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Gap Inhomogeneities and the Density of States in Disordered d-Wave Superconductors
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We report on a numerical study of disorder effects in 2D d-wave BCS superconductors. We compare
exact numerical solutions of the Bogoliubov–de Gennes (BdG) equations for the density of states r�E�
with the standard T-matrix approximation. Local suppression of the order parameter near impurity sites,
which occurs in self-consistent solutions of the BdG equations, leads to apparent power-law behavior
r�E� � jEja with nonuniversal a over an energy scale comparable to the single-impurity resonance
energy V0. We show that the novel effects arise from static spatial correlations between the order
parameter and the impurity distribution.

PACS numbers: 74.25.Bt, 74.25.Jb, 74.40.+k
In spite of strong electronic correlations in the normal
state, the superconducting state of high Tc materials seems
to be accurately described by a conventional BCS-like phe-
nomenology. The debate over the k-space structure of the
BCS order parameter Dk has now been resolved in fa-
vor of pairing states with d-wave symmetry. Since this
symmetry implies that Dk changes sign under rotation by
p�2, there are necessarily points on the 2D Fermi surface
at which Dk vanishes. The unique low-energy properties
of high Tc superconductors are determined by the quasi-
particle excitations in the vicinity of these nodal points.

For conventional s-wave superconductors, the density of
states (DOS) r�E� has a well-defined gap and is largely un-
affected by nonmagnetic disorder. In contrast, r�E� ~ jEj
in clean d-wave superconductors, and can be substantially
altered by disorder. Much of the current understanding
of disorder effects comes from perturbative theories, such
as the widely used self-consistent T-matrix approximation
(SCTMA). In particular, the SCTMA is exact in the limit
of a single impurity, and has been used in studies of the
local DOS near an isolated scatterer [1]. For sufficiently
strong scatterers, an isolated impurity introduces a pair
of resonances at energies 6V0 [2,3], where V0 , D is a
function of the impurity potential u0 and of the band asym-
metry. Analytic expressions for V0�u0� have been given
for a symmetric band [2], and in this special instance the
unitary limit V0 ! 0 coincides with u0 ! `. For a re-
alistic (asymmetric) band, the relationship is more com-
plex [3].

For a finite concentration of impurities ni , the SCTMA
predicts that the impurity resonances broaden, with tails
which overlap at the Fermi energy, leading to a finite resid-
ual DOS r�0� [3–8]. The region over which r�E� � r�0�,
the “impurity band,” has a width comparable to the scatter-
ing rate g at E � 0. In the Born limit, the 6V0 resonances
are widely separated in energy, and the overlap of their tails
is exponentially small. In the strong-scattering limit, how-
ever, the overlap is substantial and g �

p
GDd , where Dd

is the magnitude of the d-wave gap, G � ni�pN0 is the
scattering rate in the normal state, and N0 is the 2D normal-
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state DOS at the Fermi level. Several recent experiments
[9–12] have studied quasiparticles in the impurity band
in Zn-doped high Tc materials. Of particular note are
attempts to verify a provocative prediction [10,11] that
transport coefficients on energy scales v, T , g have a
universal value, independent of G [13,14].

The SCTMA which forms the basis of this worldview
has several limitations. It is an effective medium theory, in
which one solves for the eigenstates of an isolated impurity
in the presence of a homogeneous mean field represent-
ing all other impurities. This approach ignores multiple-
impurity scattering processes which are responsible for
localization physics in metals and may lead to novel effects
in 2D d-wave superconductors [13,15,16]. Another limita-
tion of most SCTMA calculations is the use of a d-function
potential as an impurity model. While this simplifies the
calculation substantially, numerical results hint that the de-
tailed structure of the impurity potential may be important
[8]. A related issue, which will be discussed at length in
this Letter, is inhomogeneous order-parameter (OP) sup-
pression. It is well known that d-wave superconductivity is
destroyed locally near a strong scatterer, and in the single-
impurity limit [17,18], the additional scattering was found
to renormalize V0 but, surprisingly, to leave most other
details of the scattered eigenstates unchanged. Here we
show, using exact numerical solutions of the Bogoliubov–
de Gennes (BdG) equations, that additional novel physics
does arise in the many-impurity case.

