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We study the angular distributions of fast electrons, ions, and bremsstrahlung x/g-rays generated dur-
ing the interaction of an ultrashort intense laser pulse with solid targets. A relation is found on the
angular directions for fast electrons and ions as a function of the particle’s kinetic energy, experienced
Coulomb potential changes, and the incident angle of the laser pulse. It is valid independent of the accel-
eration mechanisms and the polarization of the laser pulse, as confirmed by particle-in-cell simulations.
The angular distribution of bremsstrahlung x/g-rays is presented to show explicitly its correlation with
the corresponding angular distributions of electrons.

PACS numbers: 52.40.Nk, 52.25.Nr, 52.25.Tx, 52.65.Rr
Fast electrons and ions generated in the interaction of ul-
trashort intense laser pulses with solid and gas targets play
a key role for the various applications of intense lasers,
such as the fast ignitor of fusion targets, ultrashort x/g-ray
sources, and laser induced nuclear processes, etc. Depend-
ing upon the target types (solid or gas), plasma parameters
(scale length, density, etc.) and the laser intensities, fast
electrons can be produced through vacuum heating [1],
plasma wave excitation, and breaking through resonance
absorption and electron parametric instabilities [2–5], pon-
deromotive force acceleration [6,7], and recently proposed
direct laser acceleration for electrons inside self-focusing
channels [8]. Ions are mainly accelerated by the induced
electrostatic fields in recent experiments [6,9,10]. Cur-
rently, the angular distributions of fast electrons, ions, and
x/g-ray emissions have been the subject of experimental
and theoretical studies in several groups [11–18]. As is
obvious, it is one of the important issues for these pro-
posed applications. In this Letter, we present a theory on
the angular directions of fast electrons and ions generated
in laser-solid interactions, supported by numerical simula-
tion using a 1D3V particle-in-cell (PIC) code. The angular
distributions of bremsstrahlung x/g-rays, obtained by the
Monte Carlo method using PIC simulation results, show
explicitly the correlation with the angular distributions of
electrons.

We consider a geometry shown in Fig. 1 where a planar
laser pulse is incident at angle a onto a solid target. The
target is modeled with an electrostatic field around the tar-
get surface. As a resut, the Hamiltonian of electrons nor-
malized by mc2 is H � �1 1 �P 1 A�2�1�2 2 F, where
P � p 2 A is the canonical momentum normalized by
mc, A�x, y, t� and F�x, t� are the vector potential of the
laser field and scalar potential associated with the elec-
trostatic field, respectively, both normalized by mc2�e,
and m the rest mass of electrons. For convenience, we
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normalize x and y by c�v0 and t by v
21
0 with v0 the

laser frequency. Assuming the laser is reflected specu-
larly from the target, the vector potential on the left re-
gion of the targets can be written as A�x, y, t� � A�x, h�,
which includes both the incident and reflected laser fields;
here h � �ck0�v0�y sin�a� 2 t with ck0�v0 � 1 by ig-
noring the dispersion of laser pulse in preplasma. Us-
ing the canonical transform, F2 � hPh , one finds Py �
Ph sin�a� and the new Hamiltonian: H̄ � g 2 Ph 2 F.
If electron energy changes in a time scale much shorter
than the scalar potential [19], H̄ is an adiabatic constant of
motion. If particles are at rest before the interaction and
F � F0, one has H̄ � 1 2 F0. When the laser pulse
leaves the target region, one obtains P � p. Assuming
pz � 0, generally true both for P and S polarization, defin-
ing tan�u� � py�px , and making use of the adiabatic H̄
and the definition g � �1 1 p2

x 1 p2
y �1�2, we obtain
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FIG. 1. Schematic drawing of the laser-target interaction
geometry shows the equivalence of target interaction with two
intersecting laser pulses.
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tan�u� � 6

∑
2�g 2 1� �1 1 dF� 2 dF2

�g 2 1 2 dF�2 sin22�a�

1 tan22�a�
∏

21�2

, (1)

where dF � F�x, t� 2 F0. It shows that the angular
directions of individual electrons are simply related with
their kinetic energy and the experienced Coulomb potential
changes. Equation (1) is valid only for electrons. For ions,
one needs to replace dF with 2�Zm�M�dF in Eq. (1),
where Z and M are the charge and rest mass of ions,
respectively. Since electrons are relatively easy to escape
from the target during and after the interaction with laser
pulses, the target is usually positively charged. Thus we
have dF . 0 for all particles. Figures 2(a) and 2(b) show
the angular directions of forward moving electrons and
ions as a function of their kinetic energy under some given
Coulomb potential changes, respectively. It shows that
electrons/ions at the same kinetic energy can be found
in different angular directions if they experience different
Coulomb potential changes. The Coulomb fields tend to
reduce the ejecting angles of electrons and to enhance the
angles of ions. Electrons with g , 1 1 dF are trapped
by the Coulomb potential; when g . 1 1 dF, electrons
can escape at angles between 0± and a in the forward
direction, or between 180± and 180± 2 a in the backward
direction. Angular directions between a and 180± 2 a

are forbidden. Energetic electrons with g ¿ 1 1 dF are
found at angles close to the laser direction of incidence and
reflection; since the value of g for ions is usually close to
1, the corresponding angle u is small, about a few degrees
for g , 1.1. In normal incidence a � 0±, one obtains
tan�u� � 0 no matter what values g and dF take. It means
that particles at any energy are directed either in 0±or 180±.
When dF � 0, Eq. (1) reduces to

tan�u� � 6

∑
2

g 2 1
1

g 1 1
g 2 1

tan22�a�
∏21�2

. (2)

