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Evidence of Hofstadter’s Fractal Energy Spectrum in the Quantized Hall Conductance

C. Albrecht,1 J. H. Smet,1 K. von Klitzing,1 D. Weiss,2 V. Umansky,3 and H. Schweizer4

1Max-Planck-Institut für Festkörperforschung, D-70569 Stuttgart, Germany
2Institut für Experimentelle und Angewandte Physik, Universität Regensburg, D-93040 Regensburg, Germany

3Braun Center for Submicron Research, Weizmann Institut, Rehovot 76100, Israel
4IV Physikalisches Institut, Universität Stuttgart, D-70550 Stuttgart, Germany

(Received 17 May 2000)

The energy spectrum of a two-dimensional electron system in a perpendicular homogeneous magnetic
field and a weak lateral superlattice potential with square symmetry is composed of Landau bands with
recursive internal subband structure. The Hall conductance in the minigaps is anticipated to be quantized
in integer multiples of e2�h that vary erratically from minigap to minigap in accordance with a Diophan-
tine equation. Hall measurements on samples with the requisite properties uncover this long searched
for evidence of Hofstadter’s butterflylike energy spectrum.
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The problem of electrons confined to a plane under the
simultaneous influence of a two-dimensional periodic po-
tential and a tunable perpendicular magnetic field has long
intrigued theorists and experimentalists alike. The mag-
netic length lB and lattice constant a characterize the elec-
tron’s motion and conspire to rich physics that culminates
in the fractal single particle energy spectrum, referred to as
Hofstadter’s butterfly [1]. It reconciles the adverse proper-
ties of the two extremes: an energy spectrum consisting of
discrete, highly degenerate Landau levels in the absence of
the periodic potential and energy bands associated with
Bloch waves that exhibit the translational symmetry of the
lattice in the absence of the magnetic field. In the theory,
the self-similar energy spectrum is obtained from both the
complementary, but mathematically equivalent, limiting
cases, where either the influence of the magnetic field on
the strong lattice potential in the tight-binding approxi-
mation [1–3] or the influence of the modulation potential
on the Landau-quantized two-dimensional electron system
(2DES) [3–5] may be considered as a small perturbation.
In both cases, the energy spectrum is obtained by solving
Harper’s equation [2]. The solution of a nearly equivalent
equation that describes the propagation of microwaves in
a one-dimensional array of scatterers has been verified in
experiment [6].

Starting from a Landau ladder, the addition of a one-
dimensional sinusoidal potential, sufficiently weak to guar-
antee that Landau level mixing can be ignored, lifts the
degeneracy and broadens the Landau levels into nonover-
lapping bands [7]. The width of a Landau band with index n
�n � 0, 1, . . .� oscillates as the magnetic field is tuned and
vanishes whenever the cyclotron radius, Rn � lB

p
2n 1 1,

corresponding to this Landau level is commensurate to the
lattice period in accordance with the so-called flat band
condition 2Rn � a�l 2 1�4�, where l is an integer oscil-
lation index. Periodic modulation in the perpendicular di-
rection splits each Landau band into p subbands of equal
weight if the magnetic flux per unit cell of the periodic
potential, f � Ba2, takes on a rational multiple p�q of
0031-9007�01�86(1)�147(4)$15.00 ©
the flux quantum f0 � h�e, where p and q are relative
primes. For values of f�f0 with ever larger p near some
rational ratio p0�q0 with small p0 the number of subbands
will increase accordingly and at irrational values the num-
ber even goes to infinity. However, minigaps that exist at
p0�q0 are preserved over some finite range of f�f0, since
subbands cluster into groups (as evident in Fig. 1). Ulti-
mately, it is this property of the recursive structure of the
energy spectrum that enables experimental observation of
the internal Landau band structure, since only primary gaps
separating clusters of subbands will survive in any physical

FIG. 1. The energy spectrum inside the Landau band as a func-
tion of f0�f � q�p (see also Ref. [12]). The energy E on the
ordinate is normalized to the bandwidth. The contribution of
the Landau band, se2�h, to the total Hall conductance when
the Fermi energy is located within one of the primary minigaps
is given in units of e2�h. The encircled digits and letters indi-
cate the position corresponding to SdH-maxima for the 120 nm
and 100 nm lattices in Figs. 2 and 4 respectively.
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realization due to disorder-induced broadening and lattice
imperfections.

