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Large Harmonic Softening of the Phonon Density of States of Uranium
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Phonon density-of-states curves were obtained from inelastic neutron scattering spectra from the three
crystalline phases of uranium at temperatures from 50 to 1213 K. The a-phase showed an unusually
large thermal softening of phonon frequencies. Analysis of the vibrational power spectrum showed
that this phonon softening originates with the softening of a harmonic solid, as opposed to vibrations in
anharmonic potentials. It follows that thermal excitations of electronic states are more significant thermo-
dynamically than are the classical volume effects. For the a-b and b-g phase transitions, vibrational
and electronic entropies were comparable.
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Although first known for its unusual nuclear proper-
ties, uranium exhibits several unusual solid-state properties
that may originate with electronic instabilities. The ther-
mally induced softening of the phonon density of states
(DOS) for most elements originates with anharmonicity
[1,2]. For the actinides, however, a distinction between
the normal anharmonic softening and harmonic softening
arising from a temperature-dependent harmonic potential
has been suggested [3]. In a detailed assessment of the
thermodynamic data on the six crystalline phases of Pu,
it was concluded that the anharmonic and electronic con-
tributions to the equation of state could not be separated
[4]. The origin of this phonon softening is a fundamental
issue for the equation of state. In this Letter, we use the
power spectrum of atom motions to show that the thermal
softening of the phonon DOS in a-U originates with the
weakening of force constants in a harmonic solid, as op-
posed to the typical softening in an anharmonic potential.
Temperature alters the electronic structure sufficiently to
change the lattice dynamics. This Letter also addresses
the entropy of phonons, and by deduction the entropy of
electrons, for the three low-pressure phases of crystalline
uranium metal.

Previous lattice dynamics studies on uranium have been
performed at room temperature and below [5,6], motivated
in part by the discovery of several charge density wave
transitions at low temperatures [7,8]. Independently, there
has been recent interest in the vibrational entropy contribu-
tion to the high temperature phase stability of metals and
alloys [9–11], motivated by the discovery that vibrational
entropy plays a larger role in phase stability than previ-
ously expected [12]. Other experimental and theoretical
work has shown that electronic contributions to the en-
tropies of high temperature phase transitions can also be
significant [13–15].
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Diffraction measurements on a-U at ambient pressure
have shown that the Debye temperature decreases dramati-
cally with increasing temperature [3,16]. This softening is
consistent with decreases in the elastic constants [17,18].
Specifically, the Debye temperature was expressed by
u � �306 2 0.158T � K, where T is temperature [3].
The magnitude of this softening suggests that the Debye
temperature decreases by about 40% between 300 and
940 K. This corresponds to a vibrational entropy of
DS � 3kB ln�u300 K�u940 K� � 1.5kB�atom beyond that
of the room temperature phonon DOS.

The usual thermodynamic argument for thermal expan-
sion is that, although thermal expansion generates elastic
energy, a less dense crystal has lower phonon frequencies
and, hence, a larger vibrational entropy. The quasihar-
monic approximation assumes these vibrations to be those
of a harmonic solid [1]. In this approximation, the entropy
due to phonon softening equals the entropy from volume
expansion, consistent with the thermodynamic prediction:

Sp 2 SV �
Z 940 K

300 K

Cp 2 CV

T
dT � 9BT Va2�640 K�

� 0.16kB�atom , (1)

where the bulk modulus B � 100 GPa, the molar volume
V � 12.49 cm3�mol, and the linear thermal expansion
coefficient a � 1.39 3 1025�K are all values at 300 K
[8]. (Their temperature dependencies are not expected to
change the results below by more than a few percent.)
The entropy change of 1.5kB�atom predicted with Debye-
Waller factors is thus about an order of magnitude larger
than what is expected from the volume expansion. This
substantial inconsistency suggests that the phonon soften-
ing has a different origin.
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All experiments used uranium powder of 99.84% pu-
rity with particle sizes of 20 100 mm. For safety reasons,
the particles were passivated with a uranium dioxide sur-
face layer that made up about 20% of the total volume.
For the high temperature measurements, about 80 g was
loaded into a vanadium can of 1.5 cm diameter and 7.6 cm
in length. The sample can was mounted in a furnace that
was kept under high vacuum throughout all measurements.
Neutron energy gain spectra were measured at high tem-
peratures with the Fermi-chopper spectrometer (FCS) at
the National Institute of Standards and Technology Cen-
ter for Neutron Research. The spectrometer was operated
with an incident neutron energy of 3.55 meV �l � 4.8 Å�.
Spectra were obtained on a-U at 300, 433, 645, and
913 K; b-U at 1013 K; and g-U at 1113 and 1213 K.
For the low temperature measurements, 157 g of powder
was loaded into a 6 3 10 cm flat plate aluminum can of
depth �2.5 mm. The low temperature measurements were
performed with the low resolution medium energy chop-
per spectrometer (LRMECS) at the Intense Pulsed Neutron
Source at the Argonne National Laboratory. The spec-
trometer was operated with incident neutron energies of 25
and 15 meV, and measurements were made at 50, 250, and
300 K. The data were corrected for empty can scattering
and time-independent backgrounds, and summed over a
wide range of scattering angles to obtain the phonon DOS.
Some weak inelastic intensity from the uranium dioxide
surface layer was observed. However, since most of this
intensity was at energies higher than the uranium phonon
cutoff energy ��15 meV�, it was easily fit and subtracted
from the elemental uranium scattering using a previously
measured phonon DOS of uranium dioxide [19]. The scat-
tering from the oxide accounted for about 10% of the total
inelastic intensity in the energy range of the metallic ura-
nium phonon DOS.

