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Experimental Observation of Batchelor Dispersion of Passive Tracers
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We report the first detailed experimental observation of the Batchelor regime [G. K. Batchelor, J. Fluid.
Mech. 5, 113 (1959)], in which a passive scalar is dispersed by a large scale strain, at high Péclet num-
bers. The observation is performed in a controlled two-dimensional flow, forced at large scale, in con-
ditions where a direct enstrophy cascade develops [J. Paret, M.-C. Jullien, and P. Tabeling, Phys. Rev.
Lett. 83, 3418 (1999)]. The expected k21 spectrum is observed, along with exponential tails for the dis-
tributions of the concentration and concentration increments and logarithmlike behavior for the structure
functions. These observations, confirmed by using simulated particles, provide a support to the theory.

PACS numbers: 47.27.Qb
Turbulent dispersion of passive tracers is involved in a
considerable number of situations, pertaining to industrial,
geophysical, and astrophysical contexts [1,2]. The prob-
lem raises formidable theoretical difficulties, even in the
simplest cases where isotropy and homogeneity are as-
sumed to hold. Pathways were opened thirty years ago
by Batchelor and Kraichnan [3–5], and recently, owing to
the efforts of various groups, substantial progress has been
made [6–8].

We now have a “solution” to the problem of turbulent
dispersion, in the special case when a dye of low diffu-
sivity is dispersed by a random, time varying, single large
scale velocity field for both 2D and 3D [6–8]. Such a
situation corresponds to the “Batchelor regime.” In the
classical view, the Batchelor regime is three dimensional:
it corresponds to the case where a tracer is injected on
a scale below the Kolmogorov scale, in a turbulent three-
dimensional flow. In two dimensions, the Batchelor regime
refers to a situation where the tracer is simply dispersed
by a smooth 2D, chaotic, velocity field, characterized by
a single large scale L [9]. Here solution means that the
two-point statistics of the scalar field has been calculated
under controlled approximation, which is the achievement
of [6–8]. The solution thereby does not rely on a clo-
sure scheme. At the present time, conditions under which
this theory applies do not seem fully settled, in particu-
lar, regarding the energy spectrum. According to [6–8],
the theory applies whenever the velocity field is statisti-
cally homogeneous, isotropic, and stationary, and its en-
ergy spectrum is steeper than k23 at large wave numbers.
In such conditions, it is expected the scalar variance spec-
trum Eu�k� decreases as k21, the second order structure
function has a logarithmlike behavior, and the scalar dis-
tributions, both for the fluctuations and the increment, de-
velop exponential tails. For the special case where the
energy spectrum is in the form E�k� � k23, information
has been provided [10]: the structure functions have been
calculated and a method for determining the form of the
probability density functions (PDFs) has been devised.
According to this, exponential tails are also expected. The
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situation does not seem, however, completely settled; re-
cently, issues concerning the energy spectrum exponent
required for the theory to apply have been raised [11].
In particular, it has been argued that the energy spectrum
should be steeper than k24 for the theory to hold. This
point seems potentially controversial.

Turbulent dispersion has received a number of inves-
tigations, both experimental and numerical. On the nu-
merical side, one may mention recent direct numerical
simulations, which confirmed the relevance of the k21

spectral law in 3D isotropic turbulence [12]. On the ex-
perimental side, the situation is somewhat puzzling. Sev-
eral investigators find the expected k21 spectrum [1,2,13],
while others obtain different power laws, or no power law
at all [14–16]. To explain such a diversity, one often
underlines the possible role of anisotropy, or the impor-
tance of coherent structures; it moreover seems legitimate
to ask whether theories, based on isotropy and homogene-
ity assumptions, or hypothesizing self-similarity, are too
simplistic to uncover the physical reality. In this context,
it seemed to us valuable to investigate whether the pre-
dictions of [6–8], based on simplified assumptions, have
physical support, and in case sizable deviations are ob-
served, and attempt to characterize them. This is the ob-
jective of the present work.

The phenomenon we investigate here is the spreading of
a low diffusivity dye in a 2D turbulent flow, forced at large
scales. The experimental setup we use has been described
previously [17]. The flow is generated in a square PVC
cell, 15 cm 3 15 cm. The bottom of the cell is made of
a thin (1 mm) glass plate, below which permanent mag-
nets, 5 3 8 3 4 mm in size are placed. In order to ensure
two dimensionality, the cell is filled with two layers of
NaCl solutions, each 3 mm thick, with different densities,
r1 � 1030 g l21 and r2 � 1060 g l21, placed in a stable
configuration, i.e., the heavier underlying the lighter. The
interaction of an electrical current driven across the cell
with the magnetic field produces local stirring forces. In
the experiments we describe here, the experimental con-
ditions of [18] have been reproduced: the magnets are
© 2000 The American Physical Society
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arranged in four triangular blocks, so as the energy is in-
jected, on average, at a scale of 10 cm; the excitation is
permanently maintained. In such conditions, as reported
in [18], the flow develops, after a short transient, a di-
rect enstrophy cascade with Kolmogorov-Kraichnan scal-
ing, E�k� � k23; the homogeneity and isotropy properties
of this regime have been checked. Moreover, the corre-
lation time of the velocity field is finite so that this field
follows [6–8] assumptions. The characteristic scale of the
motion, L, defined as the maximum of the energy spec-
trum, is found to be 10 cm.