For the periodic potential induced by the semiconductor
crystal that hosts the 2DES, the experimentally accessible
steady fields come 4 orders of magnitude short to enter the
interesting regime where f�f0 approaches values of order
1 so that clusters of subbands are separated by large gaps.
Experimentalists have, in their chase for the butterfly, re-
sorted to lateral two-dimensional superlattices patterned on
top of a 2DES to impose a superstructure with increased
periodicity, as originally proposed by Hofstadter [1], in or-
der to produce artificial crystals with sufficiently large unit
cells and to relax the magnetic field requirement. Still, un-
covering Hofstadter’s fractal energy spectrum has turned
out to be a formidable task due to the stringent and, in part,
contradictory requirements on the sample. Direct spectro-
scopic techniques of the density of states or energy spec-
trum are not yet feasible and attempts have focused on
magnetotransport. Resolving the minigaps, despite un-
avoidable disorder induced broadening, compels large
modulation strengths to create wide Landau bands, since
their width is proportional to the potential strength, and
sufficiently strong magnetic fields to ensure well-separated
bands. To shift the relevant region f�f0 � 1 to these
fields, superstructures with small lattice constants on the
order of 100 nm are called for. However, since electric
fields at the surface decay exponentially with the ratio of
the 2DES depth to the period, sustaining equal modulation
strength becomes excessively difficult the smaller the lat-
tice constant and requires shallow 2DESs that are bound to
suffer from increased disorder due to the reduced spacer
thickness between heterointerface and dopants. Larger B
fields also imply an improved, undesirable screening [8],
which diminishes the modulation amplitude. A compli-
cated set of interrelated trade-offs results and the experi-
mental window for detection shrinks to a very limited
region.

Unequivocal evidence of the Hofstadter spectrum in
magnetotransport should be composed of three constitu-
ents: (i) the observation of splitting of a Shubnikov–
de Haas (SdH) maximum in multiple peaks attributed to
the dominant energy bands and gaps in the fractal energy
spectrum; (ii) a clear identification of the gaps as either a
gap between Landau bands or an internal minigap within
one Landau band with the aid of temperature dependent
measurements; (iii) a verification of the prediction by
Thouless et al. and Středa [9] on the behavior of the
Hall conductance as the Fermi energy is swept through a
Landau band containing minigaps. In the absence of the
periodic modulation, the Hall conductance sH is quantized
between Landau levels in integer multiples of e2�h. Con-
trary to classical considerations of the Hall current
supported by a modulation broadened Landau band with
minigaps that would suggest that each subband carries a
fraction of this Hall current, Laughlin’s gauge invariance
argument [10] applies equally well to minigaps, irre-
spective of their origin. It dictates a quantized Hall
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conductance in integer multiples of e2�h even in these
minigaps. Thouless and co-workers [9] derived that for
Hofstadter’s butterfly these multiples s form an irregular
sequence that obeys the Diophantine equation:

g � wq 1 sp, jwj # p�2 , (1)

where f�f0 � p�q; p, q � 1, 2, 3, . . . and w, s �
0, 61, 62, . . . . In this expression, g is the gap index that
goes from 1 to p 2 1, since there are p subbands. If the
Landau band with index n is only partially filled and the
Fermi energy is located in the gth minigap, the total Hall
conductance is equal to the sum of se2�h and ne2�h,
since n bands are completely filled. For example, if f�f0
equals 3�2, the Landau band is split into three subbands.
If the Fermi energy is located in the lowest minigap
�g � 1�, Eq. (1) is satisfied for w � 21 and s � 1, and
thus the partially filled Landau band n adds e2�h to the
Hall conductance. For the second minigap �g � 2�, w and
s are 1 and 0, respectively and the partially filled band
does not contribute to the total Hall conductance. In Fig. 1
the internal spectrum of the Landau bands is plotted versus
f0�f and s values are included for the largest gaps. The
Hall conductance does not necessarily vary in a monoto-
nous fashion as in the case without 2D modulation. When
considering only the largest minigaps, the contribution of
the Landau band to the Hall conductance exhibits either the
0-0-1-1 sequence or 0-1-0-1 sequence in units of e2�h
when the Landau band is successively filled, depending
on whether the magnetic flux per unit cell is smaller or
larger than 2f0, as drawn schematically later in Fig. 3(b).
Moreover, since the value of the Hall conductance depends
on the minigap index g, it discloses far more information
on the internal structure of the Landau band than the lon-
gitudinal resistivity does, which simply drops to zero for
every gap. Even if so, the behavior of sH in such systems
has been ignored entirely in experiment and a first glimpse
of Hofstadter’s butterfly was announced in Ref. [11] based
on a study of the longitudinal resistance only.

