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Stable Laser-Pulse Propagation in Plasma Channels for GeV Electron Acceleration
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To achieve multi-GeV electron energies in the laser wakefield accelerator (LWFA) it is necessary to
propagate an intense laser pulse long distances in plasma without disruption. A 3D envelope equation
for a laser pulse in a tapered plasma channel is derived, which includes wakefields and relativistic and
nonparaxial effects, such as finite pulse length and group velocity dispersion. It is shown that electron
energies of �GeV in a plasma-channel LWFA can be achieved by using short pulses where the forward
Raman and modulation nonlinearities tend to cancel. Further energy gain can be achieved by tapering
the plasma density to reduce electron dephasing.

PACS numbers: 52.40.Nk, 41.75.Jv, 52.35.Mw
In the standard laser wakefield accelerator (LWFA) a
short laser pulse, on the order of a plasma wavelength long,
excites a trailing plasma wave that can trap and acceler-
ate electrons to high energy [1–3]. Raman, modulational,
and hose instabilities can disrupt the acceleration process
[4–11]. Extended propagation of the laser pulse is nec-
essary since, in the absence of guiding, the acceleration
distance is limited to a few Rayleigh lengths which is far
below what is necessary to reach GeV electron energies
[1,12]. The physics of laser beams propagating in plas-
mas has been studied in great detail [4,13–18]. Besides
laser beam propagation issues, dephasing of electrons in
the wakefield can limit the energy gain [19–22].

The Raman and modulation instability associated with
“short” intense laser pulses has been the subject of many
studies. For analytical tractability in these models, see, for
example, Refs. [11] and [15], the evolution of a localized
perturbation about a uniform (homogeneous) laser beam
equilibrium is analyzed. That is, the laser beam equilib-
rium is assumed to be infinitely long and it is necessary to
explicitly introduce an initial “seed” perturbation for the
instability. However, short pulses can significantly mod-
ify the uniform equilibrium assumption by, among other
things, generating wakefields. Indeed, the wakefields gen-
erated by the front of the pulse inherently provide the seed
perturbation for the instability.

This Letter addresses guiding and stability of an intense
laser pulse in a uniform plasma channel and wakefield ac-
celeration in a tapered plasma density. A coupled pair of
laser and wakefield equations is derived for pulses propa-
gating in a tapered plasma channel that include wakefields
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and relativistic and nonparaxial effects, such as finite pulse
length and group velocity dispersion (GVD). The im-
portance of GVD and wakefields on pulse propagation is
pointed out and the cancellation of the Raman and modu-
lation instabilities for short pulses is demonstrated. Us-
ing short pulses in a uniform channel, a dephasing-limited
electron energy gain of �GeV is predicted. In addition,
the wakefields in a tapered plasma are obtained and the
plasma density taper necessary for the wakefield phase ve-
locity to equal the speed of light is determined.

The linearly polarized laser electric field E�x, y, z, t�
in a tapered channel, correct to order E3, is described by
[4] �=2 2 c22≠2�≠t2�E � v2

p�z��c2�1 1 r2�R2
ch�z� 1

dn�n0�z� 2 jaj2�4�E, where vp�z� � �4pe2n0�z��m�1�2

is the plasma frequency, n0�z� is the nonuniform plasma
channel density, Rch�z� is the channel radius, dn is the
plasma density perturbation associated with the wakefield,
jaj �

p
2 �jej�mcv0� �E ? E�1�2 is the magnitude of the

electron oscillation momentum normalized to mc, and
the brackets denote a time average. In the equation for
E, the last three terms on the right hand side repre-
sent, respectively, a parabolic plasma density channel,
plasma wakefields, and the relativistic mass correction.
The field can be represented as E�x, y, z, t� � �1�2� 3

E�x, y, z, t� exp	i�
Rz k0�z� dz 2 v0t�
ê� 1 c.c., where

E�x, y, z, t� is the complex laser envelope, k0�z� is the
spatially varying wave number, v0 is the frequency, ê�

is a transverse unit vector, and c.c. denotes the complex
conjugate. Substituting the above field representation into
the wave equation and changing independent variables
from z, t to z, t, where t � t 2

Rz dz0�yg�z0�, the
envelope equation becomes
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where a � jejE��mcv0�, r0 is the initial laser spot size,
yg�z� � c2k0�z��v0 is the group velocity, k0�z� �
c21�v2

0 2 v2
p�z� 2 4c2�r2

0 �1�2, gg�z� � �1 2 b2
g�z��21�2,

and bg � yg�c. Since we are modeling forward propa-
gating waves, the term ≠2�≠z2 has been neglected on
the left hand side of Eq. (1). Laser beam propagation is
often treated in the paraxial approximation in which the
terms ≠2�≠t2, and ≠2�≠z≠t are neglected. The Helmholtz
operator in the wave equation has not been approximated
(except for the ≠2�≠z2 term) and therefore finite pulse
length and group velocity dispersion effects, to all orders,
are contained in Eq. (1). In Eq. (1), wakefields (dn)
and relativistic (jaj2) effects can lead to the Raman and
modulation instabilities and GVD is represented by terms
proportional to ≠2�≠t2 and higher order t derivatives
introduced through the ≠2�≠t≠z term.

