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Absolute Negative Conductivity and Spontaneous Current Generation
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We study transport through a semiconductor superlattice with an electric field parallel to and a mag-
netic field perpendicular to the growth axis. Using a semiclassical balance equation model with elastic
and inelastic scattering, we find that (1) the current-voltage characteristic becomes multistable in a large
magnetic field and (2) “hot” electrons display novel features in their current-voltage characteristics, in-
cluding absolute negative conductivity and a spontaneous dc current at zero bias. We discuss experimental
situations providing hot electrons to observe these effects.

PACS numbers: 73.20.Dx, 72.80.Ey, 73.40.Gk
Semiconductor superlattices (SSLs) are excellent sys-
tems for exploring nonlinear transport effects, since their
long spatial periodicity implies that SSLs have small
Brillouin zones and very narrow “minibands” [1]. Applied
fields accelerate Bloch electrons in a band according
to �k � 2�e�h̄� �E 1 �v 3 B��c�, with momentum k,
charge 2e, electric field E, magnetic field B, electron
velocity v , and speed of light c. In SSLs, both the velocity
and effective mass depend on the momentum; the effec-
tive mass is negative above the band’s inflection point,
corresponding to the fact that electrons slow down to zero
velocity at the Brillouin zone edge. The acceleration of
the external fields is balanced by scattering processes that
limit the momentum of electrons. In clean SSLs with mod-
est fields, electrons can reach the negative effective mass
(NEM) portion of the miniband before scattering. For an
electric field oriented along the growth axis, the current-
voltage characteristic exhibits a peak followed by nega-
tive differential conductivity (NDC) when a significant
fraction of electrons explore the NEM region of the mini-
band [1]; with an additional magnetic field perpendicular
to the growth axis, NDC occurs at a larger bias because
the magnetic field impedes the increase of momentum
along the growth axis [2].

We study electron transport through a single miniband,
spatially homogeneous SSL with a constant magnetic
field, B, in the x direction and an electric field, E, along
the growth axis (the z direction). We assume a tight-
binding dispersion relation, e�k� � h̄2�k2

x 1 k2
y ��2m� 1

D�2�1 2 cos�kza��, where e is the energy of an electron
with momentum k, m� is the effective mass within the
plane of the quantum wells that form the SSL, D is the
miniband width, and a the SSL period.

Generalizing the approach of [3] to include the effects
of the magnetic field, we obtain the balance equations [4]

�Vy � 2eBVz�m�c 2 gyyVy , (1)

�Vz � 2e�E 2 BVy�c��m�´z� 2 gyzVz , (2)
0031-9007�00�85(6)�1302(4)$15.00
�́z � 2eEVz 1 eBVy�cVz 2 g´�´z 2 ´eq,z� . (3)

The average electron velocity, V � �Vy , Vz�, is obtained
by integrating the distribution function satisfying the Boltz-
mann transport equation (BTE) over the Brillouin zone;
gyy and gyz are relaxation rates for the corresponding
components of V following from elastic impurity, interface
roughness and disorder scattering, and inelastic phonon
scattering. It is convenient to separate the energy of the
electrons into parts associated with longitudinal and trans-
verse motion; ´z is the average energy of motion along
the growth axis with equilibrium value ´eq,z , and g´ rep-
resents its relaxation rate due mainly to inelastic phonon
scattering (elastic scattering that reduces the energy of
motion along the SSL growth axis and increases the trans-
verse energy also contributes). The balance equations con-
tain an effective mass term dependent on ´z , m�´z� �
m0��1 2 2´z�D�, which follows from the momentum de-
pendence of the effective mass tensor, and m0 � 2h̄2�Da2

is the effective mass at the bottom of the SSL miniband.
The transverse energy does not enter the balance equa-
tions because of the constant effective mass for this mo-
tion. While the magnetic field does not change the total
electron energy, it does transfer energy between transverse
motion and ´z; hence Eq. (3) contains the magnetic field-
dependent term.

Intuitively, we understand the balance equations as de-
scribing an “average” electron whose velocity changes ac-
cording to �V � F�m�´�: F represents electric, magnetic,
and damping forces. The mass tensor m�´� is diagonal
and mzz depends on the energy of motion in the z direc-
tion; this energy component evolves according to �́z �
FzVz 2 Pdamp . Inelastic scattering to the average energy
´eq,z (which may not be the bottom of the miniband) leads
to the damping term, Pdamp . This intuitive picture should
not obscure that our balance equations have been derived
from the full BTE. Recent experimental and theoretical
studies have shown that BTE-based semiclassical models
are quite accurate when the energy drop per SSL period
© 2000 The American Physical Society
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from the electric field, eEa, remains less than the miniband
width, D [5]; hence semiclassical models work well to
suggest new directions for experiments and more detailed
quantum mechanical models. Equivalently, this condition
states that the electric field-induced Bloch oscillation fre-
quency must be less than the miniband width; similarly, we
expect the semiclassical model to apply when the miniband
width exceeds the frequency of linear cyclotron oscilla-
tions, D . h̄eB��m0m��1�2. Larger magnetic fields neces-
sitate a quantum model which includes the modification of
the eigenfunctions and eigenenergies with magnetic field
[6]. Miniband transport also requires D . h̄g. Consider
SSL parameters from the recent experiment [7]: gyy �
gyz � g´ � 1012 s21, D � 22 meV, and a � 90 Å; the
conditions h̄vB , D and h̄eB��m0m��1�2 , D are satis-
fied for electric fields less than 24 kV�cm and magnetic
fields less than 14 T.

