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We report a theoretical calculation of the elasticity of the peptidoglycan network, the only stress-
bearing part of rod-shaped Gram-negative eubacteria. The peptidoglycan network consists of elastic
peptides and inextensible glycan strands, and it has been proposed that the latter form zigzag filaments
along the circumference of the cylindrical bacterial shell. The zigzag geometry of the glycan strands
gives rise to nonlinear elastic behavior. The four elastic moduli of the peptidoglycan network depend
on its stressed state. For a bacterium under physiological conditions the elasticity is proportional to the
bacterial turgor pressure. Our results are in good agreement with recent measurements.

PACS numbers: 87.16.Gj, 87.17.Aa

Bacteria are examples of cellular organisms in which
many biological processes depend upon the mechanical
state of their surfaces [1]. Bacteria are classified, broadly,
into eubacteria and archaebacteria. The former include
most bacteria (examples of which are Escherichia coli
and Pseudomonas aeruginosa) while the latter live in un-
usual environments [2]. Depending on their ability to be
stained by the Gram technique, bacteria have been divided
into two classes: the so-called Gram-negative and Gram-
positive. Here we focus on the mechanical properties of
the cell walls of Gram-negative eubacteria. This wall con-
tains two surface membranes. The inner one, the plasma
membrane, serves as the major permeability barrier. The
outer membrane consists of phospholipids on the inner
leaflet and lipopolysaccharides on the outer one and con-
tains porins, proteins which form aqueous channels that
render the membrane permeable to molecules. The third
component of the cell envelope, the peptidoglycan net-
work, lies in the so-called periplasmic space between the
outer and the inner membranes and is linked to the outer
membrane via lipoproteins. This network is thin (about
30 to 80 A) [3]. Many Gram-negative bacteria have a
nearly cylindrical shape. The internal volume of bacte-
ria is filled with a cytoplasm containing a high concentra-
tion of macromolecules together with small solutes which
confer to it a high osmotic pressure relative to the envi-
ronment of the cell. Unlike animal cells, bacteria possess
no bulk cytoskeleton. While the shape of a bacterium is
determined by the structure of the peptidoglycan network,
it is maintained by the turgor pressure p, i.e., the osmotic
pressure difference between the inside pj, and the out-
side poyt pressures with p = pin — pour > 0. For Gram-
negative bacteria the turgor pressure is reported to range
from ~1 to 5 atm [1,4,5]. The turgor pressure is coun-
terbalanced by the tension of the peptidoglycan network
which, therefore, bears a high lateral stress. This network
can also experience large deformations [6,7].

Until recently, information about the mechanical prop-
erties of bacterial envelopes was poor. Applications of
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new techniques, however, have provided new insights
into these systems and has permitted the development of
testable models of the mechanical properties of bacterial
envelopes. The experiments have used either whole
bacteria or their isolated peptidoglycan networks. Among
the former were the optical tweezers technique applied
to manipulate E. coli [8] and atomic force microscopy
(AFM) used for the qualitative characterization of several
bacteria [9], for studying E. coli exposed to antibiotics
[10], for measuring a force between a bacterium and a
surface [11], for characterizing the effect of protamine on
bacteria [12], for measuring the elasticity of a sheath of
Methanospirillum hungatei [13] and for defining a turgor
pressure of Magnetospirillum gryphiswaldense [14].
Recently, AFM was used to measure the elastic properties
of the peptidoglycan network of E. coli and P. aeruginosa
[15]. Here we concentrate on the mechanical properties
of the latter inside living bacteria.

Yao et al. [15] isolated the peptidoglycan networks of
the rod-shaped bacteria E. coli and P. aeruginosa, sus-
pended them over a groove etched into a silicon sur-
face, and, probing the sample with an AFM tip, measured
the elastic moduli of both hydrated and dried networks.
These were found to be 2.5 X 107 and ~4 X 108 Pa,
respectively.

A model of the configuration of the peptidoglycan
network in rod-shaped bacteria was proposed by Verwer
et al. [16] and was recently extended by Koch [17]. In
this model the network is formed by inextensible, flexible
glycan strands composed of disaccharide monomers
cross-linked by elastic peptides (Fig. 1A). Two nearest
cross-links are separated by two disaccharide groups of
a glycan strand. The peptides are oriented along the
bacterial cylindrical axis, while the glycan strands zigzag
around the circumference of the cylindrical bacterial
shell. The knots of the peptidoglycan network represent a
distorted hexagonal lattice (Fig. 1A).