The main results of this work are summarized in Fig. 1.
For a homogeneous order parameter, r�E� saturates at a
constant value as E ! 0 (in agreement with SCTMA),
down to a mesoscopic energy scale �1�rL2 where level
repulsion across the Fermi surface induces a gap. This
small gap may be a precursor to a regime associated with
strong localization in the thermodynamic limit as discussed
by Senthil et al. [16]. These authors predicted asymp-
totic power-law behavior in r�E� over an exponentially
small energy scale E2 � 1�r�0�j2

L, where r�0� is the
residual density of states in the impurity band plateau and
jL � �yF�g� exp�yF�yD 1 yD�yF� is the quasiparticle
© 2000 The American Physical Society
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FIG. 1. Density of states for ni � 0.04 and u0 � 10. Numeri-
cal solutions of the BdG equations are shown with (BdG 1 OP)
and without (BdG) self-consistent calculation of Dij . Inset:
T -matrix calculations of r�E� with (SCTMA 1 OP) and with-
out (SCTMA) off-diagonal scattering. Also shown is a model
with uncorrelated impurity and off-diagonal potentials (uncorr.).

localization length (yF is the Fermi velocity and yD is the
gradient of Dk along the Fermi surface at the gap node).
The actual value of the DOS at E � 0 is consistent with
zero but not determined in our work; theoretically this
point is still controversial [19].

Figure 1 shows that when the order parameter is deter-
mined self-consistently from the BdG equations r�E� is
quite different. At low energies the DOS can be fit to
a power law r�E� � jEja with nonuniversal a (Fig. 2).
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FIG. 2. Dependence of r�E� on ni and u0: (a) BdG 1 OP
(solid curve) and SCTMA (dotted) for u0 � 5 (top three curves)
and u0 � 10 (bottom). Also shown (dot-dashed) is a fit r�E� �
AjEja for ni � 0.04. (b) Logarithmic plot showing power-law
behavior for ni � 0.04, u0 � 5. (c) Dependence of power law
on u0 for ni � 0.02. For comparison, SCTMA of r�0� vs u0 is
shown. Unitary limit is u0 � 5. (d) Scaling of power law with
ni . Note that, when ni � 0, a � 1.
The power law is the result of spatial correlations be-
tween the order parameter and the impurity potential, and
is therefore fundamentally different from those of Ners-
esyan et al. [15] and Senthil et al. [16], where asymptotic
power laws were found, with a � 1�7 and a � 1, respec-
tively. Unlike the DOS, the dimensionless conductance
and inverse participation ratio (Fig. 3) are not changed sig-
nificantly by self-consistency. Finally, we remark that the
energy scale for the low-energy regime is *V0, which is
orders of magnitude larger than E2 for realistic parameters.

We employ a one-band lattice model with nearest neigh-
bor hopping amplitude t and a nearest neighbor attractive
interaction V . Substitutional impurities are represented by
a change in the on-site atomic energy. The Hamiltonian is

H � 2 t
X

�i,j�

X

s
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X

i,s
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Dijc

y
i"c

y
j# 1 H.c.� , (1)

where the angle brackets indicate that site indices i and j
are nearest neighbors, Ui is the impurity potential which
takes the value u0 at a fraction ni of the sites and is zero
elsewhere, and Dij � 2V �cj#ci"� is the mean-field order
parameter, determined self-consistently by diagonalizing
Eq. (1). Throughout this work, energies are measured in
units of t, where t is of the order of 100 meV for high Tc

materials. In non-self-consistent calculations the OP has
the familiar k-space form Dk � Dd�cos�kx� 2 cos�ky�	,
where Dd �

1
2

P
6�Dii6x 2 Dii6y� is independent of i.

Unless otherwise stated, V � 22.3 and m � 1.2 which
yields Dd � 0.4 (corresponding to yF�yD � 5) in the ab-
sence of disorder. Self-consistent solutions show that Dij

is suppressed within a few lattice constants of each strongly
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FIG. 3. Scaling of the inverse participation ratio for BdG 1
OP (solid curves) calculations. A BdG calculation (dashed
curve) is also shown for L � 20. Parameters are V � 24.47
(Dd � 1.34), ni � 0.06, and m � 1.0 with between 14 (L �
45) and 500 (L � 20) impurity configurations and real bound-
ary conditions. Inset: Scaling inside and outside the impurity
band. a, is the average of a�E� for jEj , 0.8.
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scattering impurity. Throughout this Letter, curves marked
BdG and BdG 1 OP refer to the neglect or inclusion of
self-consistency in Dij .