The electric field Ep�x, y, z, t� associated with the
wakefield in a tapered plasma, correct to order in a2, is
given by �≠2�≠t2 1 v2

p�z��Ep � 2�mc2�jej�v2
p�z� 3

=jaj2�4, and the perturbed wakefield density is
dn�n0�z� � 2�jej�m�v22

p �z�= ? Ep and = � =� 1

�≠�≠z 2 y21
g ≠�≠t�êz .

Figure 1 illustrates the importance of GVD and wake-
field generation. The initial pulse is a�r , z � 0, t� �
a0 exp�2r2�r2

0 � exp�2t2�t
2
0�, where l � 1 mm, a0 �

0.56, r0 � 10 mm, lp � 15 mm, and P�z � 0��

FIG. 1. Normalized power profiles at z � 0 (solid curves),
z � 15ZR (dashed curves), and z � 30ZR (dotted curves) for
a matched pulse. (a) shows the solution of Eq. (1) without ne-
glecting any terms. (b) shows the power profiles, as in (a),
except that GVD and wakefield generation have been neglected.
Pp � 0.18 is the initial peak laser power normalized to
the relativistic focusing power, Pp�GW� � 17.4�lp�l�2.
Figure 1(a) shows the power profiles at various distances
without neglecting any terms in Eq. (1). Figure 1(b) is the
same as Fig. 1(a) except GVD and wakefield generation
have been dropped from Eq. (1). Neglecting wakefields
and GVD, as reported in Ref. [15], leads to steepening
and eventual breaking of the front of the laser pulse as
shown in Fig. 1(b) and Fig. 2 of Ref. [15]. Note that
pulse breaking is avoided by including GVD. By contrast
Fig. 1(a) shows that the effects of wakefields and GVD
initially lead to a steepening of the back of the pulse
which eventually broadens.

To utilize laser pulses for electron acceleration or radia-
tion generation it is necessary to propagate intense pulses
many Rayleigh lengths in a plasma without disruption.
This can be accomplished by propagating a short pulse in a
plasma channel. In the short pulse, L ø lp , broad beam,
r0 ¿ L, limit the wakefield density perturbation becomes
dn�n0 � jaj2�4 and the right hand side of Eq. (1) van-
ishes, i.e., the Raman and modulation nonlinearities can-
cel. The possibility of suppressing the Raman instability in
the short pulse LWFA was noted in [1]. The cancellation of
the right hand side of Eq. (1) also implies that short pulses
do not undergo relativistic focusing, as first discussed in
[23]. This indicates that the long-pulse self-modulated
LWFA [19,21,22,24,25], which undergoes disruptive insta-
bilities, may not be the optimal configuration for achieving
high energies.

Additional limitations on the acceleration distance in
the LWFA include (i) the diffraction (Rayleigh) length,
ZR � pr2

0 �l, (ii) the dephasing length, Ld � g2
glp �

lpv
2
0��v2

p 1 4c2�r2
0 �, (iii) pulse energy depletion length,

Le � jaj2�v0�vp�2�Ewb�Ep,z�2L, and (iv) the pulse
dispersion length, ZGVD � p�v2

0��v2
p 1 4c2�r2

0 ��L2�l.
Here, Ewb � vpmc�jej is the wave-breaking field, Ep,z
is the axial component of the wakefield, and L is the laser
pulse length. The diffraction limitation is overcome by us-
ing a plasma channel while the dephasing length limitation
can be reduced by tapering the channel as discussed below.
The effects of pulse spreading can be minimized by having
the dispersion length ZGVD much greater than the dephas-
ing or energy depletion length. In an untapered channel
the acceleration distance is limited by the dephasing
length and the electron energy gain is DW � ajeEz0jLd ,
where Ez0 � jdn�n0jEwb��1 1 8c2�r2

0 v2
p�, and a � 1

3
which accounts for the dephasing (slippage) and trans-
verse focusing requirements. In the short-pulse, broad
beam limit, dn�n0 � jaj2�4, and the energy gain
is DW � �p�2�amc2jaj2�v0�vp�2�1 1 8c2�r2

0 v2
p�21 3

�1 1 4c2�r2
0 v2

p�21.
An example of extended pulse propagation and

wakefield generation in a plasma channel is shown in
Fig. 2. Although this example is not strictly in the
short-pulse, broad beam limit, it does illustrate the feasi-
bility of �GeV electron energy gain. The parameters are
5111



VOLUME 85, NUMBER 24 P H Y S I C A L R E V I E W L E T T E R S 11 DECEMBER 2000
FIG. 2. Surface plots of the normalized intensity jeE�mcv0j
2

and density perturbation dn�n0 on a planar cut through
the center of the pulse for l � 0.8 mm, lp � 120 mm,
and r0 � 40 mm at (a) z � 0 and (b) z � 230ZR , where
jeE�z � 0��mcv0j

2
max � 0.25 and jdn�z � 0��n0jmax � 0.28.

