
VOLUME 86, NUMBER 15 P H Y S I C A L R E V I E W L E T T E R S 9 APRIL 2001

33
Prandtl-Number Dependence of Heat Transport in Turbulent Rayleigh-Bénard Convection
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We present measurements of the Nusselt number N as a function of the Rayleigh number R and the
Prandtl number s in cylindrical cells with aspect ratios G � 0.5 and 1.0. We used acetone, methanol,
ethanol, and 2-propanol with Prandtl numbers s � 4.0, 6.5, 14.2, and 34.1, respectively, in the range
3 3 107 & R & 1011. At constant R, N �R, s� varies with s by only about 2%. This result disagrees
with the extrapolation of the Grossmann and Lohse theory beyond its range of validity, which implies a
decrease by 20% over our s range, but agrees with their recent extension of the theory to small Reynolds
numbers.
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During the last decade or two a great deal of effort has
been devoted to the study of turbulent convection of fluids
heated from below [1–4]. One of the central issues has
been the global heat transport of the system, as expressed
by the Nusselt number

N � leff�l . (1)

Here

leff � qd�DT (2)

is the effective thermal conductivity of the convecting
fluid (q is the heat-current density, d the height of the
sample, and DT the imposed temperature difference), and
l is the conductivity of the quiescent fluid. For convec-
tion between parallel horizontal plates heated from below
the Nusselt number should depend only on the Rayleigh
number

R � agd3DT�kn , (3)

the Prandtl number

s � k�n , (4)

and the sample geometry. Here a is the thermal expansion
coefficient, g is the gravitational acceleration, k is the
thermal diffusivity, and n is the kinematic viscosity. We
will consider cylindrical samples, characterized by their
aspect ratio G � D�d where D is the diameter.

For R * 107 it was shown in recent experiments [5,6]
that N �R, s� could not be represented by a single power
law N � N0Rg as had often been assumed or predicted
[2,7,8], but that the recent prediction of Grossmann and
Lohse (GL) [4] based on the decomposition of the kinetic
and the thermal dissipation into boundary layer and bulk
contributions gives an excellent fit to the R dependence of
the data for the particular value s � 4.0. For s * 2 the
GL prediction is given by

N � as21�12R1�4 1 bs21�7R3�7, (5)

where a and b are to be determined by fitting to experimen-
tal data for a particular G. As one can see, this function
gives not only the dependence of N on R, but contains
also a specific dependence on s. Once a and b are de-
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termined from a set of measurements at one particular G

and s, the s dependence is given uniquely by the theory
without the opportunity for further adjustment.

Here we present new measurements of N �R, s, G� over
the range 3 3 107 & R & 1011 and 4 & s & 34 [9]. The
original theory [4], if extrapolated by using Eq. (5) beyond
its proper range of validity, gives approximately a 20% de-
crease of N at constant R and G over this s range. Con-
trary to this, our data show that N decreases by only about
1% or 2% as s increases. Motivated by some of these
results [9], GL recently extended their theory to smaller
Reynolds numbers of the large-scale flow which prevails
in turbulent RBC [10].

The apparatus used by us was described previously [5].
Here we report measurements for two cells with G � 0.50
and 1.00. They had diameters D � 8.70 cm and heights
d � 17.4 and 8.70 cm, respectively. The mean tempera-
ture of the sample was held nearly constant at 32 ±C. We
used the fluids acetone, methanol, ethanol, and 2-propanol.
On the basis of published values of their properties [11]
they have s � 3.97, 6.48, 14.2, and 34.1, respectively.
Thus our measurements cover almost one decade of s.
Elsewhere [6] it was shown that corrections based on a
nonlinear temperature profile for the heat current entering
(leaving) the bottom (top) of the sidewall must be applied.
We based these corrections on model 2 of Ref. [6].

Since s varies over a wide range, the published fluid
properties [11] are accurate enough for its estimate from
Eq. (4). However, the Nusselt number at constant R is
expected to change only very little with s, and thus val-
ues of N and R with no significant variation of the sys-
tematic errors from one fluid to another must be obtained
from Eqs. (1)–(3), from the experimentally determined
heat currents and temperature differences, and from the
fluid properties. It turns out that the published properties
do not meet this very stringent requirement, and new mea-
surements had to be made.

