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Magnetic Breakdown at High Fields: Semiclassical and Quantum Treatments
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The effects of finite temperature and noninteracting spins on magnetic breakdown (MB) in a quasi-
two-dimensional organic conductor have been determined by computing the field-dependent free energy
using a realistic crystal structure with no adjustable parameters. The de Haas–van Alphen oscillation
spectra, including the MB phenomena, are thereby obtained microscopically. Within the range of com-
puted magnetic field, from 170 to 1400 T, we find remarkable agreement between the predictions of
the semiclassical and quantum treatment. We also find that the Zeeman effect leads to splitting of a
frequency corresponding to the fundamental orbit.

PACS numbers: 71.18.+y, 71.20.Rv, 72.15.Gd
High magnetic fields are important for studying mag-
netic breakdown (MB) and quantum oscillations in low-
dimensional materials. A dramatic influence of magnetic
field B on the electronic structure of metals was first elu-
cidated by Hofstadter for a square lattice [1]. A novel
feature associated with the field-dependent energy spec-
trum (i.e., Hofstadter diagram) is that an energy band at
B � 0 splits into a series of self-similar patterns of mag-
netic subbands with increasing field. Such a spectrum, if
observed in a real metal, would yield a rich variety of op-
tical, transport, and thermodynamic phenomena due to a
complex subband structure. However, for a conventional
low-dimensional metal with the lattice constant a � 1 Å,
the value of B for f�f0 � 1 is of order 40 000 T, indi-
cating that this property cannot be easily observed. Here
f � Ba2 is the magnetic flux through a unit plaquette and
f0 � hc�e. In contrast, the complex subband structures
of Hofstadter diagram are, in principle, more accessible
in molecular conductors �a � 10 Å� and in the emerging
availability of high magnetic fields [2] which are approach-
ing 1000 T.

In this Letter, the Hofstadter treatment [1] is applied to
a BEDT-TTF salt (usually abbreviated as ET) to examine
the effect of finite temperature T and noninteracting spins
on MB. We will show that the results from a quantum
treatment of MB is surprisingly similar to the semiclassical
description based on the Lifshitz-Kosevich (LK) formula
with the temperature and spin-dependent damping factors
and that the agreement between our calculation and ex-
periments is strikingly good. Furthermore, our calculation
predicts the B dependence of the effective mass due to a
nonlinear field dependence of magnetic subbands, and a
splitting of a frequency for the fundamental orbit due to
the Zeeman effect.

As a point of departure, we consider experimental
studies of magnetization in several quasi-two-dimensional
organic conductors [3], where the Fermi surface (FS)
consists of both a closed (hole) orbit and an open (elec-
tron) orbit. In low fields, the closed orbit gives rise to
the fundamental frequency fa . In sufficiently high fields,
0031-9007�00�85(7)�1500(4)$15.00
the trajectory of carriers may involve both open and
closed orbits as suggested by the semiclassical network
picture [4]. This orbit yields the breakdown frequency
fb . In semiclassical theories, the combination frequency
mfb 1 nfa along with fa and fb are allowed, but the
difference frequency fb 2 fa is explicitly forbidden
since an abrupt reversal of electron trajectory is not
allowed. However, this semiclassically forbidden fre-
quency has been observed. For example, Meyer et al.
[5] have reported traces of fb 2 fa , fb 2 2fa , and
2fb 2 2fa in a fast Fourier transform (FFT) spectrum
of the dc magnetization for k-�ET�2Cu�NCS�2. Uji et al.
[6] have seen the peaks corresponding to fb 2 fa ,
2fb 2 fa , and 2fb 2 2fa in a FFT spectrum of the
same material. Recently, Honold et al. [7] observed the
frequency corresponding to the difference orbit fb 2 fa

in the ac susceptibility of a-�ET�2KHg�SCN�4.
These experimental data have stimulated theoretical at-

tempts to explain the origin of the forbidden frequency
from a thermodynamic point of view. These attempts in-
clude a semiclassical approach using the Pippard network
model [8,9], the expanded Landau picture with an inde-
pendent two-band model [10], and a quantum mechanical
approach based on a one-band model with additional in-
puts to include the MB phenomenon [11]. In contrast, our
approach uses the microscopic tight-binding Hamiltonian
HKHg in Ref. [12] derived for a-�ET�2KHg�SCN�4 ac-
cording to the extended Hückel prescription. This material
is selected because it is very well studied experimentally,
and its nearly square in-plane unit cell can significantly re-
duce numerical calculations.

A unique aspect of our approach is that both a realis-
tic lattice structure and the Zeeman effect are included in
the computation of field-dependent energy bands. Hence,
beyond the inclusion of the extended Hückel tight-binding
formalism, commonly used to describe the electronic struc-
ture of organic conductors, there are no adjustable pa-
rameters. Four molecular bands obtained by using seven
different transfer integrals at B � 0 replicate the electronic
structure of the real system [12]. Attempts [13] to study
© 2000 The American Physical Society
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the effects of spins on the de Haas–van Alphen (dHvA)
effect have been made, but to our knowledge, this is the
first time the Zeeman effect is included in the Hofstadter
spectrum for a realistic crystal structure.

