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We propose a method to investigate the energy eigenvalue problem and corresponding yrast line for
harmonically trapped interacting N-boson systems. This method is particularly simple and effective to
obtain the explicit analytical expressions of low-L energy eigenstates with L denoting systems’ total
angular momentum but with an arbitrarily large N. We have derived the explicit analytical results for
L =0,1,...,9 and discussed the yrast line for these low-L energy eigenstates.

DOI: 10.1103/PhysRevLett.86.2200

Over the last few years, there has been considerable
effort focused on the low-lying excitations of atomic Bose-
Einstein condensates in harmonic traps [1-7], particularly
on the low-lying excitations when condensates have
nonzero total angular momentum [3-6]. Mottelson has
studied the yrast line of weakly interacting N-boson
systems [3], i.e., the ground states at nonvanishing angular
momentum L. The case of weakly attractive interaction has
been studied by Wilkin et al. [4]. Recently, Bertsch and
Papenbrock have numerically investigated the yrast line for
harmonically trapped N-boson systems with weak contact
interaction [5]. Based on the works of Wilkin et al. [4]
and their own numerical computation for N = 25, Bertsch
and Papenbrock have made a conjecture on the yrast state
expressions for L = N. However, confirming the con-
jecture does not appear to be an easy task for large N
even with very small L due to that extremely large Fock
space dimension involved when the particle number N is
huge. As a matter of fact, no effective method seems to
exist yet to obtain either analytically or numerically the
energy eigenvalues and eigenstates of interacting N-boson
systems with huge particles even when L is small. This
immediately leads to another unsolved question whether
or not their conjectured states are indeed the yrast states,
i.e., the ground states for a given L and for a fixed but
huge N. It appears therefore desirable to develop a simple
and effective method to investigate the energy eigenvalue
problem of interacting N-boson systems in general and
the corresponding yrast line in particular.

In this Letter, we shall present such a method which
turns the problem of the energy eigenvalue problem
of interacting N-boson systems with or without a total
angular momentum L into seeking polynomial solutions
to a second order linear differential equation. It turns
out that this method is particularly simple and effective
to obtain the explicit analytical expressions of low-L
energy eigenstates and eigenvalues of (either weakly or
strongly) interacting N-boson systems with an arbitrary N,
and hence fully solve the corresponding yrast line problem
for low-L cases. We have given the corresponding explicit
analytical results for L = 0, 1,...,9 with arbitrarily large
N by means of a very simple MATHEMATICA program, and
discuss the yrast line for these low-L cases.
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Let us first consider a fairly universal Hamiltonian con-
taining two-body interactions,

0
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wja;a; + Z Oi+jk+1Vijkiaiajagay,
0 i.jkd=0
(1)

H =

]
j:

where a;r and a; are creation and annihilation operators of
the jth boson, V; .t characterizes two-body interactions
among bosons, and it can be either weak or strong. N =
Z;-O:O n;, the eigenvalue of the conserved quantity N =

> a;raj, is the total number of bosons. The Kronecker
symbol &;+x+; implies that two-body interactions do not
change another conserved quantity L = Z;ozo ja;-r aj with
its eigenvalue L = Z;C;O Jjnj. Several points need clari-
fying further here. First, the upper limit % in all the
above summation can be replaced by L, for example, L =
> gjnj — L =X qijnj, for a fixed L. Second, we
shall call non-negative L as an angular momentum in this
paper just as was done in studying trapped Bose-Einstein
condensate (BEC) [4,5]. But it should be kept in mind
that this name rather easily causes confusion since it at
most represents one component of an angular momentum
for trapped BEC. In this paper, the name angular momen-
tum merely represents L = Zj;o Jjn;j. Third, the labeling
of bosons throughout the paper begins not from a negative
integer but from zero, and hence there exist no quantities
such as n_1, a_, etc. The labeling beginning from a mi-
nus integer is obviously equivalent to our labeling way; for
instance, a quantity A = Zﬁz_ 7 By is equal to if{)l Cy
with C,, = B, ;.