In a separate set of experiments we determined l be-
low the onset of convection and the critical temperature
difference DTc at onset for all the fluids. For this pur-
pose a thin cell had to be used so that DTc, corresponding
© 2001 The American Physical Society
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FIG. 1. The Nusselt number for ethanol and a cell with d �
0.1540 cm as a function of the temperature difference across the
fluid. The vertical dashed line is the estimated value DTc,est. The
lower figure shows the deviations from the fit of Eqs. (6)– (8)
to the data. Open circles: increasing DT . Solid circles: de-
creasing DT .

to R � Rc � 1708, was of the order of a few ±C [see
Eq. (3)]. We used a cell with d � 0.1540 6 0.0005 cm
and D � 8.94 6 0.05 cm (G � 58). It could be evacu-
ated for measurements of the parallel wall conductance,
and it could be filled with various fluids without disas-
sembly. As a check on our procedures, we also made
measurements with toluene and water which have excep-
tionally well-known properties [12]. As an example, we
show in Fig. 1 results in the form of the Nusselt number
N as a function of DT for ethanol. There is a sharp on-
set of convection at DTc � 4.28 ±C. The value DTc,est �
4.12 obtained with the properties given in Ref. [11] is
shown by the dashed line. It is a few % too small.

In order to determine best values for l and DTc, we
fitted the equations

N � leff�l � 1 1 S1e 1 S2e2, e . 0 , (6)

N � 1, e , 0 , (7)

with

e � DT�DTc 2 1 (8)

to the data, least-squares adjusting l, DTc, S1, and S2. For
ethanol this fit is shown by the solid line in Fig. 1a, and
deviations from it are given in Fig. 1b (the two points clos-
est to onset were omitted). For comparison, we evaluated
the literature values of l, and of DTc for our d. All the
results are given in Table I.

The value of l is used directly in the calculation of
N for the turbulence experiments in much thicker cells.
TABLE I. The thermal conductivity l in W�m ±C and the
critical temperature difference DTc in ±C for a cell with d �
0.1540 cm. The uncertainty of l �DTc� due to the scatter
in the measurements generally is less than 60.0001 W�m ±C
(60.002 ±C). The fourth and fifth columns give the correspond-
ing values estimated from literature data for the fluid properties.
The last column gives the initial slope S1 of N .

Fluid l DTc lest DTc,est S1

Acetone 0.1545 1.036 0.1593 1.085 1.11
Methanol 0.1961 2.361 0.1979 2.524 1.26
Ethanol 0.1631 4.278 0.1672 4.122 1.26

2-propanol 0.1334 5.851 0.1334 5.189 1.26
Toluene 0.1310 2.220 0.1314 2.295 1.28
Water 0.6187 16.11 0.6191 16.62 1.24

The values of DTc, together with Rc, d, g, and Eq. (3),
yield the property combinations a�kn. These in turn can
be used to evaluate Rayleigh numbers for the turbulence
experiments in the much thicker cells.

Results for turbulent RBC are shown on the customary
logarithmic scales in Fig. 2. There we show only the data
for acetone and G � 0.5 (circles) and for 2-propanol and
G � 1.0 (squares). The other data were omitted to avoid
overcrowding, but on the scale of this figure they fall nearly
on a common straight line through all the results. Thus,
within the resolution of this figure there is no noticeable
G or s dependence for 0.5 # G # 1.0 and 4 # s # 34.
Also shown are the results of Niemela et al. (crosses); they
tend to be slightly below our data, as would be expected
[2,13] for the much smaller s � 0.7.

In order to display the results with much greater resolu-
tion, the reduced Nusselt number N R22�7 is shown as a
function of log10�R� in Fig. 3 for G � 0.5 and in Fig. 4 for
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FIG. 2. The Nusselt number as a function of R on logarithmic
scales for acetone (s � 3.94) and G � 0.5 (open circles), and
for 2-propanol (s � 34.1) and G � 1.0 (open squares). The
crosses are the data of Ref. [3]. A correction for the wall con-
duction based on model 2 of Ref. [6] was applied to all data.
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FIG. 3. The reduced Nusselt number N R22�7 as a function
of the logarithm of the Rayleigh number log10�R� for the cell
with aspect ratio G � 0.5. Open circles: acetone. Solid circles:
methanol. Open squares: ethanol. Solid squares: 2-propanol.
For the upper set of data the wall correction to the heat current
was neglected, and for the lower one it was included based on
model 2 of Ref. [6]. The crosses and pluses correspond to the
data of Refs. [3] and [14], respectively, after a wall correction
based on model 2 of Ref. [6] was applied.
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FIG. 4. The reduced Nusselt number N R22�7 as a function
of the logarithm of the Rayleigh number log10�R� for the cell
with aspect ratio G � 1.0. The symbols are as in Fig. 3.
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G � 1.0. Here we do not mean to attach any special sig-
nificance to the exponent 2�7, and use it only for historical
reasons and to facilitate comparison of our high-resolution
graphs with the previous literature. For each cell the data
cover about two decades of R, and collectively they span
the range of R from 3 3 107 to 1011. In these figures,
the top data sets were obtained by neglecting the correc-
tion for the heat current passing through the sidewall. The
lower sets were obtained after a correction for the wall cur-
rent based on a nonlinear temperature profile calculated nu-
merically using model 2 of Ref. [6]. Also shown in Fig. 3
are the data of Refs. [3] (crosses) and [14] (pluses) which
are for s � 0.7 and G � 0.5. Consistent with expecta-
tions for the smaller s [2,13], these data fall slightly be-
low ours. Interestingly, they were slightly higher than our
results and agreed less well with each other before the non-
linear wall correction was applied [5].

