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Anomalous Dispersion Behavior of Multiple-Wave X-Ray Diffraction at Absorption Edges:
Determination of Phase Change at Resonance
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The effects of anomalous dispersion (resonance) on multiple reflection of x rays and their interference
in crystals at atomic absorption edges are studied. Intensity ratios of two inversion-symmetry-related
multiple diffractions at or near absorption edges exhibit highly phase-sensitive profiles with strong asym-
metric characteristics, unlike those far from the edges. A new resonance perturbation Bethe approach
is developed to explain this behavior. This leads to direct determination of the phase change for x-ray
reflections at resonance.
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Use of x-ray scattering/diffraction for atoms in excited
states or under resonance conditions is currently an impor-
tant experimental trend of probing atomic and electronic
structures of matter. Based on this, several techniques
have been developed, including diffraction anomalous fine
structure [1], x-ray resonance diffraction [2], multiwave-
length anomalous dispersion for macromolecular crystals
[3], etc. [4]. All of these involve simple Bragg diffraction,
the so-called two-wave diffraction. Recently, the method
of using multiple-wave diffraction, far from an excited situ-
ation (absorption edges), has been found useful in studying
phase transformations in crystals [5], interaction of electric
fields with crystals [6,7], and plasma diagnosis [8]. More
importantly, multiple diffraction is capable of solving the
phase problem [9–14], a long-standing topic in diffraction
physics and crystallography [15].

From a physics point of view, it would be interesting
to study multiple-wave diffraction from a crystal under
excitation conditions, for example, at an absorption edge
of a constituent atom. Then, several fundamental ques-
tions can be asked to understand the interaction of an
x-ray wave field with atoms in electronic transitions. For
example, how is the diffraction intensity related to the
anomalous dispersion caused by the resonance between
x-ray waves and the atoms? What additional informa-
tion can be extracted from multiple-wave interaction at
resonance? Attempts to clarify these issues had been
pursued experimentally and numerically [16] but with-
out success, mainly, because the photon energies used are
far (around 500–800 eV) from that of absorption edges
(DE � 20 eV). A similar investigation in the same en-
ergy region has also been reported in Ref. [13]. In this
Letter, we present a rather complete and detailed experi-
mental investigation using two inversion-symmetry-related
(ISR) three-wave diffractions at absorption edges. A reso-
nance perturbation Bethe (RPB) approach is newly devel-
oped to account for the observed anomalous behavior and
to provide fundamental understanding of x-ray multiple-
wave interaction at resonance. Extra information, such as
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the spectral distribution of reflection phase change due to
x-ray resonance, is determined.

Multiple-wave diffraction of x rays in crystals takes
place when several sets of atomic planes simultaneously
satisfy Bragg’s law. In a three-wave (O, G, L) diffraction,
the crystal is aligned for the primary G reflection and
then rotated (the azimuthal c scan) around the reciprocal
lattice vector of the G reflection to satisfy Bragg’s law for
the secondary L reflection. The interaction among the G
reflection and the detoured reflection, which is produced
by the L reflection via the G 2 L coupling, modifies
the intensity of the primary reflection. This intensity
modification can be explained by employing the pertur-
bational Bethe [10,11] and the Born [12,17] or expanded
distorted-wave Born [18] approximations. Generally, the
intensity modification is related to the phases dG , dL,
and dG2L of G, L, and G 2 L reflections and also to
the phases d2G, d2L, and dL2G of the inverse reflections
2G, 2L, and L 2 G. More precisely, it is related
[10,11] to the triplet phases d1 � 2dG 1 dL 1 dG2L