Our task is to develop a novel method to solve the eigen-
value equation H|W) = E|W¥). To achieve this goal, we
first put the eigenkets |¥) into form

W) = Fla,al,....al,...al) vae), @
where |vac) denotes the vacuum state satisfying
ajlvacy =0 for j =0,1,2,..., and F is the linear

o t .
combination of the terms []; a; " subject to the two

. o] o .
constraints 2i—onj=N and > . _jn; =L for non-
negative integers n; and L. Here we have made use of
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the fact that N = 37 a;raj and L =37, ja;raj are
two conserved quantities since [N,H]=[L,H]= 0.
In other words, |¥) = F|vac) is the common eigen-
ket of H, N, and L with eigenvalues E, N, and L,
respectively. The eigenvalue equation can be rewritten
as EF|vac) = HF|vac) = [H, F]|vac) due to H|vac) =
0. Utilizing [a,:r a; , F] = 0 (since F contains only creation
operators), [am, F]1= 0F/dal, [ama;j, F]lvac) =
[am,[a;, F]]lvac) resulted from [anaj, F] = [am,[a;,
Fll+2[am, Fla; + (awFaj — ajFay,), ajlvacy =0 for
j=0.12..., and [an.[a;,F]] = 9*F/oa}0a], it
is then straightforward to show from the eigenvalue
equation or EF|vac) = HF|vac) = [H, F]|vac) that the
polynomial function F' satisfies the following differential
equation:

L L

oF 9’ F
wij 5+ Viri—jjkir+i-j€j — 5 = EF,
j;) IS ,-,k,Z,=0 I > a€r0€
3)

where §; = a;-r,j =0,1,2,...,L are L+ 1 cre-
ation operators, and the polynomial function F =
F(&o, &y, ..., &) is the linear combinations of the terms
]_[.],-;é f}” subject to the two constraints ZJL:O nj=N
and ZJL»:O jnj = L. In the case w; = jw, Eq. (3) can be
further simplified as

i 9*F
Vivi—jjkibvi-jé) ——F = (E — oL)F,
JokiI=0 T TS 9ga¢

4)

since the free Hamiltonian Hy = > ja;r ajforw; = jow
= wLF due to

LF = LF. The problem of obtaining the energy eigen-
states and energy eigenvalues has now been turned into
finding the polynomial solutions to a second order linear
partial differential equation (3) or (4) when w; = jw.
Let us apply our novel method to study a
particular model where w; = jo and Vi =
gk + DV/QRMLJiVTERITY). This particular model
describes N bosons in a two-dimensional harmonic
trap interacting via a contact interaction according to
the model utilized by Bertsch and Papenbrock [5].
Regarding discussions of the valid range for contact
interaction models, readers are referred to Ref. [7].
It is readily shown that Eq. (4) for w; = jo and

Vi = gk + D/Q¥L/il jTk!1!) becomes

becomes Hy = wL so that ZJL»:o ;& 3—;

L M 2
M! - °F
> X g = AF, ()

where A = (E — wL)/g or energy eigenvalue E =

v t ~ .
oL + gA, xi=&/Nj=aj/\j,j=012,...,L
are L + 1 creation operators, and F = F(xg,x1,...,X)

. . . j=L n;
are the linear combinations of the terms ]_[j-:() xj'

subject to the two constraints Z]L-ZO nj =N and
St gjn; = L.

We shall use F[N, L, A] to denote the nonzero polyno-
mial solution to Eq. (5), i.e., F[N, L, A]|vac) = |N, L, A)
with |N,L, ) describing the common (possibly un-
normalized) eigenstate of the three operators Zj ajaj,

> ja;ra j» and H with eigenvalues N, L, and
E = wL + gA, respectively. The ket vectors [N, L, A)
will be simply called energy eigenstates hereafter. Before
solving Eq. (5) to obtain the energy eigenstates and
energy eigenvalues of interacting trapped bosons, let us
discuss briefly Eq. (3). These discussions are suitable for
Egs. (4) and (5) as well. First, in seeking its polynomial
solutions F, we can neglect its operator-type charac-
teristic by regarding its L + 1 operator variables x; as
c-number variables due to the fact that all the operators
involved in the equation are creation ones and hence
mutually commutative. This greatly simplifies the solving
procedure. Second, let p(L) denote the multiplicity of the
partitions of the non-negative integer L (characterizing
total angular momentum) into positive integers, and one
then easily sees that the polynomial function F is the
linear combination of at most p(L) terms of the form
]_['j];é x;lj with Z,L'=o nj =N and Z]L'=o jnj = L [for
instance, the general form of polynomial function for
L=4is F = ax(I)VﬂM + ,Bx%xéviz + yx|x3x8]72 +
nxd xix, + oxixy * due to p(4) =5]. In other
words, we need only to solve the eigenvalue problem of a
p(L) X p(L) matrix to obtain all the [at most p(L)] en-
ergy eigenstates for a fixed L even in a large-N limit. This
fact allows us to quickly obtain explicitly the analytical
expressions of low-L energy eigenstates and eigenvalues
even when the particle number N is very large as will be
seen shortly. At this time, it is worthwhile to mention
that the explicit and analytical results even in the case of
very low-L states appear unobtainable by any previous
analytical or numerical method even for a rather modest
particle number N (say, N = 100 [5]) not to mention
for an arbitrarily large N. However, it is a fairly simple
matter for us to obtain the explicit results for low-L states
but with an arbitrary N. Let us illustrate this point by
considering L = 0, 1,...,9 but with an arbitrary N = L
below.

