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Resolution of the Frozen-Charge Paradox in Stopping of Channeled Heavy Ions
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The long-standing problem of the lacking signature of a Barkas effect in the stopping of swift heavy
ions under channeling conditions has been analyzed theoretically. The stopping model provides explicit
dependences on impact parameter and allows for projectile screening and higher-order Z1 corrections.
The analysis differentiates between principal target shells. A distinct Barkas correction is found in
accordance with standard theory. It is less pronounced for channeled than for random stopping because
of the dominance of outer target shells. Varying contributions from different target shells to the stopping
force may give rise to an inversion of the commonly observed variation with ion energy and charge state
of the Barkas correction.
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Swift heavy ions penetrating through crystals under
channeling conditions can retain “frozen charge states,”
since the suppression of small-impact-parameter collisions
may significantly reduce the frequency of electron capture
and/or loss by the projectile [1]. This phenomenon has
been utilized to study the electronic stopping of swift
ions as a function of the ion charge q1e in a series of
by now classic experiments [2–4]. The main goal of
those studies was to elucidate the Z3

1 (or Barkas) effect,
which refers to deviations from the Z2

1 dependence of the
standard stopping force on the atomic number Z1 of the
projectile [5]. Experiments were performed with bare
and dressed ions of atomic number Z1 # 17 at velocities
y�y0 � 9 12 (y0 � Bohr velocity) penetrating along
the �111� planar channel in Au [1–3] and the �110� axial
channel in Si [4].

The Z3
1 correction is caused by target polarization, it is

positive for positively charged projectiles and decreases
with increasing speed [6,7]. Such a behavior was not
found in the experiments quoted. For bare ions with
5 # Z1 # 17, deviations from Z2

1 scaling, when observed
at all, were increasing with energy. For dressed ions, mea-
sured deviations from q2

1 scaling were either insignificant
or increasing with decreasing charge and hence were as-
cribed to incomplete screening.

The existence of the Z3
1 effect is well established both

experimentally and theoretically, in particular by experi-
ments involving antiprotons [8]. As long as the experimen-
tal results quoted above can be taken as evidence against
this effect, there is a fundamental problem that warrants re-
solving. While an effort in that direction was made on the
basis of an electron-gas model [9], that analysis focused
on bare ions and only qualitatively considered projectile
screening.

Recent theoretical studies of heavy-ion stopping
[10–12] based on the Bohr theory [13,14] incorporate
screening and higher-order Z1 effects. Good agreement
0031-9007�01�86(8)�1486(4)$15.00
has been obtained with experimental data on random
slowing down over a wide velocity range [10,12,15,16].
Since these calculations invoke an impact parameter, they
should be applicable to channeled ions as well. We note
that ions and velocities involved in these experiments all
lie well within the “classical” regime [17].

If T �p� is the mean energy loss experienced in an indi-
vidual collision event at impact parameter p, the stopping
force is given by
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for axial channeling, where p� is the distance between the
trajectory and the �th set of neighboring strings of atoms,
z� the number of strings per set, and d� the interatomic
distance in the string. For planar channeling and random
trajectories, on the other hand, the stopping force may be
found by appropriate integrations of T �p� over the impact
parameter.

For screened heavy ions the energy-loss function at large
impact parameters has been found to be given by [10]
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where Z2 is the atomic number of the target material,
zn � vnp�y, b � q1�Z1, an �

p
1 1 �y�avn�2, a �

aTF�1 2 b�, aTF � 0.8853a0�Z
1�3
1 (a0 � Bohr radius),

and K0, K1 are modified Bessel functions in standard no-
tation. vn and fn are resonance frequencies and oscillator
strengths characterizing the stopping medium (

P
n fn �

1). For a stripped ion Eq. (2) reduces to Bohr’s result for
distant collisions [13]. For b , 1 the relation reflects ex-
ponential screening by Z1 2 q1 projectile electrons with a
screening radius a.
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TABLE I. Resonance frequencies and oscillator strengths for
solid Si [8]. j21 from Eq. (3) for 3.086 MeV�u Cl ions.

Shell n h̄vn (eV) fn j21

1 (K) 3179 0.1222 1.448
2 (L) 249 0.5972 0.1134
3 (M) 20.3 0.2806 0.009 226

For small p, T �p� needs to reflect the close-collision
behavior. This is important for random stopping. Free-
Coulomb scattering [13] is adequate as a first approxi-
mation [14]. Improved estimates have been found by the
binary theory developed recently [12] which incorporates
higher-order Z1 terms nonperturbationally.

