
VOLUME 85, NUMBER 14 P H Y S I C A L R E V I E W L E T T E R S 2 OCTOBER 2000
Sound Velocity Measurements of Nuclear-Ordered Solid 3He along the Melting Curve
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We have measured the temperature dependence of the 10.98 MHz longitudinal sound velocity of solid
3He in the nuclear-ordered U2D2 phase and in the paramagnetic phase along the melting curve. The
temperature dependence of the sound was attributed to the contributions from the nuclear spin system
and the molar volume change along the melting curve. The sound velocity increased with temperature
as T4 in the U2D2 phase and the sound anisotropy due to the exchange interaction was found to be
about 10% among single-domain crystals investigated. The average value of the Grüneisen constant of
the spin wave velocity in the ordered phase was ḡc � 16 and is compared to the calculated value of the
multiple-exchange model.

PACS numbers: 67.80.Cx, 67.80.Jd
Nuclear spin ordering occurs by multiple-exchange in-
teractions of the nuclear spins in solid 3He. The exchange
interactions depend strongly on the molar volume and thus
the lattice deformation of the sound wave is coupled to
the nuclear spin systems. Therefore, sound measurements
are regarded to be useful for studying the nuclear mag-
netism of solid 3He at ultralow temperatures below 10 mK,
where the nuclear spin system dominates the thermody-
namic quantities. Nuclear spin ordering occurs at the Néel
temperature, TN � 0.93 mK, on the melting pressure at
zero external magnetic field and this is known as the first
order transition. There are two ordered phases found in
bcc solid 3He under applied magnetic fields and we fo-
cused our sound measurement in the low-field phase, the
so-called U2D2 phase [1]. Theoretical predictions of the
acoustic properties of solid 3He, such as the sound veloc-
ity, the attenuation, and the coupling of sound with the col-
lective mode of nuclear spin system in the ordered phase,
were discussed in Ref. [2]. However, the sound measure-
ment reported so far was limited to 12 mK [3]. We report
the first measurement of the sound velocity in the U2D2
phase as well as in the paramagnetic phase where the ex-
change contributions of nuclear spins to the velocity can
be observed.

The U2D2 phase has a uniaxial symmetry of the nu-
clear spin structure and its anisotropy axis, l, is a (100)
direction of bcc crystal or other equivalent axes. A single
crystal of the U2D2 solid 3He usually has three magnetic
domains, each of which has a size comparable to a whole
crystal [4]. The origin of this domain structure in the anti-
ferromagnet is not yet understood. When a crystal was
grown in the superfluid B phase in the narrow tube, the
upper part of the sample in the tube was dominated by a
single domain [5,6]. Because of the high quality of sample
which guarantees a good thermal conductivity within the
sample and the very small Kapitza resistance between solid
and liquid [7,8], the solid was in good thermal equilibrium
with liquid at least in the ordered phase. Figure 1 is a
schematic drawing of the sample cell [9]. The lower part
is a narrow tube of 1 mm diameter with a heater (A) at
0031-9007�00�85(14)�2977(4)$15.00
the bottom to nucleate a seed crystal. The seed was grown
in the tube and continued to grow in the space between
two transducers (B) and a spacer (C). The spacer had two
windows (D) patched with polyester (PET) mesh to en-
sure a good thermal contact with the superfluid 3He. We
had two NMR coils (E, F), E was used for monitoring the
seed crystal, and F for monitoring the sample where we
measured the sound velocity. The main magnetic field for
NMR was parallel to the direction of the propagation of
the sound, so that we could determine both the tempera-
ture of the crystals and the domain orientation with respect
to the sound propagation from the NMR frequency shifts
in the U2D2 phase [1]. The NMR field was about 200 G
and the field dependence of the thermodynamic properties
of solid 3He was negligible. Above TN the temperature of
solid was determined by the melting pressure [10].

FIG. 1. Schematic view of the sample cell. A: nucleation
heater; B: transducers; C: spacer; D: window; E, F: NMR
coils.
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We used one transducer to send sound pulses and the
other as the receiver. The longitudinal sound frequency
was 10.98 MHz and the sound path length was 3.1 mm.
Sound echoes were detected by a phase sensitive detec-
tor and recorded by a digitizer for each pulse. Absolute
values of the sound velocity were determined from the
time intervals between the echo peaks. Absolute accuracy
of the sound velocity was about 1%. Relative change of
the sound velocity, Dy�y, was obtained by measuring the
phase changes of the echo signals. The resolution of the
measured velocity change after averaging about 20 data
points was about 2 3 1025.

Attenuation of sound in good solid samples was
0.2 cm21 for the entire temperature range and was at-
tributed to the diffraction loss of our geometry of the two
transducers. Therefore, this value gives the upper limit of
the intrinsic attenuation of solid.