and d2 � 2d2G 1 d2L 1 dL2G of the structure-factor
triplets FLFG2L�FG and F2LFL2G�F2G , and also
to the phase sums, hereafter called resonance phases,
DG � dG 1 d2G, DL � dL 1 d2L, and DG2L �
dG2L 1 dL2G of the structure-factor products FGF2G ,
FLF2L, and FG2LFL2G , respectively. Far from the
absorption edges, for negligibly small anomalous disper-
sion, the values of DG , DL, DG2L, and triplet resonance
phase D � d1 1 d2 � 2DG 1 DL 1 DG2L are close
to zero. In this case, the Friedel pairs of c scanned
profiles, for two ISR three-wave reflections (O, G, L) and
(O, 2G, 2L), can be described by quasiuniversal func-
tions [19] with the same asymmetry. At the absorption
edges, where Friedel’s law is no longer valid, the values
of all resonance phases can differ from zero dramatically
that show anomalous behavior of x-ray multiple-wave
diffraction. These are reported in this Letter. The reso-
nance phases are therefore the actual phase changes due to
resonance.
© 2001 The American Physical Society
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The behavior of three-wave diffraction is investi-
gated for a noncentrosymmetric crystal GaAs at the
K-absorption edges of gallium (Ek�Ga� � 10 369 eV) and
arsenic (Ek�As� � 11 869 eV). The symmetrical Bragg
reflection 222 with a p-polarized incident radiation is
employed as the reflection G. The experiments were
carried out at the wiggler beam line SB-05 of the Syn-
chrotron Radiation Research Center. The vertical and
horizontal angular divergences and the energy spread of
the beam were 0.010±, 0.025±, and 2 eV, respectively.
The beam energy could be stepped 0.2 eV by turning the
double-crystal Si(111) monochromator.

Figures 1 and 2 show the c scanned three-wave pro-
files at the Ga and As K edges for two ISR cases “1”
�000, 222, 331� and “2” �000, 222, 331�. The direction
of the c scanning corresponds to the movement of the
reciprocal lattice points of the reflections 331 and 331
towards the Ewald sphere. Figures 1 and 2 show high
sensitivity of the profile shape to the incident photon en-
ergy. The changing of the profile asymmetry is observed
for both ISR cases when the energy is crossing the As K
edge (Fig. 2), while only for the case “2” when crossing
the Ga K edge (Fig. 1).

The RPB approach with the improved resonance term
for the secondary reflection is developed to account for
the observed behavior. According to the perturbational
approach, the three-wave wave field �DG�3� is the sum of
the two-wave �DG�2� and the detoured �DG�d� wave fields,

�DG�3� � �DG�2� 1 �DG�d� � 2xG
�PGLDO�AG , (1)

where DO is the magnitude of the incident wave field, and

�PGL � �pG�2� 1 f1eid1 �pG�d��AL (2)

is the perturbational polarization vector; �pG�2� � �sG 3

��sG 3 �p� and �pG�d� � �sG 3 ��sG 3 ��sL 3 ��sL 3 �p��	
are the polarization vectors of the primary and detoured

FIG. 1. The measured three-wave peak profiles at the Ga K
edge. Profiles (a)–(e) are obtained for energies indicated in ( f )
on the absorption spectrum of GaAs at the edge. Intensities
are given in units of two-wave intensity for the case (e). Solid
circles: “1” case; open circles: “2” case.
diffracted waves; �p (� �s or �p) is the polarization
state of incident wave; �sG and �sL are the unit vec-
tors of the primary and secondary diffracted waves;
AH � 2k2�K2

H 1 �1 2 xO� for H � G, L is the reso-
nance term; and xH is the Fourier component of the
crystal polarizability proportional to the structure factors
FH (H � G, L, G 2 L). The factor f1 is defined as
f1 � jxG2Lj jxLj�jxGj.

According to the Bethe approximation [10,11], the reso-
nance term AG is related to the solution of the perturbed
dispersion equation. For a symmetrical Bragg primary
reflection, it is expressed [11] as

AG � 2zG 1

q
z2

G 2 xGx2GP
p
GLP

p
2�GL� , (3)

where P
p
GL � � �PGL ? �p� and P

p
2�GL� � � �P2�GL� ? �p�.

Here, �P2�GL� is the same as �PGL except for changing all
the reflections H to 2H. zG is a function of the deviation
DuG from Bragg angle uG:

zG � DuG sin2uG 1 xO

1 �aOxLx2L 1 aGxG2LxL2G��2AL , (4)

where aO � aG � 1 2 ��sL ? �s�2 for a s polarized
and aO � 1 2 ��sL ? �pO�2, aG � 1 2 ��sL ? �pG�2 for a
p-polarized incident waves.

