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Impurity in a d-Wave Superconductor: Kondo Effect and STM Spectra
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We present a theory for recent STM studies of Zn impurities in the superconductor Bi2Sr2CaCu2O81d,
using insights from NMR experiments which show that there is a net S � 1�2 moment on the Cu ions
near the Zn. We argue that the Kondo spin dynamics of this moment is the origin of the low bias peak in
the differential conductance, rather than a resonance in a purely potential scattering model. The spatial
and energy dependence of the STM spectra of our model can also fit the experiments.
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Recent progress [1,2] in scanning tunneling microscopy
(STM) of surfaces of the high temperature superconductor
Bi2Sr2CaCu2O81d has given us a high resolution probe of
its electronic correlations. Especially notable have been
studies [1] in the vicinity of Zn impurities on the Cu sites,
and the site-specific information on the variation in the
pairing correlations. The Zn11 ion has spin S � 0, and
so it appears natural to interpret [1,2] the experiments using
a theoretical model [3,4] in which each Zn site acts a
potential scatterer of Cu 3d electrons forming a d-wave
BCS state. However, several key experimental features
do not fit easily in this simple picture. There is a large
peak in the differential conductance close to zero bias near
the Zn site: it is tempting to identify this peak with a
quasibound state in the potential scattering model [3], but
such a state appears at low energies only for a range of
very large potential values depending upon microscopic
details [5–7]. Furthermore, the spatial dependence of the
zero bias peak is unexpected [8]: it is largest on the Zn
site, and with a local maximum on the second neighbor
Cu sites [see Fig. 3c in Ref. [1] ], and this differs from
the general expectations of the potential scattering model
[3,4]. Finally, the observed spatially integrated spectrum is
asymmetric between positive and negative bias [1], while
the potential model predicts approximate symmetry [9].

We shall address these questions here using a rather
different theoretical model which was originally motivated
by other experiments on Zn or Li impurities (the Li1 ion
is also S � 0). A series of beautiful NMR experiments
[10–15] have clearly shown that each impurity, despite
having no on-site spin, induces a local, unpaired S � 1�2
moment on the Cu ions in its vicinity at intermediate
energy scales. In the underdoped regime, this can be
understood [10,16] by the confining property of the host
antiferromagnet, in which the impurity is a localized
“holon” which binds the moment of a S � 1�2 “spinon.”
At larger doping, a related picture can be developed by
analogy with the theory [17] for moment formation in
the disordered metallic state of Si:P—small variations in
the potential combine with strong local correlations to
induce very localized spin excitations. Other theoretical
perspectives [18,19] on local moment formation in the
cuprates have also been given. Further evidence for
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S � 1�2 local moments near Zn sites appears from
neutron scattering experiments [20]: it has been argued
[21] that these are required to explain the strong effects
of a small concentration of Zn impurities on a “resonance
peak” in the spin dynamic structure factor.

This paper will study a S � 1�2 local moment near
the Zn�Li site coupled by exchange interactions to the
fermionic S � 1�2 excitations of a d-wave superconduc-
tor. We shall describe the effects of the Kondo screening
of the local moment, by the fermionic excitations, on the
STM spectra: we shall show that our model leads natu-
rally to a peak in the differential conductance at a low bias
of order the Kondo temperature, with a spatial distribu-
tion which can fit the experiments. Our spatially integrated
spectrum also has a bias asymmetry which increases with
decreasing doping.

We begin by describing our model Hamiltonian, H �
HBCS 1 Himp, for a single Zn impurity [21]. The first
term describes the host superconductor, which we model
by a simple BCS Hamiltonian

HBCS �
X
k

C
y
k��´k 2 m�tz 1 Dktx�Ck .