The orientation dependence of the measured sound ve-
locities for about 20 samples agreed well with the value
calculated from the reported elastic constant, cij [11,12],
scaled to our molar volume by

d logcij

d logV
� 2gL 2

1
3

, (1)

with a common Grüneisen constant for all cij , and we
determined the Grüneisen constant for Debye temperature
gL � 22.35. This value of gL is used for Eq. (4).

Typical overall temperature dependence of sound veloc-
ity is shown in Fig. 2. In this sample the three principal
crystalline axes were (81±, 50±, and 41±) with respect to
the sound propagation direction and y � 498 m�sec. This
sample was not a single domain sample. In the U2D2
phase the sound velocity, Dy�y, increased with tempera-
ture by T4. In the narrow temperature range of 0.5 mK
above TN , the velocity increased rapidly by about 0.1%
and this is the velocity jump due to the first order phase
transition at TN . The temperature width of the transition

FIG. 2. Typical temperature dependence of the sound velocity.
The solid line shows the fit to Eq. (3), and the dotted line is the
contribution from molar volume change, Eq. (4).
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above TN was due to the slow thermal relaxation of this
first order transition even though the warming-up rate of
the crystal from 1 to 2 mK was 6 days. In paramagnetic
phase the velocity increased slightly just above TN , going
through the maximum at around 3 mK and then decreased
as the temperature increased.

We assume for analysis of data that the relaxation time
within the nuclear spin system is very fast compared with
the inverse of the sound frequency and the expression for
the first sound is used to calculate the contribution of the
nuclear spin system. The pressure of the solid, P, is cal-
culated by the Mie-Grüneisen equation of state,

P � 2
dU0

dV
2 gU�T � , (2)

where U0 is the total potential energy, U�T � the internal en-
ergy density, V the volume, and g � d logJ

d logV the Grüneisen
constant of the exchange interaction. The adiabatic bulk
modulus is given by BS � 2V � ≠P

≠V �S and the sound ve-
locity is calculated by using y2 � BS�r for the isotropic
materials, where r is density. Sound velocity change can
be divided into two contributions,

Dy

y
�

Dy�Vmol�
y

1
Dy�T �

y
. (3)

The first term in Eq. (3) is due to the molar volume change
along the melting curve and the second term is due to the
temperature dependent energy of the nuclear spin system.
The molar volume Vmol is known along the melting pres-
sure [13]. The first term in Eq. (3) can be calculated as

Dy�Vmol�
y

�

µ
gL 1

1
3

∂
DVmol

Vmol
. (4)

The second term in Eq. (3) is related to U�T � as

Dy�T �
y

�
DBS�T �

2BS
�

g

µ
g 2 1 2

d logg

d logV

∂
U�T �

2ry2 , (5)

where we assume d logg

d logV � 0 in Eq. (5). We analyzed data
separately in the three temperature regions below, at, and
above TN .

In the U2D2 phase below TN , DVmol � 24.0 3

1024�T�TN �4 cm3�mole [13], and

U�T � �
p2h̄
15c3

µ
kBT

h̄

∂4

, (6)

where c � 7.8 cm�sec [14] is the average spin wave ve-
locity by using the Greywall temperature scale [10]. The
same result as Eq. (5) with Eq. (6) was theoretically de-
rived, assuming one common Grüneisen constant for all
multiple-exchange constants [15]. Anisotropy effects in
sound velocity are not included in the analysis. Tem-
perature dependences of the spin wave contribution to the
sound velocity, Dy�T ��y, in the U2D2 phase for four
different single-domain samples are shown in Fig. 3(a),
where Dy�Vmol��y estimated from Eq. (4) is subtracted
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FIG. 3. (a) Temperature dependence of the sound velocity in
the U2D2 phase for four different samples. (b) The coefficient,
a, is plotted as a function of cos2u, where u is the angle between
l and the sound direction.

from the measured values of Dy�y. The contribution
from the molar volume change is less than 20% in the
U2D2 phase. Orientations of crystal with respect to sound
propagation are indicated by a polar angle u and an azi-
muthal angle f where ẑ is chosen for the anisotropy axis
l and x̂ and ŷ are (100) and other equivalent axes. They
are tabulated in Table I. The coefficient of a, defined by
Dy�T ��y � aT4, is plotted in Fig. 3(b) as a function of
cos2u. It is known that the nuclear magnetic properties,
such as NMR frequency shift, are very much isotropic
in the plane perpendicular to l [5] and should be sym-
metric around l, and thus the simplest functional form of
A 1 B cos2u is assumed for anisotropy of the tempera-
ture coefficient a. Anisotropy of a was found to be
TABLE I. Summary of anisotropy of sound velocity in the
nuclear-ordered U2D2 phase. Sound directions �u, f�, veloci-
ties y, coefficient a, and Grüneisen constant for spin wave
velocity gc are listed.