For numerical work, we use the scalings yy �p
m0m� a�h̄Vy , yz � m0a�h̄Vz , w � �´z 2 D�2���D�2�,

w0 � �´eq,z 2 D�2���D�2�, B � eB�
p

m�m0 c, and
vB � eEa�h̄ (the Bloch frequency of the electric field).
The average electron energy is scaled such that 21 (11)
corresponds to the bottom (top) of the miniband. In these
scaled variables, the balance equations read

�yy � 2Byz 2 gyyyy , (4)

�yz � vBw 2 Byyw 2 gyzyz , (5)

�w � 2vByz 1 Byyyz 2 g´�w 2 w0� . (6)

The current across the SSL I � 2eNA�Da�2h̄�yz,ss,
where N is the carrier concentration, A the cross-sectional
area, and yz,ss the steady-state solution to Eq. (5). Setting
the time derivatives in Eqs. (4)–(6) to zero, we obtain the
following equation relating the SSL current to the bias:
C2y3

z,ss 1 2CvBy2
z,ss 1 �gyzg´ 1 v

2
B 2 g´w0C�yz,ss 2

g´w0vB � 0, where C � B2�gyy . This cubic equation
implies there may be up to three steady-state current values
for a given bias [8].

In Fig. 1, we plot 2yz,ss, which is proportional to the
current, as a function of voltage, vB, for three magnetic
fields. With no magnetic field (Fig. 1a), the current
exhibits a peak followed by NDC and satisfies the well-
known expression yz,ss � �2w0�gyz�vB��1 1 v

2
B�

gyzg´� [9]. With a magnetic field, the current reaches its
maximum value at a larger electric field (Fig. 1b); this has
been observed experimentally and is well understood [2].
For a larger magnetic field (Fig. 1c), the balance equations
predict a region of multistability with three possible
currents. This multistability occurs for vB�gyz � 7 8
and, for wide miniband SSLs with low scattering, does
not contradict the constraints of our semiclassical model,
i.e., h̄vB , D and h̄gyz , D. For the low damping
rates obtained in [7], D�h̄gyz � 33, so D�h̄vB � 4 at
the onset of multistability (in unscaled units, vB � 8gyz

for an electric field of 6 kV�cm). The magnetic field in
FIG. 1. Current-voltage characteristic with gyz � g´ and
w0 � 21 for no magnetic field, C � 0 (a), a small magnetic
field, C � gyz (b), and a large magnetic field, C � 15gyz (c).

Fig. 1c also falls within the bounds of the semiclassical
model: when C � 15gyz (a field of 1.7 T), the miniband
width is about 8.5 times the linear cyclotron frequency, B .

We now consider “hot” electrons, where the electron
distribution is highly nonthermal, even without the ap-
plied fields. The electrons do not have time to relax to
the bottom of the miniband before leaving the SSL. We
can effectively describe these hot carriers as relaxing to
the top half of the miniband, i.e., as having w0 . 0. This
may happen in a very clean SSL at very low temperatures,
when the inelastic mean free path is comparable with the
SSL size. The hot electrons may be obtained by injec-
tion [7,10] or by optical excitation. Below we will dis-
cuss how to achieve this situation experimentally. For zero
or small magnetic fields (Fig. 2a), absolute negative con-
ductance (ANC) occurs as the current flows in the op-
posite direction as the applied bias. In larger magnetic
fields (Fig. 2b), a region of multistability appears around
zero bias; the zero current solution becomes unstable as
soon as the nonzero current solutions emerge. In other
words, the SSL will spontaneously develop a current at zero
bias. The three possible zero-bias, steady-state velocities
are yz,ss � 0, 6�g´w0C2gyzg´

C2 �1�2, so a spontaneous current
will appear when w0C . gyz (i.e., w0B

2�gyy . gyz).
Since C and gyz are always positive, this requires that
w0 be positive; neither thermal effects nor doping can ful-
fill the necessary condition for a zero-bias current: hot
electrons are required. One clearly needs energy to cre-
ate the spontaneous current, and hot electrons supply this
1303
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FIG. 2. Current-voltage characteristic for hot electrons, w0 �
0.5 with gyz � g´ in a small magnetic field, C � gyz (a), and
in a large magnetic field, C � 5gyz (b).

energy. Moreover, the condition for a spontaneous current
does not violate our assumption of semiclassical transport.
The SSL generates a current when B � g, but the con-
dition D . h̄B can be satisfied since D . h̄g. Consider
again the parameters of Ref. [7]: for w0 � 0.5, a sponta-
neous current occurs for B � 1.4gyz (B � 0.6 T), so that
D � 23h̄B .