FIG. 2. Angular directions of electrons (a) and ions (b) as a
function of particle energy at various electrostatic potential levels
when a � 30±. In (a) dF � 0 for — , 0.5 for - - - , 1.0 for · · ·,
and 5.0 for - ? -; in (b) dF � 0 for — , 1.0 for - - - , 3.0 for
· · ·, and 5.0 for - ? -.
This is equivalent to a relation proposed for single electrons
scattered in two intersecting laser beams in vacuum [20]. It
also extends the scattering formula for electrons by single
laser beams in vacuum or tenuous plasma (which is recov-
ered when a � 90±) [7,12]. Alternatively, Eq. (2) can be
rewritten as sin�u� � ��g 2 1���g 1 1��1�2 sin�a�, a re-
lation derived earlier by assuming that the momentum is
conserved along the target surface between the absorbed
photons and accelerated electrons [18].

To confirm the validity of Eq. (1), we performed numeri-
cal simulations for laser interaction with a solid target us-
ing a 1D3V PIC code accommodated in the Lorenz-boosted
frame for oblique incidence of laser pulses [21]. We use
targets composed of a high density region at 5nc with width
d � �3 � 8�l and preformed plasma which decreases ex-
ponentially with scale length L � 0 � 3l from the high
density platform, where nc and l are the critical density
and laser wavelength in vacuum, respectively. The ions are
protons with a mass ratio M�m � 1836 and Z � 1. The
temporal profile of the laser pulse is f�t� � sin2�pt�t0�
for 0 # t # t0. Usually, we take t0 � 50t with t the os-
cillating period of the pulse.

Initially before the laser interaction, the angular distri-
butions of electrons are homogeneous in all directions be-
tween 0± and 360±. During the interaction, the angular
distributions evolve into anisotropic ones with time owing
to the quiver motion and acceleration of electrons in the
laser fields. After the reflection of the laser pulse, electrons
move only in the induced electrostatic fields. Figure 3(a)
is a typical phase-space plot in angle-energy space (called
angular distribution in the following) for all electrons after
the laser pulse is fully reflected and leaves the target region.
As shown, fast electrons move in the angular direction be-
tween 0± and u�g� in the forward direction and between

FIG. 3. Angular distributions of electrons after the interac-
tion of a laser pulse (with peak amplitude a0 � 3, t0 � 50t,
and a � 30±) with a solid target. The density scale length is
(a) L � 0, (b) L � 0.2l, (c) L � 3l for p-polarized incidence,
and (d) L � 3l for s-polarized incidence of the laser pulse. The
solid and dashed lines are obtained from Eq. (1).
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180± and 180± 2 u�g� in the backward direction, where
u�g� is given by Eq. (2). Since we use a relatively thin
target with d � 3l, all electrons are pushed in the laser
fields and induced electrostatic fields. As a result, few elec-
trons are found in the angular direction between 30± and
150±, which are forbidden according to Eqs. (1) and (2). In
Figs. 3(b)–3(d), we show the angular distributions of for-
ward moving electrons for different density scale lengths
and laser polarizations. For L � 0, the main acceleration
mechanism is vacuum heating [1]; for L � 0.2l, plasma
wave excitation and wave breaking through resonance are
dominant for the observed fast electrons [2,3], while for
L � 3l, parametric excitation of plasma wave and wave
breaking around the quarter critical density play a domi-
nant role both for P and S-polarized light. In spite of
these different mechanisms and laser polarization, elec-
trons are found in angular directions u�g, dF� given by
Eq. (1), where 0 # dF # dFmax. Equation (1) gives the
high boundary when dF � 0 and the low boundary when
dF � dFmax. Electrons with the same energy may move
in different directions when they have experienced differ-
ent Coulomb potentials during acceleration. In simulations
changing various parameters, dFmax is found to be closely
related with the laser absorption in the target. We find that

dFmax � C�habsa
2
0t0�1�2, (3)

where habs is the total absorption rate (which is also a func-
tion of laser intensities, polarizations, and plasma scale
lengths), t0 is the pulse duration, and C is a constant
around unity when t0 is in units of 50 laser cycles. More-
over, we find that the temperature of hot electrons Th

scales linearly with dFmax. Since the hot electron en-
ergy nhTh � habsa

2
0t0, one expects that the number of hot

electrons nh also scales like dFmax. This proves to be
true in our simulations. With the scaling of dFmax, one
can predict angular distributions of electrons by measur-
ing the absorption rate. In Fig. 3(b), for example, we find
that dFmax � 1.5 when fitting the simulation result with
Eq. (1), which is just close to the value h

1�2
abs a0 found in the

simulation. One notes that dFmax, though proportional to,
is not equivalent to the maximum Coulomb potential found
in the simulation box.