Figure 1 shows the phonon DOS obtained from the mea-
sured spectra, corrected for the incoherent multiphonon
scattering to all orders in the harmonic approximation us-
ing a procedure described elsewhere [14]. The agreement
of the FCS and the LRMECS results at 300 K is encour-
aging. Both measurements show intensity at �15 meV
above the phonon DOS calculated (DOS_CALC) from the
force constant model of Crummett et al. [5]. With this
model, the fully coherent one-phonon scattering function,
S1�jQj, v�, was calculated and summed over the appro-
priate kinematic jQj and v ranges for each instrument.
The results for both LRMECS (LRMECS_CALC) and FCS
(FCS_CALC) show that the difference is not a result of in-
sufficient Q sampling. In the a phase, there is a redistribu-
tion of intensity in the main features at �8 and �12 meV,
with the higher energy peak gaining extra weight with in-
creasing temperature. These features also show an overall
decrease of about 1 meV per 200 K.

At low temperatures, there is a broadening of the fea-
tures in the phonon DOS that could arise from shortened
phonon lifetimes, perhaps related to the charge density
FIG. 1. The phonon DOS of uranium. Data from 300 K and
above were obtained from spectra acquired with Fermi-chopper
spectrometer (FCS) at the National Institute of Standards and
Technology. Data from 300 K and below were measured on the
low resolution medium energy chopper spectrometer (LRMECS)
at Argonne National Laboratory. The curves labeled DOS_CALC,
LRMECS_CALC, and FCS_CALC were all calculated from the force
constant model of Crummett et al. [5] as described in the text.
The 913 K a-uranium DOS is superimposed on all curves above
300 K and the 300 K data is superimposed on all curves below
300 K. The three solid state phases, orthorhombic �a�, tetrag-
onal �b�, and body centered cubic �g� are compared at the top.

wave (CDW) transition at 43 K [8]. At low temperatures,
a broad peak appears in the phonon DOS at about 4 meV.
This could support Yamada’s suggestion [20] that a
whole sheet of the phonon spectrum starts to soften as the
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temperature is lowered toward the 43 K CDW transition —
a single soft mode would involve a volume in reciprocal
space too small to be observed in the phonon DOS.

We used the temperature dependence of the power spec-
trum to test for harmonic behavior. Equipartition of poten-
tial and kinetic energy is expected for harmonic, but not
anharmonic, oscillators. For a single component system,
the incoherent scattering function, Si�Q, v�, is given by
the Fourier transform of the autocorrelation function [21]:

Si�Q, v� �
1

2p h̄

Z `

2`

1
N

NX
j�1

�e2iQ?rj �0�eiQ?rj�t��e2ivt dt ,

(2)

where rj represents the instantaneous atomic position of
atom j. By taking the classical limit, the scattering from a
crystal in an arbitrary orientation with respect to Q can be
simplified by expanding the exponentials in powers of the
magnitude of Q, denoted Q, and integrating over time, t,
to give

Si�Q, v� �
1
N

NX
j�1

µ
d�v�

h̄
�1 2 Q2�r2

Q, j�0��	

1
Q2

2h̄
jRQ, j�v�j2 1 . . .