For the resonance term AL, the two-wave approximation
is employed. For a given nonsymmetrical Bragg two-wave
reflection L, the AL is a function of DuG and azimuthal
angle DcG of the primary reflection:

AL � 2zL 1

q
z2

L 2 aOxLx2LgL�gG , (5)

where gG and gL are the direction cosines of �sG and �sL

with respect to the inward surface normal, and

zL � WcDcG 1 WuDuG 1 xO�1 1 gL�gG��2 , (6)

with Wu �
p

1 2 ��sL ? �s�2 2 g2
L sinuG 1 sin2uGgL�2gG

and Wc � ��sL ? �s� cosuG . In Eqs. (3) and (5) the square
roots are taken with positive imaginary parts.

FIG. 2. The measured three-wave peak profiles at the As K
edge. Profiles (a)–(e) are obtained for energies indicated in ( f )
on the absorption spectrum of GaAs at the edge. Intensities
are given in units of two-wave intensity for the case (e). Solid
circles: “1” case; open circles: “2” case.
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Figure 3 shows the semi-integral profiles RG�DcG� �R
j �DG�3� �D�

G�3�j d�DuG� calculated for GaAs�000, 222, 331�
by the RPB approach. The atomic scattering factors due to
anomalous dispersion [see Figs. 3(c) and 3(g)] are used for
these calculations [20]. For comparison, the semi-integral
profiles obtained by direct dynamical calculation [21] are
also shown in Fig. 3. The excellent agreement between the
results obtained by the two approaches is observed. Fig-
ure 3 shows qualitatively the same behavior for calculated
profiles as that obtained experimentally. Clearly, the Born
approximation, using a two-wave approach for AG , cannot
give such satisfactory agreement at the absorption edges.

Analysis for the function RG�DcG� is complicated.
Therefore, to reveal the main anomalous behavior of the
profiles, we use additional approximations. The depen-
dence of zL on the angle DuG is neglected. In this
case, RG�DcG� 
 j �PGL

�P�
GLjI�DcG�, where I�DcG� �

D2
O

R
�1�jAGA�

Gj� d�DuG�. The term j �PGL
�P�

GLj depends
2028
on the phase d1, while I�DcG� depends on the phases
d1, d2 and the resonance phases DG , DL, DG2L. Four
of these five phases are linearly independent. As men-
tioned above, the resonance phases differ dramatically
from zero at the absorption edge [see, for example,
Figs. 4(a) and 4(c) for D � 2DG 1 DL 1 DG2L], and
that considerably complicates the behavior of the multiple-
wave diffraction. Nevertheless, numerical calculations
show that, at the absorption edges, the term I�DcG� of
RG�DcG� gives the phase shift of several tens of degrees
in addition to phase d1. I�DcG� is the same for the two
ISR cases. Therefore, we consider the ratio R�DcG� �
RG�DcG��R2G�DcG� 
 j �PGL

�P�
GLj�j �P2�GL� �P�

2�GL�j be-
tween the reflection coefficients (or intensities) for the two
ISR cases. Figure 3 shows the ratios R�DcG� [in units of
the correspondent two-wave intensities] obtained from the
RPB approach as dashed lines.

According to [22], this ratio can be estimated as
R�DcG� 
 jxG�x2G j
2�1 1 �2DcGdc 2 2hLds 1 d����DcG 2 c2�2 1 q2

2�	 , (7)
where the width hL � 2x
00
O�1 1 gL�gG��2 1p

aOjxLj jx2LjgL�gG , dc � ps� f1 cosd1 2 f2 cosd2�,
ds � ps� f1 sind1 2 f2 sind2�, d � pd� f2

1 2 f2
2�, c2 �

2psf2 cosd2, q2
2 � �hL 2 psf2 cosd2�2 1 f2

2�pd 2

p2
s �, ps � � �pG�2� ? �pG�d���p2

G�2�, pd � p2
G�d��p2

G�2�, and
f2 � jxL2Gj jx2Lj�jx2Gj. From Eq. (7), it follows that
dc is roughly proportional to sin�D�2� sin�Dd�2�, where
Dd � d1 2 d2 is the phase difference. For the clarifica-