In Fig. 5 we show N R22�7 as a function of s for sev-
eral values of R. The top part is for G � 0.5 and the
bottom is for G � 1.0. In Fig. 5a we also show (as open
symbols) approximate values estimated from the results of
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FIG. 5. The reduced Nusselt number N �R2�7 as a function of
the Prandtl number s. (a) G � 0.5. (b) G � 1.0. Up pointing
triangles: R � 1011. Squares: R � 1010. Circles: R � 109.
Down pointing triangles: R � 108. Solid symbols: this work.
Open symbols: estimates based on the data of Refs. [3] and
[14] (see Fig. 3) after the wall correction discussed in Ref. [6]
(model 2) was applied. Short solid line in (b): results of
Ref. [15]. The dashed lines in (b) are the fit of the theory of
Ref. [10] to the data.
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FIG. 6. The reduced Nusselt number N R21�3 as a function
of the logarithm of the Rayleigh number log10�R� for the cell
with aspect ratio G � 0.5. The symbols are as in Fig. 3. Only
the results after the wall correction based on model 2 of Ref. [6]
are shown.

Refs. [3] and [14] as displayed in Fig. 3. At fixed R one
sees that N varies by only about 2% or 3% over our range
of s. For s * 6 there is a slight trend for N to decrease
with s, but it is difficult to be sure that this decrease ex-
ceeds remaining systematic errors. The acetone data for
G � 1, as well as a comparison of the data from Refs. [3]
and [14] with ours for G � 0.5, suggest that N �s� has
a maximum near s � 6. The observed very weak s de-
pendence is inconsistent with an extrapolation beyond its
range of validity of the original theory [4] of GL which pre-
dicted a decrease of N by about 20% as s increased from
4 to 34 [see Eq. (5)]. However, it agrees quite well with
the very recent prediction of GL [10] which is based on an
extension of the original theory into a parameter range of
relatively small Reynolds numbers of the large-scale cir-
culation. For G � 1 the parameters of the extended GL
theory were evaluated [10] from a fit to the experimental
data, and the results for R � 108 and 109 are shown in
Fig. 5b by the dashed lines.

In Fig. 5b we also compare our results with those of Liu
and Ecke (LE) [15] for R near 108 which are represented
by the short solid line. LE made their measurements in
a cell with a square cross section with a height-to-length
ratio of 1.29. Thus we would expect only approximate
agreement with our G � 1.0 data. Nonetheless, our data
agree well with them both in their magnitude and in their
s dependence. Our measurements are inconsistent with
the experimental results of Ashkenazi and Steinberg who
report a much larger decrease of N with s [16].

Finally, we examine the extent to which the present re-
sults for N �R, s� are consistent also with some earlier
predictions. There are numerous papers which cannot all
be cited [13]. Here we focus only on a prediction made
four decades ago by Kraichnan [17] on the basis of a
mixing-length model (see also Ref. [2]). For large R and
s * 1, a s-independent N at constant R was predicted.
Our data are compatible with that prediction since we can-
not rule out that the very small decrease of N with in-
creasing s is due to systematic errors. However, the model
also predicts that N ~ R1�3 at constant s. Such a depen-
dence should yield a constant value for N R21�3 in Fig. 6.
However, the data show a mild R dependence which would
be compatible with an effective exponent of about 0.318
in the R range of the figure, but incompatible with an ex-
ponent of 1�3.
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