Hot electrons lead to ANC and spontaneous current
generation because of their NEM in the top half of the
miniband. To understand the origin of ANC, consider a
one-dimensional SSL with electrons at their equilibrium
position at the bottom of the band, w0 � 21, and no elec-
tric field; when a positive bias is applied, vB . 0, the
electrons move through the band according to �kza � 2vB

until they scatter. Elastic scattering conserves energy,
sending an electron across the band in this one-dimensional
case. Inelastic scattering changes the energy to w0, i.e.,
kz � 0. (Hot electrons inelastically scatter to w0 . 0,
possibly gaining energy.) In Fig. 3, the electric field ac-
celerates the electrons from their equilibrium position at
point A; inelastic scattering prevents many electrons from
passing point B, so electrons are found mainly in the seg-
ment AB. Elastic scattering sends electrons into the seg-
ment AC, which contains fewer electrons than the segment
AB. In this tight-binding miniband, the electron velocity
is V �kz� � h̄21≠e�≠kz � �Da�2h̄� sin�kza�; because the
segment AB has more electrons, there is a net negative ve-
locity, or a positive current. For hot electrons with w0 . 0,
initially the points labeled D1 and D2 are occupied with
1304
FIG. 3. Miniband structure; labeled points are described in
text.

equal numbers of electrons, and no current flows. Once
applied, the electric field accelerates electrons such that
they occupy the segments D1E1 and D2E2, as inelas-
tic (nonenergy-conserving) scattering returns them to their
quasiequilibrium energy at points D1 and D2; elastic scat-
tering leads to a smaller number of electrons in the seg-
ments D1F1 and D2F2. The speed of electrons above the
miniband inflection point decreases as the magnitude of
their momentum approaches the Brillouin zone edge; thus
the electrons in the segment D2E2 have a larger speed
than those in D1E1. A positive net velocity or, in other
words, a negative current results; this is the ANC shown
in Fig. 2a.

An intuitive picture of the spontaneous current gen-
eration also follows from the SSL miniband structure.
Consider a small, positive current fluctuation resulting
from extra electrons at the initial energy w0 . 0 (point
D2 in Fig. 3). The momentum evolves according to �k �
2�e�h̄c�V 3 B; with Bx . 0, initially �ky . 0, and
�kz , 0. In the magnetic field, the hot electrons move from
point D2 towards E2. Approaching the miniband inflec-
tion point, the electrons speed up, and the current fluctua-
tion grows. Eventually an electron will scatter inelastically
to its quasiequilibrium initial position or elastically across
the band. For magnetic field strength and scattering rates
specified by the requirement w0B

2 . gyygyz , the initial
current fluctuation associated with the hot electrons will
increase, the zero current state will be unstable to such
small fluctuations, and the SSL will develop a spontaneous
current.

Experimentally, it is possible to obtain hot electrons with
w0 . 0 by injecting electrons into the NEM portion of
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the miniband, as was described in Refs. [7,10]. In the
steady state, a continuous stream of energetic electrons re-
places the carriers that tunnel out of the finite SSL, act-
ing as the constant energy source requisite for spontaneous
current generation. In the balance equation formalism,
hot electrons are described by a positive average energy,
w0 . 0, and act as an energy source in Eq. (6); without
applied fields, hot electrons provide energy at the same
rate g´ dissipates energy, hence w � w0. Since w0 is
the average energy of the steady-state, zero-field electron
distribution— including the width of the injection wave
packet— this distribution must be peaked in the upper half
of the miniband to yield w0 . 0. This distribution shows
that hot electrons provide the energy for the zero-bias cur-
rent, and no basic physical laws are violated. Experi-
ments measure the current transmitted through the SSL as
a function of the incident energy of the injected carriers
[7,10]. For this geometry, phonon scattering is negligible
at low temperatures, and elastic interface roughness scat-
tering is the main mechanism to decrease the energy of
motion along the growth axis. To observe the hot elec-
tron effects we predict, the experiment must first be per-
formed with a small electric field but no magnetic field; it
must then be repeated with a magnetic field in the plane
of the quantum well. Spontaneous current generation can
occur for an electron wave packet incident at the top half
of the miniband, and will lead to an increase of the trans-
mitted current for appropriate energies (the small electric
field merely selects the sign of the spontaneous current).
ANC can be observed by measuring the transmitted cur-
rent in both positive and negative electric fields; a positive
(negative) electric field reduces (increases) the current. Fi-
nally, for the experiments we propose on undoped SSLs
with low injection rates, electron-electron interactions are
negligible; larger carrier concentrations necessitate a self-
consistent theory to include carrier inhomogeneities and
accumulation.

In summary, we have described new physical effects—
current flow opposite to the direction of the applied elec-
tric bias and spontaneous current generation— in an SSL
with a transverse magnetic field and nonequilibrium elec-
tron excitations, and we have suggested how they might be
observed in experiments. We hope our experimental col-
leagues will search for these effects. Finally, we mention
the discussion of similar effects (absolute negative conduc-
tivity, multistability, and spontaneous current generation)
in a very different physical situation, i.e., an ac electric
field and no magnetic field [11].
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