∂
, (3)

where rQ, j is the projection of rj along the direction of Q,
and we have introduced the Fourier transform of rQ, j�t�,

RQ, j�v� �
Z `

2`
rQ, j�t�e2ivt dt . (4)

For a powder, Eq. (3) is averaged over all orientations.
Hence, the modulus square power spectrum averaged over
all atoms (j’s) and directions, denoted jR�v�j2, can be
extracted from the measurement. The average potential
energy per degree of freedom can then be determined by
integrating the average power spectrum using

�U� � 1
2M

Z
v2jR�v�j2 dv , (5)

where M is the mass of the vibrating atom. In the case of
harmonic phonons in the high temperature limit, the power
spectrum is related to the phonon DOS by

1
2Mv2jR�v�j2 �

1
2kBTZ�v� . (6)

Integrating both sides with respect to v gives the expected
result that �U�h � kBT�2. This result holds true even if
the harmonic potential is temperature dependent, i.e., if the
temperature dependence of the phonon DOS is the result
of a continuous change in a harmonic potential. On the
other hand, if the potential is constant and the softening
originates with anharmonicity of the interatomic potential,
the potential energy can be expressed as

�U�anh � 1
2kBT 1 A�kBT�2 1 B�kBT �3 1 . . . , (7)

where the coefficients A and B can be related to true an-
harmonic terms in the interatomic potential.

The Q-summed one-phonon scattering function,
S1�jQj, v�, was used with Eqs. (3) and (5) to calculate a
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quantity proportional to �U� for a-U at the four highest
temperatures. The result shown in Fig. 2 was scaled so
the points at the lowest temperatures were at the harmonic
energy kBT�2. Anharmonicity will appear as a nonlin-
earity in the plot of �U� vs T . For comparison, attempts
were made to calculate the temperature dependence of
the potential energy of a Morse and a Lennard-Jones
potential. Because the vibrational softening in a-U is
so large in spite of its low thermal expansion and elastic
stiffness, no standard potential could match all properties.
For the potential energy curves labeled “Lennard-Jones”
and “Morse_1” in Fig. 2, the correct thermal expansion,
nearest-neighbor distance, and vibrational softening
(30%) were used with an elastic stiffness about 2 times
too large. For the potential labeled “Morse_2” in Fig. 2,
the correct elastic stiffness was used, but the thermal
expansion was about 2 times too large. The nonlinearity
in the plot of �U� vs T is obviously too large in all cases.
The phonon softening in a-U occurs while the potential
remains primarily harmonic. Evidently, the interatomic
force constants are temperature dependent. Since the force
constants originate with the sensitivity of the electronic
energy to atom displacements, it follows that thermal
excitations of the electronic states are altering the force
constants.

The phonon DOS of the three solid-state phases of
uranium, orthorhombic �a�, tetragonal �b�, and body
centered cubic �g�, are compared at the top of Fig. 1. The
g-uranium phonon DOS was statistically the same at 1113
and 1213 K, showing no evidence of the thermal softening
seen in a phase. The b phase is not stable over a sufficient
temperature range to obtain the temperature dependence
of its phonon DOS. The change in phonon DOS at

FIG. 2. Vibrational potential energy of a uranium ���. The
Lennard-Jones, Morse_1, and Morse_2 curves were calculated
from potentials described in the text. The harmonic curve is the
result for a harmonic potential in the classical limit.
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each phase transition accounted for vibrational entropy
changes of �Sb 2 Sa�vib � 1�0.15 6 0.1�kB�atom and
�Sg 2 Sb�vib � 1�0.36 6 0.1�kB�atom. The errors arise
mainly from the uncertainty in the Q sampling es-
timated from the difference between the calculated
phonon DOS (DOS_CALC) and calculated Q-summed
coherent scattering for the FCS instrument (FCS_CALC).
Both of these values are significantly smaller than the
total entropy obtained from latent heat measurements:
�Sb 2 Sa�tot � �0.35 0.37�kB�atom and �Sg 2 Sb�tot �
�0.54 0.55�kB�atom [22,23]. The remaining entropy of
the phase transitions must be electronic in origin. Not
only does the phonon softening disappear in the high
temperature g phase, but it does so with a large increase
in electronic entropy. Electronic entropy evidently makes
a major contribution to the stability of the b and g phases.

The temperature dependence of the electronic structure
in a-U plays a major role in its thermodynamics, being
comparable to the phonon entropy and overwhelming the
usual anharmonic behavior. Present state-of-the-art elec-
tronic band structure calculations used to predict properties
such as phonon frequencies are based on the assumption
that thermal effects on the electronic structure can be ne-
glected when compared to volume effects. The actinides,
however, show the need for more sophisticated treatments
of the role of temperature on interatomic interactions.
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