
namical localization [6], over both frequency intervals (I)
and (II), where only the former has a classical counterpart,
not the latter. As a matter of fact, all currently available
experimental data which exhibit dynamical localization in
the ionization of nonhydrogenic alkali Rydberg [5,7] states
have been obtained in regimes (II) and (III), which ex-
plains the apparent discrepancy (reaching a factor 10) be-
tween hydrogen and alkali thresholds to the largest extent.
[A second, though secondary, reason is the systematically
longer atom-field interaction times in the alkali as com-
pared to the hydrogen experiments, which account for a
correction of the observed threshold value which depends
algebraically on t [5]. We can easily change the interac-
tion time in our numerical experiment and verify that an
increase of t by a factor 10 does not affect the qualitative
difference observed in regime (II).]

Finally, at driving frequencies v , Dalk�n0�, even the
alkali spectrum does not offer any atomic transition which
allows for an efficient one-photon coupling of the initial
atomic state to any other Rydberg level. This is clearly re-
flected by the transition from decreasing to essentially con-
stant scaled threshold fields, which defines the borderline
between (II) and the low-frequency range (III) in Fig. 1.
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Only higher-order processes can induce efficient depletion
of the initial state population, with subsequent ionization.
The depletion rate of the nonhydrogenic initial state via
a m-photon upward transition to the next Rydberg level
can be estimated perturbatively, leading to a scaling of the
threshold field as F�10%� � n2a

0 , where a grows from 4
to 4.6 for m increasing from 2 to 3. Such an estimation
is consistent with our lithium data in Fig. 1, which cover
the range from n0 � 39 �m � 2� to n0 � 28 �m � 3�,
in regime (III). However, it does not yet provide a very
satisfactory picture of the ionization process in the low-
frequency domain, since m is rapidly changing with n0,
and no reliable estimation of the absolute value of F�10%�
(depending on the coherent interplay of multiphoton tran-
sition amplitudes of different order connecting jn0�0m0�
to the continuum [14]) is included.

In summary, we performed an exact numerical experi-
ment which allows — for the first time, in the experimental-
ist’s as well as in the numerical laboratory — for the direct
comparison of complex energy transport in Rydberg states
of atomic hydrogen and of nonhydrogenic alkali atoms.
Whereas laboratory experiments on atomic hydrogen and
alkalis always differ by more than the finite quantum de-
fects alone (interaction time, driving field frequency), the
numerical experiment now allows for the appreciation of
quantum scattering of the Rydberg electron off the multi-
electron core, at otherwise precisely identical experimental
conditions. Furthermore, our prediction of a marked tran-
sition from similar to distinct ionization dynamics of non-
hydrogenic lithium Rydberg states as compared to atomic
hydrogen can immediately be verified in the laboratory [4].
CPU time was provided by the Rechenzentrum Garch-
ing der Max-Planck-Gesellschaft, on a CRAY T3E, and
by the Leibniz-Rechenzentrum der Bayerischen Akademie
der Wissenschaften, München, on a Hitachi SR8000-F1.
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