n0 � 7.75 3 1016 cm23 (lp � 120 mm), l � 2pc�v0 �
0.8 mm, r0 � 40 mm, a0 � 0.5, ct0 � L � 120 mm
is the pulse length, ZR � 0.65 cm, Pp � 390 TW is the
critical power for relativistic focusing [12], P � 15 TW
is the peak laser-pulse power, Ld � 222ZR , ZGVD �
1 3 105ZR , and Le � 1.1 3 104ZR . Figure 2 shows the
intensity and density on a planar cut through the center
of the pulse at z � 0 and at z � 230ZR . In this example
the average peak wakefield is jEz0�Ewbj � 0.1, the
average peak perturbed density is jdn�n0j � 0.3, and the
estimated energy gain is DW � ajeEz0jLd � 1.2 GeV,
where a � 1

3 . Steepening at the back of the pulse is
5112
observed at z � 230ZR . Simulation results (not shown)
in the short-pulse, broad beam limit at higher powers
have yielded similar energy gains. For example, tak-
ing a0 � 0.6, n0 � 1.1 3 1017 cm23 (lp � 100 mm),
r0 � 70 mm, L � 37 mm, P � 38 TW (P�Pp � 0.22),
Ld � 55ZR , ZGVD � 2.4 3 103ZR , Le � 870ZR , and
the predicted energy gain is DW � 0.9 GeV. No pulse
steepening over a distance Ld is observed in this case.

For a tapered plasma channel the wakefield asso-
ciated with a matched laser pulse, of the form jaj �
a0�k0�0��k0�z��1�2 exp�2r2�r2

0 � sin�pt�t0�, for 0 #

t # t0 and zero otherwise, can be obtained in the broad
pulse limit (r0 ¿ L). Note that for a matched pulse
of constant spot size the channel radius is given by
Rch�z� � r2

0 vp�z��2c. The axial component of the wake-
field behind the pulse, t $ t0, on axis, is Ep,z�0, z, t� �
2E0�z� sin�vp�z�t0�2� cos�vp�z� �t 2 t0�2��, where

E0�z� � Ewba2
0�c�yg�z�� �vp�z��vp�0�� �k0�0��k0�z��

3 �p�t0�2��v2
p�z� 2 �2p�t0�2� .

The phase velocity of the wakefield is found to be

yph�z, t� � yg�z��	1 2 �≠vp�z��≠z� �yg�z��vp�z��
3 �t 2 t0�2�
 . (2)

The phase velocity of the wakefield increases (decreases)
with distance from behind the pulse for an increasing (de-
creasing) plasma density. For an increasing plasma density,
at a point behind the pulse, the phase velocity can equal
the speed of light. In general this point moves relative to
the back of the pulse. The existence of a luminous point
behind the laser pulse has been noted earlier in wakefield
simulations [26]. For the luminous point to remain fixed
relative to the wakefield, say N plasma wavelengths be-
hind the pulse, the plasma density taper must satisfy

≠v̂p�≠ẑ � �v̂2
p�2pN� ��pr0�l�2v̂2

p 1 1� , (3)

which has the transcendental solution

v̂21
p �ẑ� 2 v̂21

p0 1 �pr0�l� 	tan21�pr0v̂p�ẑ��l� 2

tan21�pr0v̂p0�l�
 1 ẑ�2pN � 0 ,

where v̂p � vp�ẑ��v0, v̂p0 � v̂p�0�, l � 2pc�v0,
and ẑ � z�ZR .

Figure 3 shows both the solution of Eq. (3) (with N �
1.5) and the wakefield amplitude as a function of �ct 2

z��lp (speed of light frame) and z. The dark bands repre-
sent regions of the accelerating axial electric field while the
bright bands correspond to the decelerating field. The ver-
tical band at �ct 2 z��lp � 1.5 represents the wakefield
bucket with phase velocity equal to c. For this example,
the energy gain of a test particle in the luminal region of the
wake is �4 GeV, which is 4 times larger than the energy
gain obtained using an untapered channel. This energy
gain is not significantly affected by small perturbations
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FIG. 3. (a) Solution of Eq. (3) showing the normalized plasma
frequency vp�z��vp0 as a function of z�ZR , for N � 1.5, r0 �
0.7lp , v0�vp0 � 100, a0 � 0.6, and ct0 � 0.37lp . (b) Plot
of the axial electric field as a function of �ct 2 z��lp and z�ZR
corresponding to the density profile shown in (a).

(�10%) to the density profile [27]. Hence, experimen-
tal verification would not likely be hindered by precision
requirements. Recent experiments have demonstrated con-
trol over the group velocity of a laser pulse using a tapered
plasma channel [28].

In summary, a 3D envelope equation for a laser pulse
propagating in a plasma channel has been derived and ap-
plied to LWFA. This equation includes wakefields, finite
pulse length, GVD, and relativistic effects. The impor-
tance of GVD and wakefields is demonstrated. Numerical
solutions also demonstrate long range short-pulse propaga-
tion and wakefield amplitudes sufficient to accelerate elec-
trons to �GeV. The dephasing length can be increased and
higher energy obtained in a tapered plasma channel where
wakefield phase velocities equal to the speed of light can
be achieved over an extended distance.
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