L = 0 case: One and only one polynomial solution
in this case is easily seen to be F[N,L = 0,A = N(N —
D] = agN /NN

L =1 case: The unique polynomial solution in this
case is also easy to obtain and is given by F[N,L = 1,A =
NV = 1)] = af (a)¥ /(N = 1)L

Using a very simple MATHEMATICA program [8], we
have calculated the eigenvalues A of Eq. (5) (energy eigen-
values E = wL + gA but we shall sometimes call A as
energy eigenvalues or eigenvalues for simplicity) for L =
2,3,...,9. Some of the eigenvalues for these L values can
be put into the forms
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)\;L) _ N(N - i>’ i=0,23,4,.. L p(L) due to the presence of some complex eigenvalues.
2 These complex eigenvalues do not correspond to reason-

(6a)  able energy eigenvalues and should be discarded. Because

11 3 of these features, the MATHEMATICA program given in

Al+1 =N 2 - ”y N + 5 L =4. (6b) Ref. [8] becomes much less efficient in calculating eigen-
states for L = 6, and we have to develop a new program

/\(LL+)2 N2 — 23 N + 3 L=5. (6c)  to overcome the hindrance which will be discussed else-

8 2 where. However, the program takes only minutes to give

We conjecture that Eq. (6) also represents eigenvalues for ~ the apalytical expressions of eigensta?es for L= 2,3,4,5.
L = 10 [9]. Note AE)L) and A(LL) are, respectively, biggest We list those for L = 2,3 below for illustrating purposes.
and smallest eigenvalues among the above listed eigenval- . fh.: 2 case: The two and only two solutions for N = [
ues for a given L. For the cases of L = 2,3, Eq. (6) gives 1 this case are

all their eigenvalues [note p(2) = 2 and p(3) = 3]. Equa-

tions (6a) and .(6b) give all the five [ p(4) = 5] eigenvalues FIN,L =2, /\82) [(N — l)alﬂ n \/Eaga;] (a(’)r)Nfz’
for L = 4, while Egs. (6a), (6b), and (6¢) give all the seven

[p(5) = 7] eigenvalues for L = 5. Though the eigenval- (7a)
ues can still be calculated by the program [8] when L = 6, 2 2 t ot tve

it is found that besides the eigenvalues listed in Eq. (6), FIN.L =2,)3"]=[ai” — V2aga;](ap)" % (7b)
there occur some other eigenvalues whose forms are rather

complicated (not listed here). In addition, the numbers of L = 3 case: The three and only three solutions for
the real eigenvalues for these L values are all less than =~ N = L in this case are

FIN,L = 3,201 = [2ad%al + 23N = DV = Dadalal — VooV — DNV = 2al" 1@V 3, (8a)
F[N,L = 3, )\?) = [\/gao a3 +V2(N - 3)a0a1a2 (N — 2)a (a(;r)N_3, (8b)
F[N,L = 3, /\(3) = [3a$2a;r - 3\/§aga1ra§ + +\/6af3](a§)N‘3. (8c)

The eigenstates in Eqgs. (7) and (8) can easily be normal- | in the study of the quantum interference and quantum com-
ized by the method: expressing F as the linear combination  putation (avoiding quantum decoherence, for instance) for

of the terms of the form l_lj“:0 Nings Mjin;, = a;r”f' INCTY the ultracold atoms or ions.

with coefficients «, 3, ..., then multiplying F by C = Let us now consider the yrast line for these low-L cases,
1/J/lal?> + [BI? + ... results in a normalized eigenstate. ~ and prove that they agree with what Bertsch and Pap(eLI}—