Here Ck � �ck", c
y
2k#� is a Nambu spinor at momentum

k � �kx , ky� (cka annihilates an electron with spin a on a
3D orbital), tx,y,z are Pauli matrices in particle-hole space,
and m is a chemical potential. For the kinetic energy,
´k we have first (t), second (t0), and third (t00) neighbor
hopping, while we assume a d-wave form for the BCS
pairing function Dk � �D0�2� �coskx 2 cosky�. The Zn
impurity is at r � r0, and is described by

Himp �
X

r[N

K�r� �S ? cy
a�r�

�sab

2
cb�r�

1 Ucy
a�r0�ca�r0� ,

where
p

Ns ca�r� �
P

k ckaeik?r (Ns is the number of sites
in the lattice) annihilates an electron at site r, �s are the
Pauli matrices in spin space, and N is a set of sites in the
neighborhood of r0. The spin degree of freedom induced
© 2001 The American Physical Society
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by the impurity is represented by the S � 1�2 operator �S.
The on-site potential scattering of the Zn ion is represented
by U: previous analyses of STM spectra of Zn ions [3,4,6]
included only this second term in Himp and omitted [9]

the degrees of freedom represented by �S. We assume that
effects due to spatial variations in the self-consistent pair-
ing amplitude near the impurity, along with those due to
Hartree renormalizations from the Coulomb interactions,
have been absorbed into the effective parameters K�r� and
U (as in [17]); therefore, as the dopant charge carriers
are moving in a background of ions that are both doubly
charged (Cu11 and Zn11), we expect U to be negative
and measuring mainly the shift in the d level energy on the
Zn (along the same lines, U should be larger and positive
for Li1 impurities).

An important ingredient in our computation, which in-
fluences the spatial form of the STM spectrum, is the r
dependence of the spin-dependent interaction K�r�. This
is quite difficult to determine from first principles, and we
will instead use the spatial information obtained by analy-
ses of Knight shifts in NMR experiments [14,15]. The
S � 1�2 moment is found to be concentrated on the 4 Cu
nearest neighbors of the Zn ion [see Fig. 1(g) in [15] and
Fig. 19 in [14] ], and the moment on the Zn site itself,
r � r0, is negligible. We expect that the dopant holes will
have a strong preference to reside on a Cu site with a mo-
ment (as the Cu spins on the other sites have paired with
each other and gained exchange energy); this attraction is
realized by K�r�, and we take K�r� � K1 for the 4 sites
r 2 r0 � �61, 0�, �0, 61�, while K�r0� � 0. In principle,
it is not difficult to also include the smaller K�r� values
at larger values of jr 2 r0j, but we will neglect them here
for simplicity. We also note that while the above form
for K�r� is reasonable, there is no justification for a corre-
sponding form for the potential scattering term, which is
surely largest at r � r0, as in Himp.

The Kondo effect in H is related to that in a class of
models which have been much studied recently [22–24]:
these models have a single spin coupled to a fermionic
bath whose local density of states, r��e�, vanishes as a
power law near the Fermi energy, r��e� � jejr , where e

is measured from the Fermi level. The usual Kondo effect
in a Fermi liquid corresponds to r � 0, while the present
d-wave superconductor has r � 1. The value of r and
the presence or absence of particle-hole symmetry [24]
play a key role in determining the low energy physics,
and a comprehensive phase diagram has been presented
by Ingersent and collaborators [24]. For r � 1 and with
perfect particle-hole symmetry (for H this corresponds to
t0 � 0, m � 0, and U � 0) there is in fact no Kondo
effect: the spin is free at low energies for all values of the
exchange, K . However, there is a quantum phase transition
at a finite magnitude of particle-hole symmetry breaking
and at a finite K , to a phase in which the spin is Kondo
screened below an energy scale TK . The universal critical
theory for this quantum critical point is not known and we
shall not discuss it here.
Here, we shall describe the dynamics of H using a “large
N” approach [22,25,26]. While this method has numerous
artifacts near the quantum-critical point just mentioned,
and is not quantitatively accurate, it does capture the
qualitative physics of the Kondo screened phase in an
effective manner, and this is our primary interest. We
represent the spin �S by a fermion, fa , which obeys the
constraint fy

afa � 1. We impose this by a Lagrange
multiplier l, and decouple the exchange interactions by
complex Hubbard-Stratonovich fields wr ; l and wr are
approximated by their static, real saddle point values. The
physical quantities are expressed in terms of the Green’s
function of the Nambu spinor F � � f", f

y
# �, which in

Matsubara frequency, vn, is T �vn� � �F�vn�Fy�vn��.
We have

T 21�vn� � 2ivn 1 ltz

2
X

r,r0[N

wrwr0tzG�r, r0, vn�tz ,

where G is the C Green’s function with potential scatter-
ing alone:

G�r, r0, vn� � G0�r 2 r0, vn� 2 UG0�r 2 r0, vn�
3 tz	1 1 UG0��0, 0�, vn�tz
21

3 G0�r0 2 r0, vn� ; (1)

G0 is the Green’s function of the host, NsG0�r, vn� �P
k eik?r�2ivn 1 �´k 2 m�tz 1 Dktx�21. The values

of l and wr were obtained by numerically solv-
ing the constraint equations T

P
vn

Tr�tzT �vn�� � 0
and wr � 2�TK�r��2�

P
vn

P
r0[N wr0 Tr�tzT �vn� 3

tzG�r0, r, vn�� (T is the temperature, and Boltzmann’s
constant kB � 1). Finally, the tunneling density of states
(DOS) was obtained as Im Tr� eG�1 1 tz���2, where eG is
the full C Green’s function

eG�r, r0, vn� � G�r, r0, vn�

1
X

s,s0[N

wsws0G�r, s, vn�tzT �vn�tz

3 G�s0, r0, vn� . (2)

We now describe our numerical results. For small K1,
the constraint equations have only the solution wr � 0. In
the present large N approach, �S is completely decoupled
from the fermions at such a saddle point. This solution cor-
responds to the free spin phase, and the STM spectra of the
large N theory are identical to that of the purely potential
scattering model. To include the spin dynamics, we take
K1 . K1c below so that wr fi 0; we found that the low-
est free energy saddle points had a d-wave pattern with
wr � 1�2�w for r 2 r0 � �61, 0� ��0, 61��. Provided
particle-hole symmetry is absent, the onset of a nonzero
w corresponds to a phase transition to the Kondo screened
phase at K1c (for the particle-hole symmetric case, there is
no Kondo screening [24], and the large N equations show
that this is so, even for K1 . K1c). The assumption of
eventual low energy Kondo screening is also in accord
297
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with indications in NMR [12] and thermodynamic mea-
surements [27]. The large N value for K1c is believed to
be an overestimate: this and other shortcomings will be
addressed in a forthcoming work employing an alternative
“noncrossing approximation” [26].

For K1 . K1c, the energy dependence of the tunneling
spectrum is dominated by the form of the scattering matrix
T �v�; the imaginary part of T �v� shows a pronounced
maximum at an energy v0 (which becomes a very
sharp peak near the Kondo transition), so the location of
possible peaks in the local DOS is given by 6v0.
On the other hand, jv0j can also be identified with
the Kondo temperature, TK . To see this, consider
the local impurity susceptiblity, which is given by
xloc � 2�T�4�

P
vn

Tr�T �vn�2�. Assuming the simple
pole structure T �vn� � �2ivn 1 v0tz�21 it is evident
that xloc changes its character at a T of order jv0j � TK .

We show in Fig. 1 the energy and spatial dependence of
the local DOS of H for a typical set of parameters at 14%
hole doping.

Most significant is the pronounced peak at r0 (on the Zn
site) at a bias, v � 2v0. This was a robust feature of our
results: the peak retained a small negative bias and width
for a wide range of K1 . K1c and U , 0. Away from
the central site, the peaks were much weaker, and varied
slightly depending upon U and doping: for 20.4 eV ,

U , 0 at optimal doping (and more robustly at lower
doping) we obtained the alternating intensity pattern in
Fig. 1(b) [28]. The spatial integral of the spectrum at
negative bias is larger than that at positive bias, and the
ratio is quoted in Fig. 1. For comparison we show in
Fig. 2 the analogous results for a purely potential scattering
model [3] (K1 � 0 and �S absent), where we see dramati-
cally different features. Now the largest peak is on the first
neighbors [3]; notice also the change in the color scale in
Fig. 2, and that this peak is not as pronounced as the Zn
site peak in Fig. 1. Further, we had to choose a very large
value of jUj to make the peak sharp and at a small nega-
tive bias. Both these features are sensitive to variations in
the values of the doping [6], the band structure (t0�t, t00�t)
and U: it is not difficult to find broader peaks at higher
energies, and to switch the largest peak to positive bias.

