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Velocity Fluctuations in a Homogeneous 2D Granular Gas in Steady State
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We have measured the spectrum of velocity fluctuations in a granular system confined to a vertical
plane and driven into a homogeneous, steady state by strong vertical vibration. The distribution of
horizontal velocities is not Maxwell-Boltzmann and is given by P�y� � Cexp�2b�jyj�s�a� where a �
1.55 6 0.1 at all frequencies and amplitudes investigated, and also for varying boundary conditions. The
deviation from Maxwell-Boltzmann statistics occurs in the absence of spatial clustering and does not
result from an inhomogeneous average over regions of varying local density. Surprisingly, P�y� has the
same shape over a wide range of densities.

PACS numbers: 81.05.Rm, 05.20.Dd, 05.20.Jj, 83.10.Pp
A granular fluid is made up of macroscopic grains that
have no significant thermal motions but can be driven into
motion by external forces [1]. In a molecular fluid, the
average kinetic energy is determined by the temperature
of the thermal bath that the fluid is in contact with; the
fluctuations about this average are given by a Maxwell-
Boltzmann (MB) distribution with a width determined by
the temperature, independent of the exact nature of the
bath. In a granular fluid, at steady state, the average ki-
netic energy of grains (or “granular temperature”) is set by
a balance of energy supplied by the driving forces and en-
ergy dissipated by inelastic collisions between grains [2].
The basis for kinetic-theory approaches to describing gran-
ular fluids is the assumption that far away from the source
of energy, the fluctuations about the average energy have a
well-defined distribution that is independent of the details
of the driving force. In this Letter, we demonstrate ex-
perimentally that such a distribution does exist in a dilute,
nearly elastic granular gas. The distribution is determined
completely by a single parameter—the granular tempera-
ture—but is broader than a MB distribution.

In the earliest formulations of kinetic theories of inelas-
tic gases [3] it was assumed that a Maxwell-Boltzmann
velocity distribution describes fluctuations in the inte-
rior of a gas. More recent theoretical work [4–7] and
simulations [8,9] in driven and free inelastic gases find
a variety of velocity distributions including Gaussians,
exponentials, power laws, and other shapes. Potential
reasons for the non-Gaussian distributions include inho-
mogeneous broadening due to density fluctuations [8]
and long-range density and velocity correlations due
to the inelastic interaction. Recent experiments [10–14]
have also produced conflicting results. Olafsen and
Urbach [10] studied a horizontal monolayer of particles
moving in three dimension under vertical vibrations
and found that the shape of the velocity distribution
for the horizontal projection of velocity continuously
varied between exponential and Gaussian as the ac-
celeration is increased at fixed particle density. In the
same geometry, Losert et al. [11] found a distribution
with a tail given by exp�2jyj3�2� at higher accelera-
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tions and large particle densities. In both experi-
ments, particle-boundary and particle-particle collisions
occur with comparable frequency, and the mean free path
is comparable to the size of the system in the direction of
excitation; this raises the concern that the measured dis-
tribution reflects the energy-injection mechanism as well
as the intrinsic dynamics of an inelastic gas. References
[12–14] study two-dimensional systems, as do we, but
at relatively small excitations. Statistical uncertainties in
Refs. [12] and [13] do not yield definitive determinations
of the distribution. Kudrolli and Henry [14] find a variety
of non-Gaussian distributions as excitation parameters are
changed. It is not paradoxical that all these experiments
find differing results: In general, non-Gaussian distribu-
tions that are particular to a driving mechanism can result
from averaging in time over dynamics that are varying
with the phase of the drive, or averaging in space over
dynamics that are not homogeneous on scales larger than
the mean free path.

The goal of our experiment has been to create a driven
system in which a steady state is established by inelastic
collisions between grains, and in which spatial variations
are slow on the scale of the mean free path. To achieve
these conditions experimentally we study a very highly ex-
cited 2D system of grains. In our experiment (see Fig. 1),
100 to 500 stainless steel spheres of diameter d � 1.6 mm
are confined between two vertical, parallel Plexiglas plates
separated by a gap slightly larger than the diameter of
the grains �1.09 6 0.02d�. Lateral walls made of Del-
rin define the 2D area in which the particles move: The
results reported here have been obtained for a rectangle
�32d 3 48d� and a circle (of diameter 20d). The particles
have a coefficient of normal restitution h � 0.93 [15]. An
electromechanical shaker (LDS 500L) vibrates the cell si-
nusoidally in the vertical direction. The amplitude A is
varied up to 3.5d and the frequency f up to 70 Hz. This
corresponds to a maximum acceleration G � A�2pf�2 and
maximum velocity of the cell y0 � A�2pf�, of 58g and
1.8 m�s, respectively. Particle kinematics are observed
with a high-speed video camera (Kodak Motioncorder), at
a rate of 2000 frames�s, so that a particle is displaced less
© 2000 The American Physical Society