Here, we report on the Hall resistance, the longitudinal
resistance, and its temperature dependence to address all
three points (i)– (iii). By combining these quantities, min-
ima and even weak shoulder structures modifying the SdH
peaks can be identified with great confidence and the in-
terpretation can be checked for consistency. A transition
from monotonous to nonmonotonous behavior of the Hall
resistance, as the symmetry line of the butterfly in Fig. 1 at
f�f0 � 2 is crossed, is confirmed and provides clear-cut
evidence for the internal Landau band structure induced
by the potential of the underlying artificial crystal. This
combined study opens the way to investigate more com-
plex cases with overlapping Landau bands [12] or where
interaction plays an important role [8].

The starting material for the fabrication of the lateral su-
perlattices is a shallow GaAs�AlGaAs heterostructure with
the heterointerface 48 nm underneath the surface. A wet
chemical etch produces a mesa in the shape of a Hall bar
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with the geometry factor equal to 1. After alloying Ohmic
contacts the sample is spin coated with a 200-nm-thick
positive PMMA resist layer. A square grid of cylindrical
holes with a periodicity of either 100 or 120 nm is defined
in the resist layer with the aid of electron-beam lithog-
raphy. A shadow mask evaporation covers the electron-
beam patterned region of the Hall bar with a 200-nm-thick
NiCr�Au layer. It serves as a gate electrode and is peri-
odically displaced from the 2DES by the underlying re-
sist layer. The electron mobility of the unpatterned and
patterned sample is approximately 2.1 3 106 and 1.5 3

106 cm2�V s at a carrier density of 3 3 1011�cm22. Pre-
vious experiments on samples of similar design [13] have
indicated that the 2D modulation originates mainly from
stress or Fermi level pinning effects at the semiconductor
surface, rather than from the applied gate voltage. The
modulation amplitude is on the order of 0.6 meV, so that
we are in the weak coupling regime [12]. The longitudi-
nal and Hall resistance were measured with conventional
lock-in techniques in a dilution refrigerator.

Figure 2 depicts the longitudinal and inverse Hall resis-
tance [14] of the 120 nm lattice, where the SdH minima
approach zero and Hall plateaus are well developed. The
SdH-maxima of interest are assigned the digits 1–7 from
high to low magnetic field and will be discussed consec-
utively. For ease of orientation, the same digits mark the
approximate f0�f values in Fig. 1. This example was
selected intentionally, since the symmetry axis of the Hof-
stadter butterfly at f�f0 � 2 is crossed and Landau bands
with an internal structure representative of the left and
the right side of the butterfly are both covered. The SdH
peak 1 between filling factor n � 16 �0.76 T� and n � 18
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FIG. 2. The longitudinal resistance Rxx and inverse Hall re-
sistance, 1�Rxy , for a 120 nm lattice at 50 mK. The quantized
values of Rxy are drawn as horizontal dotted lines. Vertical
dashed lines mark positions of vanishing Landau bandwidth.
The inserts depict the resolvable minigaps. The high tempera-
ture (1.5 K, bold) curve of Rxx is shown around the SdH-peak
marked 1.
�0.64 T� (spin splitting is not resolved yet) occurs where
minibands are clustered in three main groups, as indicated
schematically in the inset. As anticipated, the peak exhibits
a threefold splitting, even though one of the additional min-
ima is not fully developed yet and is only announced by
a shoulder structure. The detailed temperature dependent
study of Rxx confirms that these features originate from the
much smaller minigaps. For example, at 1.5 K (thick solid
line in Fig. 2) only the minima associated with gaps sepa-
rating adjacent Landau bands survive. Particularly note-
worthy is the behavior of the Hall conductance [14]. It
retains its quantized value of 16e2�h past the first mini-
band. As the Fermi energy is swept through the second
miniband by lowering the magnetic field, the Hall conduc-
tance makes the transition to 18e2�h and holds this value
while the third miniband is being filled. In other words,
we recognize the 0-0-1-1 sequence as predicted in Ref. [9]
for the left side of Hofstadter’s butterfly [Figs. 1 and 3(b)].
In a homogeneous 2DES, the plateaus in the Hall conduc-
tance do not extend beyond the minima in Rxx related to
the Landau level gaps, but instead the Hall conductance
gradually changes to its new value. This discrepancy with
the homogeneous system is the first indication of the inter-
nal structure to the Landau bands in the modulated 2DES.