We have chosen measurements on Si [4] for our analysis
because of the small number of target shells involved and
because of the straight dependence of the stopping force
on T �p�, Eq. (1), and chlorine projectiles because of the
large number of charge states for which measurements
were reported. However, no major qualitative differences
have been pointed out between the experimental data on Si
and Au and various projectile ions involved.

Table I shows resonance frequencies and oscillator
strengths for the principal target shells, determined by
bundling [8] tabulated optical spectra [18]. Also included
is the factor

j21 � Z1e2v�my3, (3)

which is known to govern the magnitude of the Z3
1 correc-

tion [6,7], for 3.086 MeV Cl ions in Si [4]. This factor
varies rapidly from shell to shell. Channeled particles are
stopped mainly by interaction with outer-shell target elec-
trons. Clearly, the Z3

1 effect must be less significant for
channeled than for random stopping.

Figure 1 shows shellwise contributions to the calculated
stopping force on fully stripped chlorine ions for random
trajectories in silicon, calculated from Eq. (2) and from the
binary theory, respectively. The contributions from the L
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FIG. 1. Contribution of principal target shells to random-
stopping force on fully stripped Cl ions in Si. Solid lines: non-
perturbative [12]; dashed lines: Bohr allowing for screening [10].
and M shells cross over around 2 MeV�u, while the K
shell appears insignificant in the depicted velocity range.
In order to illustrate the effects of screening as clearly
as possible we show the corresponding graph for neutral
projectiles (Fig. 2) even though experimental data are
available only for charge states down to 10. The contribu-
tion from the M shell is more heavily attenuated than that
from the L shell, while that from the K shell is essentially
unchanged. Clearly, screening affects distant interactions
which are most pronounced for the most weakly bound
target electrons. The total stopping force is reduced by
less than a factor of 3 over most of the depicted velocity
range; i.e., screening is far from complete. This reflects
the importance of close collisions in random stopping.

The difference between full-drawn and dashed curves
reflects third- and higher-order Z1 terms. For the stripped
ion, Fig. 1, the relative difference is seen to increase dra-
matically from the M shell to the K shell. For the neu-
tral projectile (Fig. 2) the Z3

1 effect appears enhanced on
a relative scale. This, together with the attenuation of
stopping by M electrons —where the Barkas correction
was weakest —implies an enhanced Barkas effect with in-
creasing screening. This is illustrated in Fig. 3, where the
stopping number L � �my2�4pZ2

1Z2e4N� �2dE�dx�, di-
vided by q2

1, is plotted against the number of electrons
on the ion. The curve labeled “Bohr”—which is based
on Eq. (2)—illustrates the effect of incomplete screen-
ing. The curve labeled “binary” adds the Barkas correc-
tion which enhances the effect of incomplete screening,
i.e., acts in the direction opposite to what would have been
expected.

Figure 4 shows the calculated stopping force on chlorine
ions well channeled along the �110� direction in silicon for
both fully stripped and neutral ions, taking into account
the interaction with the nearest-neighbor strings (z1 � 6,
p1 � 2.032 Å) all calculated on the basis of Eq. (2). Fig-
ure 5 shows that second-neighbor rows do not influence the
general picture and give rise to only a minor quantitative
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FIG. 2. Contribution of principal target shells to random-
stopping force on neutral Cl ions in Si. Solid lines: nonpertur-
bative [12]; dashed lines: Bohr allowing for screening [10].
1487



VOLUME 86, NUMBER 8 P H Y S I C A L R E V I E W L E T T E R S 19 FEBRUARY 2001
0

0.01

0.02

0 2 4 6 8

Binary
Bohr

no. electrons

L/
q 12

FIG. 3. Stopping number L for 3.086 MeV�u Clq11 in Si di-
vided by the square of the ion charge; random stopping.

correction. For stripped ions stopping is heavily dominated
by the M shell. According to Fig. 1 this must imply a
very small Barkas correction. However, the contribution
from the L shell increases rapidly over the depicted energy
interval while that of the M shell decreases. This causes
the Barkas term originating in the L shell to increase with
increasing velocity. An effect like this is likely to cause a
Barkas correction increasing with energy in gold [3].