The field-dependent energy spectrum is obtained by in-
troducing magnetic field through the Peierls substitution,
for simplicity. We note that the atomic diamagnetism and
the field dependence of the transfer integrals can lead to a
sizable correction to the energy spectrum when f�f0 � 1
[14]. However, this correction is negligible in the range
of computed magnetic field (170–1400 T). The resulting
Hofstadter diagram for a-�ET�2KHg�SCN�4 is shown in
Fig. 1. The symmetry of the energy spectrum, compared
to the one-band model [11], is greatly reduced since all
four molecular bands are represented in our approach. The
number of magnetic subbands and energy gaps for fixed B
depends on the specific values of f�f0 � p�q, where p
and q are integers, but a mirror symmetry in the energy
spectrum about f�f0 � 1�4 is due to an artifact of the
Peierls substitution. The field-dependent magnetization for
f�f0 , 1�16 is calculated from the energy spectrum by
choosing the canonical ensemble (fixed number of carri-
ers) and by taking the derivative of the free energy with
respect to magnetic field. The resulting field-dependent
magnetization is shown in Fig. 2. The FFT spectrum of
the magnetization yields the relative amplitude of dHvA
orbits and shows both allowed and forbidden frequencies,
regardless of the use of the canonical or grand canonical
ensemble [12]. We now discuss the effect of (i) finite
temperature, (ii) magnetic field on effective masses, and
(iii) noninteracting spins on MB.

(i) Finite temperature.—The effect of finite temperature
is included in the free energy through the Fermi function.
The thermal broadening effect on the magnetization ob-
tained from the free energy is illustrated in Fig. 2. The
FFT amplitude for the fundamental hole orbit a, the MB
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FIG. 1. The Hofstadter diagram for the quasi-two-dimensional
organic conductor a-�ET�2KHg�SCN�4.
orbit b, and the forbidden difference orbit b 2 a is plot-
ted in Fig. 3 as a function of T�B, where B � 310 T is
the inverse of the average f0�f for the FFT spectrum
in Fig. 2. The dotted lines in Fig. 3 represent the semi-
classical LK treatment [15] of the dHvA amplitudes ob-
tained by using the damping factor

RT � ��XTm��meB�� sinh��XTm��meB� , (1)

which describes the phase smearing effect in quantum
oscillations at finite T . Here � is a harmonic number,
X � p2kB�mB � 14.69 T�K, mB is the Bohr magneton,
m� is the effective cyclotron mass, and me is the electron
mass. The effective mass parameter m��me for each
orbit, as obtained by fitting our numerical results to
Eq. (1), is tabulated in Table I. Considering the range
of magnetic field used in the calculation, the computed
values for the frequencies and m��me are in remarkable
agreement with the experimental values [2,6,7,16,17]. We
note that the effective masses for higher harmonics of both
the a and b orbit were smaller than the one obtained by
using the simple prescription of m�

� � �m�. This appears
to be the case for both our calculation and experiments.

(ii) Magnetic field dependence.—Another result of the
calculation is that both the effective mass [Fig. 4(a)] and
the amplitude of dHvA orbits [Fig. 4(b)] depend on mag-
netic field. The effective mass of the fundamental �m�

a�
and the MB �m�

b� orbit, derived from the LK analysis of
our result, increases slightly and decreases rapidly with
magnetic field, respectively. m�

a is consistent with a sug-
gestion that m� increases with B due to the nonlinear field
dependence of magnetic subbands [18]. The origin of the
field dependence for m�

b is difficult to visualize directly
since the electron orbit involves both a closed and an open
FS, but the drastic decrease in m�

b with field is certainly a
manifestation of the MB system. These behaviors repre-
sent a deviation from the expectations of the standard LK
theory, where the energy spectrum depends linearly on B
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FIG. 2. The magnetization versus inverse magnetic field for
kBT � 0.01, 1, 2, 10 meV.
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FIG. 3. The normalized FFT amplitude versus T�B for fa

(filled circles), fb (filled squares), and fb 2 fa (filled tri-
angles). The field range used in this analysis is 170 # B #
1400 T. The dotted lines are fits using RT .

and where no MB occurs. As shown in Fig. 1, the field
dependence of magnetic subbands is nonlinear, and this
deviation becomes stronger with increasing field. Field-
dependent effective mass effects have been reported in ex-
periments in pulsed magnetic fields (of order 50 T) for
both magnetization and transport studies [19]. A direct
comparison with our predictions must be made with cau-
tion since our field range is significantly higher. Also,
application of the LK theory to highly nonsinusoidal wave
forms, as observed in the transport studies, can induce ar-
tifacts into the mass analysis. The FFT amplitude shown
in Fig. 4(b) indicates that the dHvA amplitude of the a

orbit for B . Bc � 265 T (the estimated breakdown field)
[12] decreases with the field, but the amplitude of the b

orbit, its second harmonic, and the b 2 a orbit increase
gradually with the field. Figures 4(a) and 4(b) also indi-
cate that the present quantum treatment of MB should be
distinguished from the approaches based on an indepen-
dent multiple-band model [10] since the interdependence
between electrons in different molecular bands cannot be
accounted for in these models.