�u, f� y �m�s� a gc

A �71±, 43±� 513 1.75 6 0.22 17.0 6 1.0
B �68±, 39±� 514 1.85 6 0.15 17.5 6 0.7
C �61±, 37±� 518 1.40 6 0.23 15.5 6 1.3
D �29±, 28±� 489 1.42 6 0.24 14.7 6 1.2

B�A � 0.1. Fitting data to Eq. (5) together with Eq. (6),
we can calculate g which is related to the Grüneisen con-
stant for spin wave velocity gc, as g � gc 2

1
3 . The val-

ues of gc are tabulated in Table I. The average value of
gc for four samples is ḡc � 16.

At TN , the molar volume jump DVmol is 2.14 3

1023 cm3�mole [13]. We estimate Dy�Vmol��y to be
about 0.02%. Entropy jump at TN is reported to be
DS � 0.49R log2 [14] and DS � 0.43R log2 [16], from
which the internal energy jump is calculated. When the
former value for DS is used, the observed value of the
velocity jump of 0.1% at TN gives g � 22. Because
of the long relaxation time in this temperature range an
accurate estimate of the velocity jump is difficult. No
orientation dependence was observed in velocity jumps
within this accuracy.

In the paramagnetic phase above TN , the free energy
is given by the high-temperature series expansion of the
nuclear spin system as

F � RT

µ
2

e2

8T2 1
e3

24T3 2 . . .

∂
. (7)

By fitting the internal energy calculated from the tempera-
ture dependence of melting pressure [17] to Eq. (7), we
obtained e2 � 11.8 mK2 and e3 � 29.4 mK3 along the
melting curve. As shown in Ref. [12], the adiabatic bulk
modulus BS is calculated by

BS � BT 1
T
cV

µ
≠P
≠T

∂2

V
, (8)

where the isothermal bulk modulus, BT , and heat capacity
at constant volume, cV , are calculated from Eq. (7). The
nuclear spin exchange contribution to the sound velocity
change is given by
Dy�T �
y
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æ
, (9)

where g2 � d loge2

d logV and g3 � d loge3

d logV . We assume d logg2

d logV � 0, and d logg3

d logV � 0 in Eq. (9). The dotted line in Fig. 2 is the
contribution from molar volume change and the solid line is the fit to Eq. (3). For this sample we obtained g2�2 � 21
and g3�3 � 22. In the paramagnetic phase the main contribution to the sound velocity change is due to the molar volume
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change along the melting curve and the accuracy in the
estimation of g2 and g3 was poor. Indeed we found some
samples where the above analysis did not fit well and the
accuracy of the fit was marginal in the paramagnetic phase.

We compared ḡc � 16 with that calculated by the
multiple-exchange model [18]. We used the multiple-
exchange frequencies calculated by the path integral
Monte Carlo method of Ceperley and Jacucci [19]. We
scaled those values to the molar volume on the melting
curve using the Grüneisen constant, g � 18, as done in
TABLE III by Roger and Hetherington [20]. Grüneisen
constants for various types of exchange processes are
given by Roger [21] and Roger and Hetherington [20] in
the form of gp �

5
3Ap�g, where suffix, p, expresses the

type of exchange, Ap is the action in the WKB calculation
which is tabulated in their figures, and g21 � 1.1. Spin
wave velocity, c, was calculated by using multiple-
exchange constants up to four-body exchange processes
by Iwahashi and Masuda [22] and Ohmi et al. [23].
Using these values and expression for c, we obtained
c � 5.8 6 3.0 cm�sec and gc � 9.3 6 17.2 where the
errors came from stated errors of the Monte Carlo calcula-
tion in multiple-exchange constants [19]. Agreement with
our experimental value, ḡc � 16, is acceptable because
spin wave velocity and its Grüneisen constant are very
sensitive to the exchange frequencies. Comparison of the
sound measurement with the theory would be a sensitive
test for the multiple-exchange model, but an expression for
spin wave velocity up to higher-order exchange processes
than four-body exchanges and more accurate values of
multiple-exchange constants are needed.

We measured the velocities of longitudinal sound in
U2D2 solid 3He in single-domain crystals with different
orientations. Anisotropy of temperature dependent-sound
velocity B�A was about 10% in the U2D2. Grüneisen con-
stant for spin wave velocity, ḡc � 16, was obtained. We
compared this value with the multiple-exchange model up
to four-body exchanges and the agreement was acceptable.
The sound velocity jump at the first order phase transition
and temperature dependence of sound velocity in paramag-
netic phase were also explained by the contribution from
the nuclear spin exchange process and the molar volume
change along the melting curve.
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