We make a few remarks on the spatial dependencies in
Fig. 1. The dominant contribution at peak energy comes
from the second term on the right hand side of (2), and
both the normal (tz) and anomalous (tx) components of
G are largest for sites on opposite sublattices. Using the
location of the four sites in N and the d-wave structure
of both the superconducting gap function Dk and the wr
fields, we see that at r0 the normal (anomalous) Green’s
functions destructively (constructively) interfere leading to
a large peak at 2v0. This interference is also respon-
sible for the asymmetry of the spatially integrated spec-
trum. (We note that for an s-wave pattern in the wr
fields the interference mechanism is similar, with the dif-
ference that the peak at r0 appears at 1v0.) An anal-
ogous discussion [3] can be applied to Fig. 2, where
298
FIG. 1 (color). Calculated tunneling density of states for
the Kondo impurity model H � HBCS 1 Himp at 14% hole
doping with a realistic band structure (t � 0.1 eV, t0 � 2t�4,
t00 � t�8), D0 � 0.04 eV, K1 � 0.21 eV, m � 20.09 eV,
and U � 20.05 eV. For these parameters K1c � 0.1 eV.
(a) Tunneling spectrum versus sample bias for the impurity
site (red) and the nearest (blue) and second (green) neighbor
sites. (b) Spatial dependence of the differential conductance
at the bias v � 21.9 meV (� 2v0). The ratio of the
spatial integrals at 6v is 1.5, and this value increases with
decreasing doping.

interference of scattering from different r is absent. We
also note that the coherence peaks, appearing in the DOS
at the gap energy, are much suppressed at the impurity
site and its neighbors, although we did not include a spa-
tial variation of the pairing amplitude. Furthermore, upon
moving to the metallic state by setting D0 � 0, our ap-
proach is closely related to that of [29], and then the large
DOS around the Fermi level leads to a Fano line shape.

To summarize, this paper has introduced a new model
(H � HBCS 1 Himp) for STM spectra of Zn�Li impurities
in the high temperature superconductors. The model ap-
pears to be required to explain NMR [10–15] and neutron
scattering measurements [20,21] on the same system. It is
therefore satisfying that our model also leads to a low bias
peak in the STM: the measured bias of this peak (1.5 meV)
suggests that the Kondo screening of the moment (as can
be measured directly in NMR) occurs at a temperature of
order 15 K.

We conclude by noting related issues: (i) Our model
admits a simple generalization to Ni impurities. The Ni11
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FIG. 2 (color). Parameters as in Fig. 1, but for a purely po-
tential scattering model (Himp has K1 � 0 and no �S) with U �
24 eV. The very large jUj is necessary for a low bias peak.
The ratio of the spatial integrals at 6v0 is now 1.05, and this
value remains around unity with decreasing doping.

ion has S � 1, and so we add an additional S � 1 degree
of freedom �SNi. A simple choice for a Hamiltonian is
H 1 K 0 �SNi ? �S. Depending upon the values of K 0 and
K�r�, a rich variety of behaviors appear possible. A likely
possibility, suggested by the NMR experiments [13], is
that �S and �SNi combine to form a S � 1�2 moment; the
Kondo coupling of this effective moment is expected to
be ferromagnetic [19]—so a S � 1�2 moment remains
unscreened. The STM spectra will interpolate between
the results described here, and those in the presence of
a static local magnetic field [30], and this appears to be the
case [31]. (ii) In a recent study [21] of the broadening of
the collective spin resonance mode [20] by Zn impurities,
the Kondo screening of �S by the fermionic quasiparticles
was neglected. This is valid as long as the energy of the
resonance mode, Dres � 40 meV, is larger than TK ; this
condition is obeyed by the TK values discussed above.
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