For neutral projectiles we first notice a reduction in
the total stopping force by 4 orders of magnitude. This
means that screening is essentially complete. The fact that
stopping due to L electrons is now competitive ought to
produce a trend toward a Barkas effect increasing with
decreasing ion charge and thus could explain experimental
observations [3,4]. However, this trend is not dominant, as
is seen in Fig. 6 which shows the calculated Barkas correc-
tion rising linearly with q1 up to �3% for the fully stripped
ion. This appears consistent with Fig. 4: In case of nearly
complete screening a channeled ion with charge q1 must
be equivalent with a bare ion with the same charge.
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FIG. 4. Stopping of 3.086 MeV�u Cl ions in �110� axial chan-
nel in Si: Total stopping force and contributions from L and M
shells for stripped and neutral particles; calculated from Eq. (2);
first neighboring channels only; Barkas term not included.
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FIG. 5. Contributions from first and second neighboring rows
to stopping. Parameters as in Fig. 4. Stripped ions only.

While the Barkas effect hinges on inner electrons and is
thus well characterized by the Bohr theory, a computation
of the total stopping force is more problematic in view of
the dominating role of valence electrons under channeling
conditions. Since the Bohr theory assumes all target elec-
trons to be located initially on lattice sites, close collisions
are completely suppressed. This must underestimate stop-
ping, in particular, due to valence electrons. For an error
estimate we have considered two distinct effects:

(1) For a nonvanishing orbital radius rn, the energy loss
in the Bohr model is enhanced by an amount DT with
DT�T � 2r2

n�3p2 at large impact parameters p. This
causes a �4.5% enhancement for rn � a0 which is more
important than errors due to the neglect of thermal vibra-
tions, Barkas effect, and the adopted excitation spectrum
but has been ignored in the following.

(2) Valence electrons located near the channel center
allow for close collisions. Their contribution to stopping
is tentatively approximated by random stopping.

Table II shows results taking into account the second
effect. Reference [9] quotes a calculated density of
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FIG. 6. Stopping force divided by q2
1 for channeled

3.086 MeV Cl ions in Si; first-neighbor channels only.
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TABLE II. Calculated contributions to stopping force (in MeV cm2�mg) on 3.086 MeV Cl171

ions in �110� axial channel in Si. See text.

0% random 23% random 46% random

M shell, random 0.000 2.079 4.157
M shell, 1st neighboring string 2.337 1.797 1.257
M shell, 2nd neighboring string 0.796 0.612 0.428
L shell, 1st neighboring string 0.094 0.094 0.094

Total 3.227 4.582 5.936
0.0495�Å3 electrons in the channel center, corresponding
to 23% of all M electrons. The third column shows the
contributions to the stopping force from individual shells
taking this as a lower bound on random stopping. Dou-
bling that contribution —which would reflect an average
electron density being equal to the calculated electron
density 0.7 Å away from the channel center —leads to
the results quoted in the fourth column. The resulting
stopping force of 5.936 MeV cm2�mg compares well with
the measured value of 6.105 MeV�u Cl171 [4], while a
model assuming all M electrons on lattice sites (second
column) would lead to an underestimate by almost a
factor of 2.

It is the random component which is asserted to be re-
sponsible for the screening effect observed experimentally.
The equivalent of Fig. 3 for just the M shell in Si predicts
a 12.2% increase in L�q2

1 from the stripped ion to four car-
ried electrons and 17.8% for seven electrons. For a 23%
random-stopping contribution from the M shell this leads
to a 5.5% increase in the total stopping force for a Cl ion
carrying four electrons and 17.8% for seven electrons. This
may be compared with measured figures of 3.9% and 12%,
respectively [4].

Our main conclusion is that the absence of a visible
Barkas effect in stopping under channeling conditions —
whether involving bare or screened ions —does not by any
means contradict the presence of a pronounced effect in
random stopping under otherwise identical conditions. We
emphasize that under channeling conditions the Barkas
effect does not only hinge on the parameter j, Eq. (3),
but also on zn � vnp�y which causes further attenuation
for the most widely open axial and planar channels. We
find it interesting that incomplete screening and Barkas
effect may act in the same direction instead of opposite,
but note that this may be more important in random than
in channeled stopping.
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