As one comes closer to the symmetry axis (peak 2),
minibands still bunch into three sets (Fig. 1). However,
the middle set of minibands carries substantially less
weight [15] and the clear threefold splitting is lost. Con-
currently, the Hall conductance no longer goes through
a 0-1 transition as the Fermi energy passes through the
middle set, but rather acquires some average value in
between. A similar scenario holds for peak 3, 4, and
5, located on the right side of the butterfly. Minibands
coalesce into three groups in this region as well, but
as the number of states contained in the middle group
is far less significant, only the outer groups manifest
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FIG. 3. (a) Expanded view of the data in Fig. 2 near peak 6
and 7, including the schematic, idealized behavior of 1�Rxy .
(b) Behavior of the Hall conductance as the energy is swept
through the Landau band for the left and right side of Hofs-
tadter’s butterfly. Only the largest minigaps are considered.
149



VOLUME 86, NUMBER 1 P H Y S I C A L R E V I E W L E T T E R S 1 JANUARY 2001
1/
R

(e
/h

)
xy

2

R
(

)
xx

Ω

0.4 0.6 0.8
0

50

100

150

B (T)

16

20

24

28

32

Φ Φ/ 0

1 3/2 2

C

D

1.5 K

A
B

FIG. 4. The same as in Fig. 2 for the 2D-lattice with period
a � 100 nm, except that letters mark the SdH-maxima.

themselves in the experiment and cause a twofold splitting
of peak 5. The flat band condition is satisfied alongside
peaks 3 and 4 (dashed line in Fig. 2). Since the minigap
separating the outer groups scales with the nearly vanish-
ing width of the Landau band, the scattering-induced
broadening [16] conceals the splitting (inset, Fig. 2). The
evolution of the Hall conductance near peak 5 mirrors
the behavior at peak 2 with one noticeable disparity: in
between the plateaus, 1�Rxy dwells closer to the quantized
value on the high field side �24e2�h�, as opposed to our ob-
servation on the other side of the butterfly near f�f0 � 2
(peak 2), where 1�Rxy takes on a value closer to the low
field plateau. This heralds the fundamental difference—
despite the symmetry as far as the allowed energy states
are concerned —between the left and right wing of the
butterfly for sH . Other examples on the right wing,
tantamount to peak 5, are features A and C of the 100 nm
lattice in Fig. 4 (peak B lies at the flat band condition).

Maxima 6 and 7 in Figs. 2 and 3(a), and D in Fig. 4, re-
spectively, are placed to hit the point home. Sufficiently far
from the symmetry axis, the central cluster of minibands
has gained a sufficient number of states. The threefold
splitting ensues and the Hall conductance executes its non-
monotonous 0-1-0-1 sequence, characteristic for the right
wing of the butterfly [schematically shown in Fig. 3(b)].
For peak D in Fig. 4 it starts at the value 22e2�h, jumps
to nearly 24e2�h while the states of the lowest miniband
are filled, and drops back once the second miniband passes
through the Fermi energy. It does not fully recover to its
starting value of 22e2�h, and clearly the minigap is small
(presumably because of the nearby zero bandwidth con-
dition), since in Rxx one can only discern a slope change
near the arrow. After this vacillation, the Hall conductance
approaches its final value 24e2�h as the top miniband be-
comes occupied. For the pair of SdH maxima 6 and 7 in
Fig. 3, 1�Rxy traces similar nonmonotonous 0-1-0-1 paths:
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unmistakably for peak 6, but only marginally for peak 7.
The nonmonotonous Hall conductance and the splittings of
the Rxx-maxima suffer from the complication that the Lan-
dau bands partly overlap at this low field. The schematic
density of states diagram in the inset has only 5 peaks,
instead of the expected 6. Four maxima and one shoul-
der structure are indeed visible in experiment. Without the
analysis of sH it would have been difficult to confidently
unravel this case. Thouless’ and Středa’s prediction [9]
is confirmed in experiment. An abundant set of other ex-
amples has been observed, and we have further elaborated
and affirmed congruity by tuning the electron density ns

(i.e., gate voltage Vg) while monitoring Hall and longitu-
dinal resistance in a fixed filling factor region. The core
structure of Hofstadter’s butterfly has been disclosed.
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