(iii) Noninteracting spin effects.—The effect of non-
interacting spins on MB is determined by adding the
Zeeman term Hs � sgemBB�2 to the Hamiltonian HKHg
in the calculation of field-dependent energy spectrum.
Here, s � 61, and ge is the electron g-factor. For non-
interacting spins, the spin states are orthogonal to other
eigenstates. As a result, the spin-dependent terms appear

TABLE I. Numerically computed frequency and the effective
mass for the a, b, and b 2 a orbits are compared with the
values obtained from the dHvA effect data.

Frequency (T) m��me

Theory Expt. Theory Expt. Refs.

a 680 670 1.53 6 0.04 1.65, 1.85 [2,6]
b 4080 4260 2.48 6 0.20 3.3 6 0.5, 3.5 [7,17]
b 2 a 3400 · · · 3.41 6 0.16 · · · · · ·
1502
4.0

3.0

2.0

1.0

m
* 

/ m
e

1.0

0.5

0.0FF
T

 A
m

pl
it

ud
e 

(a
rb

. u
ni

ts
)

550500450400350300250

 Bav (tesla)

α
β
β−α
2β

(a)

(b)

FIG. 4. (a) m��me and (b) the FFT amplitude of the dHvA
orbits determined from the magnetization shown in Fig. 2. Here
Bav is the average magnetic field for the FFT with a width
d�f0�f� � 240.

as diagonal elements in a matrix representation of the
Hamiltonian [12]. The FFT spectrum of magnetization for
the g-factor ranging from ge � 0 3 (in intervals of 0.1)
is shown in Fig. 5. Here we choose kBT � 0.002 meV.
Inclusion of the spin effect in the Hofstadter spectrum
yields a new result: the Zeeman effect leads to splitting
of the fundamental frequency. A peak corresponding to
fa � 680 T splits into two peaks with fa,1 � 480 T
and fa,2 � 750 T for a nonzero value of ge but be-
comes clearly visible for ge . 2.1 due to the increase
in the spectral weight. This splitting may be due to
the nonlinear field dependence of magnetic subbands,
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FIG. 5. The FFT spectra for ge between 0 and 3 are plotted in
an interval of 0.1. The curves are vertically offset in proportion
to ge for clarity.
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FIG. 6. The FFT amplitude versus ge for fa (filled circles),
2fa (open circles), fb (filled squares), fb1a (open triangles),
and fb2a (filled triangles). The solid lines are fits using Rs.
The curves are offset for clarity. A split of fa into fa,1 and fa,2
becomes clearly visible for ge . 2.1.

indicating a complex interplay between spin-up and spin-
down magnetic subbands with magnetic field. Splitting
of fb and fb2a may also occur when ge is nonzero,
but this has not been observed yet, probably due to a
limitation in the resolution of our calculations. We note
that House et al. [16] reported the appearance of other
frequencies, which may be related to fa,1 and fa,2, near
the fundamental frequency in the measurements of angle-
dependent magnetoresistance. However, the experimental
data is inconclusive, suggesting the need for further
investigation. The FFT amplitudes of each frequency
plotted in Fig. 6 show a nonmonotonic dependence on ge

due to the band crossing between spin-up and spin-down
magnetic subbands. Here, the result of our calculation
is compared with the semiclassical LK treatment (solid
lines) of the spin effect in terms of the damping factor

Rs � cos�ppgem��2me� . (2)

It is evident from the figure that the cosine behavior which
is expected from the LK treatment is clearly seen in the
field-dependent energy spectrum when the Zeeman effect
is included. Similar to the estimation of m� by using RT of
Eq. (1), the effective mass can also be determined by fitting
our numerical result with Rs. The effective masses of
m�

a�me � 1.4 and m�
b�me � 2.8 obtained by using jRsj

are in close agreement with those determined by fitting
with RT , as shown in Table I.

In summary, we have determined the effect of finite
temperature and noninteracting spin by examining MB in
a-�ET�2KHg�SCN�4, using a microscopic model with no
adjustable parameters which yields the quantum oscilla-
tion frequencies for the a, b, and b 2 a orbits, as ob-
served in thermodynamic (magnetization) experiments. By
applying the conventional theory of magneto-oscillations
(i.e., the LK formalism) to our numerical result, we ob-
tained m��me for the dHvA orbits that are in close agree-
ment with the experimental values. Perhaps, this looks
surprising since the present limit of magnetic field in ex-
periments is about 60 T, whereas the range of B in our
computation is from 170 to 1400 T. However, this cor-
respondence is quite reasonable since the ratio B�T (of
order 10 T�K for both the computational and experimen-
tal regimes of Table I) enters the LK damping factor. In
our quantum treatment of MB, we found that (i) m��me of
the dHvA orbits depends on magnetic field for B . 250 T
and (ii) the fundamental frequency splits into two due to
the Zeeman effect. These results are a consequence of in-
terplay between the molecular bands near the Fermi energy
and the nonlinear field dependence of magnetic subbands
which are included naturally in the Hofstadter diagram for
a realistic electronic structure.
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