In this Letter making use of the above model, we report
the calculation of the elastic modulus along the cylindrical
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FIG. 1. (A) Schematic representation of a peptidoglycan
network.  Peptide cross-links are indicated by (i) while

the ellipses represent N-acetylglucosamine (light) and N-
acetylmuramic acid (dark) residues forming the glycan strand
(ii). Although each N-acetylmuramic acid group possesses a
peptide moiety, only 50% of them are oriented so that they can
form cross-links. In practice, between 35% and 50% of the
total peptide moieties are cross-linked at a given time in the
cell’s growth cycle [18]. (B) Structural element of the model
of a peptidoglycan network. Spring (i) represents a peptide
cross-link and heavy line (ii) represents a segment of a glycan
strand. F; and F, are the forces acting on the structural element
while Q is the tension in the glycan strand segment. [, and A/,
are the unstretched length and the length change of a peptide
spring, I, is the length of the inextensible glycan segment, and
a is the zigzag angle.

axis of the peptidoglycan network of Gram-negative rod-
shaped eubacteria and relate it to recent experiments.

In accord with their chemical structure, we model
the mechanical behavior of the glycan strands between
successive cross-links as inextensible filaments (length /g
between two cross-links) under tension and the peptide
cross-links as elastic springs with spring constant « and
length [, in the unextended state. These filaments and
springs form the lattice shown in Fig. 1A. Loading of
this network forces the glycan filaments to take a zigzag
shape. This shape, together with the large deformability
of the peptide cross-links, represents the possibility for
large deformations of the network and gives rise to an
intrinsic geometrical nonlinearity. We consider a flat

rectangular sheet of the network representing an involute
of the cylindrical shell (radius R), the peptide cross-links
being aligned along the Oy axis with the average ori-
entation of the glycan strands being parallel to the Ox
axis. We assume that the sheet is subjected to the stresses
o1 = pR/h and o, = pR/2h characteristic of a cylin-
drical shell. Here h is the peptidoglycan thickness. In
the following we write the stress tensor as oy, = o7y,
Oy = 02, Oy, = 0y = 03 and the elastic moduli as
)\11 = Axxxx; /\22 = /\yyyy’ AIZ = )\xxyy» )\33 = )\xyxy'
The Oy axis coincides with the cylindrical axis in the
cylindrical coordinate system (¢, y) and x is related to the
angular coordinate ¢ of this system as x = R¢.

Consider one knot of this network (Fig. 1B). The forces
acting on this element depend upon the state of the bac-
terium and are represented by F, and F| acting on the pep-
tides and glycan strands of the element shown in Fig. 1B.
They stretch the peptide cross-link by A/, and give rise to
the zigzag angle o with the coordinate of the knot given
by y. One finds that F, = 20 sina; F; = Q cosa, where
Q is the tension of the glycan filament with the extension
of the peptide given by Al, = F»/k (Fig. 1B).

Let N, denote the number of the peptide cross-links at-
tached to two neighboring glycan strands, N, denote the
total number of the glycan strands, L, is the cylinder
length, and L, = 27 R is the sheet width. One finds

F
L, = 2I;N, cosa; L, = Ng<lp + lgsina + J)

K
(1)
(tof

The total force F v applied to the sheet along the Ox
axis and F' §‘°‘) applied along the Oy axis can be expressed

S Fitm) = o1Lyh and Fétm) = o,L,h. On the other
hand, one finds F Emt) = F|Ng and Fé“") = F)N,. This
yields the forces F; and F, acting on the structural ele-

ment and the tension force Q:

F R?
Fi = pR(lp + [y sina + —2>; F, = &;
K N,
) 2
0= 7 PR
2N sina

The latter result allows one to establish the implicit relation
between the bacterial turgor pressure and the zigzag angle:

pR _ 13(3cos2a — 1) — 4, sina

K 21, sin2a ®)
One can see that the angle « decreases with decreas-
ing turgor pressure and, as p — 0, tends to a finite value
sinag = L[(I5 + 3l§)‘/2 + 1,]7" rather than to zero (in
other words, the zigzag does not straighten itself as p —
0). The reason for this is that, independently of p, the ratio
of circumferential tension to the longitudinal tension of a
cylindrical shell is o1/ = 2.
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Note that Egs. (1)—(3) show that the peptidoglycan elas-
ticity is nonlinear. This stems from the geometric nonlin-
earity related to the zigzag shape of the glycan filaments.

From the chirality and structure of the peptidoglycan
network one finds that its symmetry group is C,. Within
this group the two-dimensional tensor of elastic constants
A;; has four independent elements Ayy, A, Az, and As3
[19]. Accordingly, the structural element of the network
shown in Fig. 1B can be characterized by four spring con-
stants ki1, K22, K12, and k33. In this Letter we limit our-
selves by calculating the longitudinal elastic constant Ay,
describing the elasticity of the peptidoglycan along the
cylindrical axis.