In the above, we have illustrated our method by deriving ~ brock have conjectured [5]. It can be shown that /\L (A7)
the explicit expressions of energy eigenvalues and eigen-  for L = 2,3,...,9 are the smallest (biggest) eigenvalues

states for low-L values with an arbitrary N = L. Wecould  among those listed in Eq. (6) and other real but compli-
also easily derive the explicit results for L = N solong as  cated eigenvalues (for L = 6) not listed in that equation
L or N values are not too large. For instance, the explicit ~ as well for a fixed L, and therefore the energy eigenstates

results for N = 2 but with an arbitrary positive integer L corresponding to eigenvalues /\(LL) are indeed the ground

are derived and are given by state or yrast line with the given total angular momen-
tum L for the repulsive two-body attraction g > 0, and all

L afat these eigenvalues have the form /\(LL) =NN—-1-1L1/2)

FIN =2,L.A=0] = (-1)"A, (9a)  just as Bertsch and Papenbrock have conjectured. Note
1;) VKL — k)! that the interaction energy per unit of angular momentum

L - for these ground states has, in units of N|g|, the form

FIN=2L,A=2]= arar—i (9b) (N — 1)/L — 1/2, implies that the quadrupole (L = 2)
& VK (L — k) mode has the greatest energy gain per unit of angular

momentum just as Mottelson pointed out [3]. In ad-

dition, the energy per particle £ = E/N = w(L/N) +
It is interesting to note that the eigenvalue gA of the  gA/N in macroscopic limit N — o is readily seen to be
two-body interaction operator is zero for the states in E — w(L/N) + g for A given in Eqgs. (6b) and (6¢), and
Eq. (9a). This property manifests that a two-particle sys- Ej — w(L/N) + g(1 — 05jN~"),j =0,2,3,...,L for
tem with two-body interaction can stay in many non- A given in Eq. (6a). Here g = gN is a finite quantity
interacting composite states with each of them having  in macroscopic limit since the interacting parameter g is
different angular momentums, and may carry implication  inversely proportional to the BEC’s volume or the total
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particle number N. These results manifest that the energy v + (Clo ol .

per particle for all the eigenvalues A in Eq. (6) is identical Z \/7 aj (N — 1), J=23.... (10
_ . . [T . k=1

to g if L/N — 0 in macroscopic limit. Our next task is to Nen

show that all the eigenstates |N, L, )\9) for L = 2,3,4,5 Z Zizi, 2, = & %’ rT=p=N.

are indeed of the forms as Bertsch and Papenbrock conjec- i>>i, n! (N —n)

tured [5]. Here we present the proof for L = 2, 3 (the cases (10b)

L = 4,5 can be shqwn by following .the same proof pro- e th TN

cedure). To reach this goal, we first briefly review some of Mg g, = Jmlal a (ao)

the basic facts. The normalized single-particle state is of iE it i L "kl (N=1-k)!’

the form z¥ exp(—|z|2/2)/V7k! = (zF/Vk!) Wy where

z = x + iy describe the single-particle position in the m=2,73,...,N; k=12,...,N — 1. (10c)

two-dimensional harmonic trap [4]. For an N-particle sys-
The summations in Eq. (9) are all from 1 to N

subject to the confinements designated explicitly.
Let z. =Z,~=}\}N zi/N be the center of mass, note
(zi — z0) = ijl (86;j — 1/N)z;, and we can show

tem, the creation operator ag creates, from the vacuum
state, a symmetric state o (v/k)~! Z?’:l zflvac}. We have
the following corresponding relation:

N

(N - 1) 1
D=z —2) = — Zz,f + = ZZ[Z]’, (11a)
i>j — =
(N — S
D (=2 (@ — z) (@ — z) = Z Z Z zizjze - (11b)
i>j>k k= i#j l>j>k
It is then straightforward to prove [N, L, ,\(L) | Lett..75,.3.969 (1995); for”a review, sge, e.g.? F. Dalfovo,
Zi1>i7> >iL(Zi1 —z)(zi, — z¢) -+ (zi, — z¢) |Vac> for S. Giorgini, L. P. Pitaevskii, and S. Stringgari, Rev. Mod.
L =12,3,4,5 (we have omitted the proof for L = 4,5 Phys. 71, 463 (1999).

[2] C.K. Law, H. Pu, and N.P. Bigelow, Phys. Rev. Lett. 81,
5257 (1998); H. Pu et al., Phys. Rev. A 60, 1463 (1999);
S. Raghavan et al., J. Low Temp. Phys. 119, 437 (2000);

here due to page limit), just as the forms conjectured by
Bertsch and Papenbrock [5].
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