FIG. 3. The three-wave peak profiles at the (a)–(b) Ga K
edge and (d )–(e) As K edge obtained by the RPB approach
(solid lines) and by direct dynamical calculation (solid circles:
“1” case; open circles: “2” case). Profiles are calculated for
energies indicated in (c) and (g) of the dispersion corrections f 0

and f 00 of the correspondent K edges. Intensities (a)–(b) and
(d )–(e) are given in units of two-wave intensity for cases (b)
and (e), respectively. The dash curves are the ratios R�DcG�
explained in the text.
tion of the behavior of peak profiles, Figs. 4(a) and 4(c)
show the distributions of phases d1, d2, D�2, and Dd�2
calculated with the dispersion corrections [20]. Consider
the three spectral regions: region I—E , Ek�Ga�; re-
gion II—Ek�Ga� , E , Ek�As�; region III—E . Ek�As�.
In region I, D and dc are close to zero, and therefore the
ratio R�DcG� is practically a symmetrical function close
to a Lorentzian, and the two ISR cases have the same
asymmetry of peak profiles. This is the characteristic [19]
of the peak profiles far from absorption edges. When
the energy approaches the Ga K edge, the ratio becomes
slightly asymmetrical [see Fig. 3(a)], and the asymmetry
increases dramatically in region II with increasing D

FIG. 4. The distributions of the phases d1, d2, D�2, and
Dd�2: the calculated ones for the (a) Ga K edge and (c) As
K edge; the experimentally determined ones for the (b) Ga K
edge and (d ) As K edge.
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[see Fig. 3(b)]. In regions II and III at the As K edge,
the changing of the ratio asymmetry is observed [see
Figs. 3(d) and 3(e)] that is accompanied with the changing
of the sign of D [see Fig. 4(c)]. The change of the ratio
asymmetry is independent of the change of asymmetry of
the individual peak profiles. The latter occurs when the
phases d1 or d2 cross over the values around 690±. All
the considered reflections give the comparably large con-
tributions to the change of the triplet phases d1 and d2 at
the absorption edges. For the “weak” reflection G�222� of
the zinc blende structure, the change of the phase around
25± for the Ga K edge and 36± for the As K edge in
the energy regions shown in Fig. 4 is mainly determined
by the change of the imaginary part f 00 [see Figs. 3(c)
and 3(g)], while for the “strong” reflections L�331� and
G 2 L�1 13�, the change of the phases (around 19± and
17± for L; and 16± and 15± for G 2 L) is mainly related
to the change of the real part f 0.

Figures 4(b) and 4(d) show the distributions of phases
d1, d2, D�2, and Dd�2 determined from the best fit to the
pairs of the experimental profiles for the two ISR cases
with that obtained by the RPB approach using various
values of the dispersion corrections f 0 and f 00. The use
of the RPB approach to fit the pairs of the profiles ob-
tained by the direct dynamical calculation gives the accu-
racy better than 2± for the phase determination, while the
estimate of the directly calculated profiles from the meth-
ods (for example, [19,22]), conventionally used far from
absorption edges, gives at the absorption edges an accu-
racy worse than 20±. Note that our aim is not to demon-
strate the phase determination at absorption edges, because
there is no practical necessity to go to the absorption edges
for phase determination by the multiple-wave diffraction
method, but to determine the spectral distribution of the
resonance phase, namely, the reflection phase change due
to resonance. Also, such highly sensitive behavior of the
ratios could not be realized for every three-wave diffrac-
tion. It could be realized only for the case in which the
phase D is changed dramatically with the changing of the
incident photon energy. This takes place mainly when
the direction of changing DG is opposite to that of DL

and DG2L.
In conclusion, the anomalous behavior of multiple-wave

x-ray diffraction at the absorption edges is experimentally
observed and theoretically fitted for the first time. The
changing of the ratio asymmetry of the profiles for the two
ISR cases results from the anomalous dispersion correc-
tions in the structure factors due to the significant change
of the resonance phase at the absorption edge. The RPB
approach is developed to account for this behavior. Ex-
cellent agreement between the experimental and theoreti-
cal results is obtained. The proposed experimental and
theoretical approaches allow for the determination of the
changes of x-ray reflection phases under resonance condi-
tions with a high accuracy. This provides a highly sensitive
way for experimental investigation of the spectral distribu-
tion of reflection phase change due to the resonance.
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