The DOS is r�E� � L22
P

a d�E 2 Ea�, where L is
the linear system size and Ea are the discrete eigenenergies
of H . Our numerical calculations were performed on
periodically continued systems with L # 45. Typical DOS
curves were obtained for L � 25 by averaging r�E� over
�50 500 impurity configurations and �50 100 k-vectors
in the supercell Brillouin zone. For system sizes L $ 35,
computational constraints restricted us to real periodic and
antiperiodic boundary conditions.

An important motivation for the present study is the
need for a test of the reliability of SCTMA predictions.
Thus, we use the same disordered lattice model for the
SCTMA as for the BdG calculations. We would also like to
model order-parameter suppression within a self-consistent
T-matrix approximation (SCTMA 1 OP) [20], and follow
the ansatz of [17] that the off-diagonal potential is dDij �
2Dij�di,0 1 dj,0	. This term appears in the off-diagonal
block of the effective potential. In both cases, the T matrix
is a 2 3 2 matrix in particle-hole space which satisfies

Tij�E� � Uij 1
X

R,R0

UiRG�R 2 R0, E�TR0j�E� , (2a)

where G has the Fourier transform,

Gk�E� � �Et0 2 ekt3 2 Dkt1 2 Sk�E�	21, (2b)

ek is the tight-binding dispersion, ti are the Pauli matrices,
and Sk�E� � niTkk�E�. Equation (2a) is solved in real
space to take advantage of the short range of the effective
potential U. Finally, r�E� � 2p21L22 Im

P
k TrGk�E�,

where the trace is over particle-hole indices.
Except for the mesoscopic gap discussed previously,

the BdG curve in Fig. 1 is quantitatively similar to the
SCTMA (inset). In contrast, the BdG 1 OP curve van-
ishes smoothly as E ! 0, indicating that qualitatively new
physics has been introduced by the inclusion of order-
parameter suppression. To emphasize that this result is un-
expected, we point to the popular “Swiss cheese” model,
in which it is assumed that pair breaking causes a pocket of
normal metal of radius j0 (the coherence length) to form
around each impurity. Within this model, r�0� is enhanced
relative to the SCTMA by �niN0j

2
0 .

We emphasize that the correct spatial correlations be-
tween an impurity configuration and its self-consistent
off-diagonal potentials must be preserved for the BdG 1

OP results to arise. This point is illustrated with a simple
numerical calculation (inset of Fig. 1), in which Dij is
found self-consistently for random impurity distributions
which are different from those appearing in the diagonal
block of H . The system therefore has two distinct types
of impurity, one of which is purely off diagonal, with un-
correlated distributions. It is striking that there is no hint
of the correct low-energy behavior in this calculation.
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It is instructive to compare the BdG 1 OP result with
the SCTMA 1 OP (inset, Fig. 1), since they include off-
diagonal scattering from the order parameter at different
levels of approximation. Furthermore, the SCTMA 1 OP
does preserve the correlation between impurity location
and order-parameter suppression. It has been used suc-
cessfully to describe shifts in V0 due to off-diagonal scat-
tering [17,18] but, here, fails to reproduce the correct
low-energy DOS in the bulk disordered case. Instead,
r�E� is quantitatively similar to the SCTMA, which is a
direct result of the relative smallness of the off-diagonal
potential Dd�u0 � 0.04.

In Fig. 2 we illustrate the dependence of the low-
energy DOS on both ni and u0. In Fig. 2(a) a series of
curves shows how the low-energy regime scales towards
zero width as ni ! 0 for the near-unitary scattering
potential u0 � 5 [21]. That the size of the regime should
scale faster than g with ni is consistent with our earlier
assertion that the novel behavior stems from a multiple-
impurity effect. The details of the dilute impurity limit
depend on the particular value of u0 however: at 2%
impurity concentration, the low-energy regime is sig-
nificantly larger for u0 � 10, which lies farther from
unitarity, than for u0 � 5. For fixed ni , we find that the
low-energy regime is *V0.