Angular distributions of ions shown in Fig. 4 are ob-
tained for similar parameters as for Fig. 3 at a time when
the laser pulse is reflected and leaves the target region.
They can be well described by Eq. (1) modified for ions as
stated before with 0 , dF , dFi

max. Usually dFi
max .

dFmax (dFi
max � 1.7dFmax in this simulation, for ex-

ample) because ions move at lower velocities and remain
relatively localized as compared to electrons. With the in-
crease of laser power, both the kinetic energy of ions and
their ejecting angles increase as shown in Fig. 4(d). The
nonzero ejecting angle or momentum component along the
target surface indicates explicitly that there is a momentum
transfer from laser to ions via the ponderomotive force in
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FIG. 4. Angular distributions of forward moving ions after
the interaction of a laser pulse (with t0 � 50t and p polar-
ization with a � 30±). The density scale lengths are (a) L � 0,
(b) L � 0.2l, (c) L � 3l with pulse amplitude a0 � 3, and
(d) L � 3l with a0 � 10. The solid and dashed lines are ob-
tained from Eq. (1) with dF replaced by 2�Zm�M�dF.

addition to the acceleration by electrostatic fields along the
normal to the target surface.

Now let us compare Eqs. (1) and (2) with some related
experiment and 2D PIC simulation results. For example,
in an experiment [14], one observed fast electron jets with
energy around 170 KeV (g � 1.33) in an angular direc-
tion about u � 11± when the incident angle a � 45±.
At the same energy, Eq. (2) gives u � 15.4± when the
electrostatic field is not considered, which slightly over-
estimates the angle direction. Taking into account this
field, the experimental result is reproduced by Eq. (1) with
dF � 0.1. In recent 2D PIC simulations [18], electron
jets with g � 3.0 are found in u � 16.7± when the in-
cident angle of the laser pulse a � 28.9±. We find that
Eq. (2) gives u � 20± and Eq. (1) gives the 2D simulation
result with dF � 0.32.

We notice that, although Eqs. (1) and (2) are obtained
for plane laser pulses, primary numerical study on single
electrons interacting with two intersecting Gaussian beams
in vacuum shows that Eq. (2) is essentially valid for fo-
cused beams. Other 2D/3D effects which may modify the
angular distributions include the quasistatic magnetic field
generation, laser self-focusing, and hole boring. While it is
difficult to delineate clearly how the magnetic field would
affect the angular distributions of fast electron flows, gen-
erally one expects that it tends to reduce the width of an-
gular distributions due to magnetic field pinching. On the
other hand, the generation of return currents may lead to
the development of Weibel and filamentation instabilities,
which could ultimately result in multipeaked emissions as
pointed out in [16]. This may happen in cases with high
laser intensities such as 1019 W�cm2 or higher and long
plasma scale lengths ensuring efficient absorption of laser
energy and large nhTh values. This effect is, however, not
expected to be significant in laser interaction with thin tar-
gets. The hole-boring effect could break our assumption
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FIG. 5. Angular distributions of x-ray bremsstrahlung for a
laser pulse with the same parameters as in Fig. 3 and with
plasma scale lengths (a) L � 0 and (b) L � 3l for p-polarized
incidence. The solid and dashed lines are for bremsstrahlung
between 0.01–0.5 MeV and 0.5–30 MeV, respectively.

of specular reflection and introduce a self-focusing effect
[8] when UT . R, where U is the hole-boring velocity
given in [6] with modification taking into account the in-
cident angle, T the pulse duration, and R the beam radius.
Thus, this effect will not be significant for subpicosec-
ond pulses with intensity less than 1019 W�cm2 and radius
sizes around R * 5 mm.

The angular distributions of electrons are closely related
to the angular distribution of the bremsstrahlung x/g-rays.
We calculate the bremsstrahlung by use of the Monte Carlo
method by postprocessing the distributions of electron mo-
menta obtained from PIC simulations [22]. Example re-
sults are given in Fig. 5. It shows that, when L � 0, there
are two forward-radiation peaks around u � 0± (or 360±)
and 30±, respectively, for radiation between 10 keV and
0.5 MeV. Radiation with higher energy between 0.5 and
30 MeV is only found around 30± near which high en-
ergy electrons are directed. The angular distribution for
the backward radiation is just similar. When L � 3l, the
radiation near 0± is relatively much weaker than around
30±, indicating that electrons are more efficiently accelera-
ted in this case as is evident in Fig. 3. This scale length
effect is similar to that found in a recent experiment [16].

In conclusion, a relation on angular directions of elec-
trons and ions is found analytically as a function of the
incident angle of laser pulses, particle kinetic energy, and
experienced Coulomb potential changes. It is verified by
PIC simulations for a variety of laser pulse and target pa-
rameters and is in reasonable agreement with some recent
experiments and other simulations. The angular distribu-
tion of bremsstrahlung is shown to depend on the energy
range of x/g-rays and the angular distribution of electron
energy.
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