The passive scalar is a mixture of fluorescein and
water, of density r � 1030 g l21, and diffusivity k �
1026 cm2 s21. In most cases, the dye matches the upper
layer density, and is vertically homogeneously spread
across it, throughout the experiment. In several cases we
have used a lighter dye, of density r � 1002 g l21 i.e.,
3% lighter than the upper layer, so as to operate with thin
dye sheets. The concentration field, illuminated by ultra-
violet light, is visualized using a 512 3 512 CCD camera.
We have checked that the intensity is proportional to the
dye concentration. The images are stored and further pro-
cessed. The overall spatial resolution for the concentration
field is 0.2 mm. The “molecular” Péclet number UL�k

(where U is a typical velocity of the flow — roughly
1 cm�s) is on the order of 107. To inject the dye, we first
enclose a blob of dye within a cylinder, 5 cm in diameter,
in the upper layer, then switch the electrical current on,
wait until the transient state vanishes, and eventually
delicately remove the cylinder. In these experiments, the
flow is statistically stationary, while the concentration
field is in a freely decaying regime. Owing to the experi-
mental conditions at hand (large scale forcing for the
flow, high Péclet numbers), we may expect the Batchelor
regime to take place for the dispersion of the tracer.

Additionally, in order to facilitate the analysis of the ex-
perimental observations, we have simulated the concentra-
tion field, using a method similar to [19]: the trajectories
of 6 3 105 particles, located initially in a disk, 5 cm in
diameter, are calculated by integrating the experimentally
measured velocity field. Coarsed graining is further ap-
plied to generate a concentration field. The simulation is
thus designed to mimic the experiment. We will incorpo-
rate the results of this work in the discussion of the physical
experimental results.

Figure 1 shows a typical evolution of a spot of fluo-
rescein 5 cm in diameter, released in the system at time
t � 0. At an early time, the blob is localized in the center
of the cell, and is slightly distorted. It is further vigorously
advected, strained, and folded. At this stage, the striations
display a broad range of sizes, as displayed in Fig. 1. After
a period of 30 s the concentration field is homogeneous; we
have checked, by sampling the fluid, that the dye remains
confined in the upper layer, throughout the mixing pro-
cess. In this system, mixing seems homogeneous and there
is no evidence of the presence of any long-lived structure
FIG. 1. Time evolution of a blob of fluoresceine of density
r � 1002 g l21 in a 16 cm 3 16 cm region, at times t � 1,
12, 20, and 40 s.

trapping the tracer throughout the duration of the experi-
ment. We believe this is due to the particular forcing we
use, which disrupts the coherent structures, a requirement
for the development of an enstrophy cascade [18], and
probably also for that of a Batchelor regime.

Figure 2 shows the evolution of the dissipation spectrum
k2Eu�k� [where k is the wave number and Eu�k� is the vari-
ance spectrum of the concentration field], corresponding to
the sequence of Fig. 1. Each dissipation spectrum is aver-
aged over 1 s then slightly smoothed. At early times, the
dissipation is dominated by a bump, localized at a wave
number corresponding to the initial drop size. Between
t � 8 and 18 s, the spectra show the same characteristics:
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FIG. 2. Evolution of the dissipation spectrum of a r �
1002 g l21 density pollutant, at times (a) t � 1, (b) t � 12,
and (c) t � 40 s. Inset shows the total dissipation versus time.
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they gradually increase up to k � 12 cm21, then decrease.
At later times, the dissipation spectrum progressively col-
lapses; it keeps evolving with time up to a final stage where
equipartition is obtained, corresponding to complete mix-
ing. The existence of a range of time, comprised between
8 and 18 s, where the concentration field seems to reach
a quasistationary state is confirmed by the inspection of
the total dissipation,

R
k2E�k� (inset in Fig. 2), which dis-

plays a broad maximum in this range of time. In such a
range, we are in a framework consistent with the assump-
tions made in the theory, concerning statistical stationarity
[8]. We further concentrate on the analysis of this region,
which we call the “quasistationary domain.”