VOLUME 85, NUMBER 17 P H Y S I C A L R E V I E W L E T T E R S 23 OCTOBER 2000
FIG. 1. Left: Sketch of the rectangular cell indicating the top
and bottom walls at their rest positions (solid lines) and extreme
positions (dotted lines). Right: Aerial density, r, versus height
z (in d), with 216 spheres in the cell for f � 50 Hz (solid
symbols), 60 Hz (open symbols), and various values of G (in
g): 40 ���, 50 ���, 57 ���, f � 70 Hz, and G � 50g �3�.
Velocity data are taken in the region marked by dashed lines.

than d between consecutive frames. We deduce particle
displacements with a precision of �0.04 mm (or 0.025d).

The density is uniform in the horizontal direction, how-
ever, the density profile in the vertical direction evolves
[16] as y0 is increased. At low velocities, particles gain
energy mainly by collisions with the bottom edge, and the
density profile decays exponentially with height far from
the edge, as previously observed [12,16]. At higher values
of y0, both the top and the bottom edges give kinetic en-
ergy to the particles and the density tends toward a pro-
file symmetric about the center of mass of the system, as
shown in Fig. 1. Here we report measurements taken at
y0 . 1 m�s, so that we have the same density profile at
all measured amplitudes and frequencies. Velocity mea-
surements are taken in a rectangular window (dotted line
in Fig. 1) of height 10d about the center of mass (which is
within 1 sphere diameter of the middle of the cell). Within
this window, the density varies by less than 10% and the
average aerial density, r, does not vary with the phase of
the vibration cycle.

The distributions of yx and yz , the horizontal and ver-
tical components of velocity, are similar, except for a
height-dependent asymmetry in the high-velocity tails of
yz (due to a slight excess of fast, downward-moving par-
ticles above the midplane of the cell, and a similar excess
of fast, upward-moving particles below the midplane). We
therefore focus on the horizontal velocity component, yx ,
within the window since the distribution of yx does not
vary with height, or with the phase of the vibration cycle.
The quantity under study is thus truly stationary, and ap-
pears to be incoherently excited by the distant boundaries
of the system. Figure 2(a) shows the distribution P�yx�
scaled by s � ��y2
x ��1�2 for varying frequencies and am-

plitude but at the same average density. These histograms
are all the same shape— thus the spectrum of velocity
fluctuations is determined purely by the average granu-
lar temperature �� 1

2 ms2� and just as in thermal equilib-
rium is independent of the “bath characteristics” which,
in this case, are the many possible combinations of A
and f that yield a particular value of “temperature.” Fur-
thermore, the functional form of the distribution is inde-
pendent of granular temperature (over a factor of 4.8 in
temperature) just as in a gas at equilibrium. However,
this distribution is broader than a Boltzmann distribution,
indicated by the dotted line in Fig. 2(a). In order to

FIG. 2. (a) P�yx�s�. the histogram (normalized to be 1 at
maximum) of scaled horizontal velocity yx�s for r � 0.15 for
different values of f and G in a rectangular cell. y0 is varied
from 1.1 to 1.6 m�s and A from 1.6 to 3.2d. s varies from
0.40 to 0.62. The dotted line is a Gaussian: exp�2 1

2 �yx�s�2�,
it overestimates small velocities and underestimates large veloc-
ities. (b) 2 ln	2 ln�P�yx�s��
 vs ln�jyx j�s� for r � 0.15 in
a rectangular cell (squares), and in a circular cell (circle). The
slope of the linear fit (solid line) is 21.52. The dotted lines with
slopes equal to 21 and 22 correspond to an exponential and a
Gaussian.
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concisely describe this “universal” distribution, we fit all
the data with the function C exp�2b�jyxj�s�a�, as shown
by the solid line. Fits to P�yx� and ln�P�yx�� weighted
by statistical errors yield comparable results of a � 1.51,
b � 0.78 and a � 1.52, b � 0.78, respectively. (Note
that C, a, and b are not independent in this function:
Once the value of a is determined, the values of C and b

must be consistent with normalization and s2 � �y2
x �). In

Fig. 2(b) we plot ln	2 ln�P�yx��
 against jyxj�s to show
that the function in Fig. 2(a) fits the entire spectrum well
and is different from a Gaussian over the entire veloc-
ity range. P�yx� for a circular boundary [open circles
in Fig. 2(b)] agrees well with result from the rectangle,
which supports the argument that the distribution is in-
dependent of the driving mechanism. The kinetic theory
of van Noije and Ernst [6] predicts a distribution with a
tail described by exp�2�1�

p
1 2 h2� �jyj�s�3�2�, where

h is the coefficient of restitution. The 3
2 power of y

is consistent with our measurement. However, the pre-
factor �1�

p
1 2 h2� implies (from the normalization) that

their function cannot describe the whole distribution. By
contrast, we find that the 3

2 power extends over the entire
spectrum and we find a prefactor of 0.80 compared to the
value of 0.797 that is required by normalization. In their
theory, energy is injected homogeneously in space by a
white-noise source; this is significantly different from the
driving mechanism in our experiment (and of other experi-
ments where driving is from the boundary).