In Fig. 2(b), a logarithmic plot of r�E� reveals that the
low-energy DOS has an apparent power-law dependence
on E, with nonuniversal exponent 0 , a , 1 [Figs. 2(c)
and 2(d)]. At low impurity concentrations, a is a strong
function of both ni and u0, with a a minimum for unitary
scatterers. For larger ni , a appears to saturate at a value
which is independent of u0. We assert that this power law
is fundamentally different from those reported elsewhere
[15,16], since it is only observed when off-diagonal scat-
tering is present and, as we will see next, is unrelated to
strong quasiparticle localization.

We have studied the scaling of both the inverse partici-
pation ratio a�E� and the Thouless number g�E� with
system size. The inverse participation ratio is defined in
the usual way, a�E� � x4�E��x2�E�2, where xm�E� �
�r�E�L2	21

P
n,r �jun�r�jm 1 jyn�r�jm	d�E 2 En� and

un�r� and yn�r� are the particle and hole eigenfunctions,
and is plotted in Fig. 3 for several system sizes. a�E� is a
direct measure of the spatial extent of the wave function;
it scales as 1�L2 for extended states and is constant for
states with localization length jL , L. The scaling and
energy dependence of a�E� are in general agreement with
Ref. [22] where calculations were made with similar pa-
rameters —there is a crossover in scaling between E , g

and E . g consistent with a shorter localization length
in the impurity band. Unlike Ref. [22], we do not find
saturation in a, [the average of a�E , g�] for L # 45.
For larger disorder concentrations (not shown) where
jL , 45 sites, we find that a�E� saturates at E � 0 first
indicating that jL�E� is an increasing function of E in the
impurity band. The most important result for this work is
that a�E�, and therefore jL, is not significantly different in
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the BdG and BdG 1 OP calculations despite a substantial
difference in r�E�. In the calculation which is shown,
a�E� is actually decreased slightly by self-consistency,
corresponding to a slight increase in the localization
length.

We have also studied the Thouless number, defined as
g�E� �

P
n�En�p� 2 En�0�	d�E 2 En�, where the argu-

ment of En refers to the application of periodic or an-
tiperiodic boundary conditions in the x direction. As L is
increased, g�E� is expected to cross over from a constant
in the diffusive regime to exponential scaling indicative of
strong localization. For L # 45 we find no significant scal-
ing of g�E� with L, consistent with what is found for a�E�.
Most significantly, we find that g�E� is nearly identical in
the BdG and BdG 1 OP calculations, even for low-energy
states where substantial changes in r�E� occur.

This behavior is reminiscent of what is seen in Hartree-
Fock studies of interacting electrons in disordered conduc-
tors [23]. There, the Coulomb interaction enforces spatial
correlations between the disorder and charge distributions
and leads to the formation of a gap in r�E� [24], yet leaves
the dimensionless conductance (a two-particle property re-
lated to the Thouless number) unchanged. The power-law
DOS we observe here may have a similar origin; it is cer-
tainly clear that r�E� depends crucially on the spatial cor-
relations between the impurity potential and d-wave order
parameter. In the current work, however, it is the pair-
ing interaction which is relevant and the BdG equations
provide a mean-field description of the pairing interaction
which is analogous to the Hartree-Fock description of the
Coulomb interaction. We speculate that the short ranged
pairing interaction produces spatial correlations between
distant impurities via the overlap of the long range tails
[2] of the single-impurity resonances.

In this work we have shown that spatial correlations be-
tween order parameter and impurity distributions in d-wave
superconductors lead to apparent power laws in r�E� at
low energies. These results are potentially relevant to
quasi-2D superconductors like BSCCO-2212. Unfortu-
nately, most disorder studies have been performed on the
anisotropic 3D YBCO system, where correlation effects
are expected to be less pronounced. Indeed there is consid-
erable evidence, particularly in Zn-substituted YBCO, that
disorder does indeed induce a finite DOS at the Fermi level
[9,10,12] and somewhat weaker evidence that it scales with
disorder in accordance with the SCTMA [9]. Our work
should therefore provide a strong motivation to study Zn
doping, and other types of planar disorder, in the quasi-2D
BSCCO-2212 system at low temperatures.
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