Let us assume that the force F; is a constant and study
the reaction of the structural element on increasing the
force F». Under these conditions the spring (Fig. 1B)
describing the elasticity of the peptide cross-link works in
series with the zigzag string. One finds the spring con-
stant of the structural element to be k» = 2xQ0/(20 +
Klg cos’a). Since the whole peptidoglycan sheet has
N, equal structural elements working in parallel and N,
working in series, one finds its total spring constant in the
form K» = k»Np/N,. One can express the pertur-

bation of the total force AFgOt) acting along the Oy

axis as AF;M) = ooLh = K»AL,, where the stress

tensor component o has the form o, = Aypu, with
up = AL, /Ly. One finds the elastic modulus to be Ay; =
k22NpLy(NgLh)~!. Making use of Egs. (1) and (3) one
finds the expression for the elastic constant Ay, to be

_ KQ

2120 + klgcos?a)h
which, together with Egs. (1), (2), and (3), yields its de-
pendence on the turgor pressure in a parametric form.

The typical size of E. coliisR =5 X 107" m, L, = 2
t0 6 X 107®m, and [, = [, = 107° m [20]. Its turgor
pressure is 2 to 3 atm [21] and the thickness of its pepti-
doglycan network is 4 = 30 A [22]. The rigidity of the
peptide cross-link, «, is unknown. One can estimate it
as follows: k = kene + Kine 1s composed of the entropic
contribution ey = kT /12, and ki stemming from the
attraction between its components, yielding kep = 4.1 X
1073 N/m. Our simulation of the peptide energy due
to electrostatics and hydrogen bonding yields roughly the
same value for kjy,. One finds k ~ 107> N/m and the
ratio pR/k of the order of 10. This implies a regime
of small values of the angle a =~ 3mk(4plyN,)~" of the
order of @ ~ 0.1 rad and enables one to find a simple
expression for the tension: Q = pzlgNg/’ﬂzK. In this
regime one finds «l,/Q << 1. This yields a simple ap-
proximate expression for the elastic constant

PR
Ap = —. 5
n= (%)
Another interesting case is that of a bacteria with no

turgor pressure, as might result from antibiotic treatment.

A» cota , “4)
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In the case p = 0, the relationship between F; and F,
is broken and Eq. (4) no longer holds. Now the peptides
represent a set of parallel springs working in series and the
longitudinal elastic constant A3, is

I, + g
loh ~

(6)

* p—
Ay = K

where [y is the distance between two second neighbor
knots along a glycan strand when @ =~ 7 /2 so that [y ~
107° m. As yet there have been no measurements of the
elasticity of Gram-negative bacteria with p = 0.

Substituting the values of the parameters into the expres-
sion (5) one finds the elastic modulus of the peptidoglycan
network to be Ay, = 3 X 107 Pa. This is good correspon-
dence with the value obtained by Yao et al. [15]. Mak-
ing use of Eq. (6) one obtains an estimate A5 ~ 10° to
107 Pa. A value of 3 X 107 Pa for the elastic modulus
of a bacterial wall was also measured for Bacillus subtilis
by Thwaites et al. [23]. For two reasons, however, these
experiments cannot be directly interpreted in terms of our
results. First, B. subtilis is a Gram-positive bacterium and
therefore possesses a wall with a thickness of about 20
cross-linked peptidoglycan layers. Second, the measure-
ments were carried out in air, and it is unknown to what
extent the turgor pressure was decreased by the process of
dehydration [23]. If one assumes that the turgor pressure is
completely removed, then, by roughly estimating that the
wall of the B. subtilis as ~10 peptidoglycan layers work-
ing in parallel k.t ~ 10k, one finds A5, ~ 107 Pa which
is consistent with the measured value. Note that our result
is in a good agreement with the value recently reported for
a living B. subtilis [24].

It should be noted that Obermann and Hoéltje as well as
Harz et al. [25] showed that the glycan strands of E. coli
exhibit a length distribution with a maximum occurring at
length ~10 disaccharide units (~10 nm) and decreasing
monotonically to near zero at the shortest length. This dis-
tribution is equivalent to introducing a set of breaks (defect
structures) into the above peptidoglycan network. Calcu-
lations show that, if the defect structure could be mod-
eled by random bond breaking, then restrictions had to be
placed upon which bonds could be cut in the neighbor-
hood of bonds already cut [26]. The result of this was
to conclude that such defect structures are cuts, running
approximately perpendicular to the orientation of the gly-
can strands. It is, however, unknown what material fills
these cuts or even whether they are filled at all. Lacking
this information it is premature to discuss the effects of
the defect structures upon peptidoglycan network elastic-
ity. However, the agreement between the results reported
here and the experimental data suggests that these defects
play a minor role with regard to the elastic properties of
such peptidoglycan networks.

To summarize, we have derived equations for the lon-
gitudinal elastic constant of a model of the (maximally
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cross-linked) peptidoglycan network of Gram-negative eu-
bacteria in the shape of a cylindrical shell. On the basis of
both general considerations and our own computer simu-
lations of the peptide cross-links, we found that our equa-
tions yielded ~107Pa in accord with recent measurements.
We raise the question regarding the importance of slitlike
defects in the cylindrical network and conclude that these
might play only a minor role in determining the elastic
properties.
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