Since the gas is relatively homogeneous in density, we
are able to test the idea [8] that the velocity distribution
is non-Gaussian due to an inhomogeneous average over
regions that locally have Gaussian statistics. Since the rate
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of inelastic collisions depends on the local density, fluctu-
ations in density can lead to fluctuations in local kinetic
energy. Indeed, this mechanism leads to a clustering in-
stability in granular systems as they are left to cool from
an initially homogeneous state. We characterize the fluc-
tuations of local density by NR�n�, which is the number of
spheres with “n 2 1” neighbors whose centers lie within
a circle of radius R. In Fig. 3(a), we display NR�n� for
R � 2.6 mm at density r � 0.25. The dotted line corre-
sponds to a Gaussian distribution of fluctuations showing
that the spheres are randomly distributed in space. (This
conclusion holds at all r and R that we have studied).
The local rms velocity s decreases systematically as n
increases. However, as shown in Fig. 3(b), the shape of
the velocity distribution does not change with n. Thus the
variation of local density affects the local granular tem-
perature but the non-Gaussian distribution does not result
from spatial averages over Gaussian distributions of vary-
ing width.

The non-Gaussian shape of the distribution is not as-
sociated with any obvious correlations in density as seen
in some hydrodynamic calculations [17]. As shown in
Fig. 3(c), in the relatively dilute regime of our experiment,
g�r� shows no features beyond a peak at the hard-core di-
ameter due to excluded volume effects. Likewise, there
appear to be no long-range velocity correlations.

Finally, in Fig. 4 we present the velocity distribution as
the average density r is varied. Surprisingly, the shape
of the velocity distribution is unchanged as r is varied
from 0.06 to 0.38 and is well represented by the function
exp�20.80�jyxj�s�1.5�. The inset shows the variation
with density, r, of the fit parameter a in the function
FIG. 3. (a) P�yx�s� for different values of local density, n. The solid line corresponds to the function exp�20.80�jyxj�s�3�2�.
(There are no adjustable parameters in this function, the prefactor of 0.80 is determined by normalization.) (b) NR�n�, the number
of times that “n 2 1” spheres are counted within a circle of radius R (for R � 2.6 mm at r � 0.25). The dotted line corresponds
to a Gaussian (random) distribution of fluctuations. (c) The radial distribution function, g�r� for r � 0.06, 0.09, 0.12, 0.19, and
0.25 (displaced vertically for clarity). There is no feature at distances larger than the sphere diameter, d.
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FIG. 4. P�yx�s� for different r. The solid line corresponds
to the function exp�20.80�jyx j�s�3�2�. Inset: The exponent a
shows no systematic variation with r.

exp�2b�jyxj�s�a�. There is no systematic variation of a

although the bulk density is changed by over a factor of 5.
If the non-Gaussian velocity distribution is a consequence
of correlations brought about by inelastic collisions, then
one might expect to recover a Boltzmann distribution
in the dilute limit. This is clearly not the case in our
experiment, and indicates that the dilute limit and the
elastic limit are not the same. In Ref. [6], the elastic limit
enters via the low-velocity cutoff for the exp�2jyj3�2�
tail. In our experiment, however, the entire spectrum is
described by this shape. This either implies that departure
from h � 1 occurs singularly or that there is a Gaussian
tail at higher velocities than we are currently able to
measure.

In conclusion, the function exp�2b�jyx j�s�a� with the
exponent a � 1.55 6 0.1 provides a remarkably robust
representation of the velocity distribution of a 2D granu-
lar gas with slightly inelastic particles. (We recall that this
distribution was also found for most driving parameters in
a completely different geometry in Ref. [11].) There is no
discernible variation of this distribution with the excitation
parameters A and f, or the shape of the boundary. Thus,
far away from the boundary of a driven system, there is
a well-defined distribution that is intrinsic to the dynam-
ics of inelastic particles. The distribution is unchanged
as temperature and average density vary by a factor of 5.
This non-Gaussian distribution is not a result of coupling
of the temperature to local density, and occurs in the ab-
sence of unusual density fluctuations. The non-Gaussian
behavior also cannot be explained in terms of obvious
long-range correlations in the spatial structure. We are
currently studying other spatial and dynamic correlations
for clues to the source of non-Gaussian behavior.
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