Figure 3 displays the scalar variance spectrum, now av-
eraged over the entire quasistationary domain, along with
the compensated spectrum kEu�k�. The scalar variance
spectrum Eu�k� is expected to evolve as Eu�k� � 2x�gk,
where g is a mean rate of strain, and x � 2k��=u�2� is the
scalar dissipation. The spectrum displays a range of wave
numbers, between 1 and 7 cm21, where a k21 law fairly
holds. As expected, the range of scales in which the power
law is observed is well above the characteristic wave num-
ber of the motion, estimated to 0.7 cm21. Beyond k �
7 cm21, the spectrum drops. This defines an effective dis-
sipation wave number for our experiment. This quantity
is well below the Batchelor wave number kB � �g�k�1�2,
which in our case should be on the order of 2800 cm21.
The dissipation scale of the experiment originates in the
fact that at each inversion of the electrical current, a tran-
sient shear develops in the upper layer, enhancing tracer
diffusion in the horizontal plane. This cutoff can be sub-
stantially shifted (by a factor of 2, roughly), by working
with tracer sheets of different thicknesses. The numerical
simulation we performed, in which such a phenomenon is
irrelevant, led to the same spectrum as in the experiment,
indicating our results are probably not contaminated by
this effect, in the inertial convective range.
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FIG. 3. Variance scalar spectra with a pollutant of density r �
1002 g l21; the straight line has a k21 slope. The inset shows
the compensated spectra Eu�k� 3 k.
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We now turn to the measurement of the PDFs of
scalar fluctuations P�u�x� 2 �u�x��	, a crucial quantity
to consider for comparing with theory. Figure 4 displays
the PDFs at t � 8 s and t � 16 s, i.e., well within the
quasistationary interval. The PDF is representative of the
distributions observed throughout the interval. They are
strikingly different from those observed at earlier times
(which are bimodal) and at later times (which are Gauss-
ian). The PDFs of the quasistationary domain are non-
symmetric and non-Gaussian: as shown in Fig. 4, they
develop exponential tails, on the positive side and Gauss-
ian behavior, on the negative one. The tails seem con-
trolled by the fronts, located at the edges of the tracer
filaments. Here again, the numerical simulation shows the
same results. These characteristics of the PDFs of the con-
centration field are in good qualitative agreement with the
theoretical analysis in [6–8].

Another quantity of interest is the standardized (i.e.,
rescaled so as the variance be unity) PDFs of the concen-
tration increments defined by

Du � u�x 1 r� 2 u�x� ,

where r is the scale. Figure 5 displays such PDFs, at time
t � 16 s in the quasistationary domain for various scales.
These PDFs appear self-similar in space, and roughly sym-
metric. The small increment region looks Gaussian while
the tails, defined for increments above 1 standard deviation,
may be fitted by exponential functions. We thus have here
a Gaussian bump with exponential tails. These findings
agree well with the theory since for k23 or steeper spectra,
one expects exponential tails. In the inset, we show the
corresponding distributions obtained by using a simulated
concentration field; they are similar to the experiment.

As is traditionally done for turbulent signals, we mea-
sure the structure functions of the concentration increments
defined by

Sp � ��u�x 1 r� 2 u�x�	p� .
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FIG. 4. Rescaled distributions of the fluctuations of concentra-
tion at times t � 8 s and t � 16 s. The passive scalar used has
density r � 1002 g l21.



VOLUME 85, NUMBER 17 P H Y S I C A L R E V I E W L E T T E R S 23 OCTOBER 2000
1 0- 5

0 .0001

0.001

0 .01

0 . 1

1

- 4 0 4 8 12

P
(∆

Θ
)σ

∆Θ σ/

10- 5

0.0001

0.001

0.01

0.1

-15 -10 - 5 0 5 10 15

FIG. 5. Rescaled distributions of the concentration increments
at time t � 16 s for three different increments in the Batchelor
range for a r � 1002 g l21 density pollutant. Full squares cor-
respond to r � 1.165 cm, empty squares to r � 4.078 cm, and
triangles down to r � 6.991 cm. The inset shows the numerical
result for the same increments at the same time.

Figure 6 displays such structure functions as a function
of the scale r , up to order eighth. The scaling range cor-
responding to the inertial convective domain is difficult
to determine accurately; it roughly lies between r � 0.3
and 5 cm. In this range, there is no clear power law, and
one may propose logarithmic laws for representing these
functions. In the framework of the Chertkov et al. [6]
theory the fit formula we propose for S2�r� corresponds
to the case where, in the enstrophy cascade, the logarith-
mic corrections are small (which appears to be the case in
our experiment [18]). We thus have consistency between
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FIG. 6. Even structure functions up to the order of 8. Straight
line is a logarithmic fit for S2�r�, S2�r� � 300 1 55 ln�r�L�.
The passive scalar used has the density r � 1002 g l21. The
numerical result for S2�r� (full circles) is shown in the inset
with linear-log axis, compared to the experimental ones (empty
circles).
the theory and the experiment. It is certainly difficult to
say much more at the moment.

To summarize, we have investigated the Batchelor
regime, for a free decaying blob of a passive scalar, in a
physical experiment. We have observed k21 spectrum, ex-
ponential tails for the distributions of the concentration and
concentration increments, and logarithmic behavior for
the second order structure functions. These findings have
been confirmed by using simulated particles. Compared
to [15], we have concentrated on larger scales to dig
out the Batchelor regime and this is probably why we
reach different conclusions. Our observations turn out to
be extremely consistent with the theoretical analysis of
[6–8]. Perhaps more work is needed to settle the validity
range of the theory. Nonetheless, the statement we can
make at the moment is that the experimental study pro-
vides substantial support to a theoretical analysis which
has successfully calculated the two-point statistics of the
field, without calling for a closure scheme, a situation
particularly rare in the field.
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