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We study the low-temperature low-frequency conductivity o of an interacting one-dimensional electron
system in the presence of a periodic potential. The conductivity is strongly influenced by conservation
laws, which, we argue, need to be violated by at least fwo noncommuting umklapp processes to render
o finite. The resulting dynamics of the slow modes is studied within a memory matrix approach, and we
find an exponential increase as the temperature is lowered, o ~ (An)?e’®/™) close to commensurate
filling M/N, An = n — M/N < 1, and o ~ ¢T0/D*" elsewhere.

PACS numbers: 73.50.Bk, 71.10.Pm, 72.10.Bg

The finite-temperature conductivity of a clean one-di-
mensional wire [1] is a fundamental and much studied
question. Clearly the “bulk” conductivity of a wire in the
absence of a periodic potential is infinite even at finite tem-
peratures 7. In this case the conductance is independent
of the length of the wire and is determined by the contacts
only. Surprisingly, much less is known about the conduc-
tivity in the presence of umklapp scattering induced by a
periodic potential. There is not even an agreement whether
it is finite or infinite at finite temperatures for generic sys-
tems [2—6]. We shall show that the correct answer emerges
when all relevant (weakly violated) conservation laws are
taken into account. Those conservation laws are exact at
the Fermi surface and are violated by umklapp terms away
from it. We shall study the associated slow modes by
means of a memory matrix formalism able to keep track
of their dynamics. It will allow us to calculate reliably the
low-temperature, low-frequency conductivity.

The topology of the Fermi surface of a 1D metal de-
termines its low-energy excitations. Two well-defined
Fermi points exist at momenta k = *kp, allowing us to
define left and right moving excitations, to be described
by Vi /ro=1i. We shall include in the fields momentum
modes extending to the edge of the Brillouin zone, usu-
ally omitted in treatments that concentrate on physics very
close to the Fermi surface.

The Hamiltonian, including high-energy processes, is

H=Hy + Hiw + > HY,,. (1)
n,m
Hyy is the well-known Luttinger liquid Hamiltonian cap-
turing the low-energy behavior [1],

Hpp = UF'[(\I"Zaiax\PLU - \I’I];o-iax\PRcr) + gf P(X)z

1 dx 1
=— | = v, K (0:0,)* + — (9 2),
2f%”§p( (0.0 + 2= (0:,)
vr is the Fermi velocity, g > 0 measures the strength of
interactions, and p = p; + pg is the sum of the left- and
right-moving electron densities. In the second line, we
wrote the bosonized [1] version of the Hamiltonian. Here
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vs, U, are the spin and charge velocities, and the interac-
tions determine the Luttinger parameters K, with v, K, =
vp, U, /K, = vp + g/m, v, /K, = vp — g/ .

The high-energy processes are captured in the subse-
quent terms which are formally irrelevant at low energies
(we consider only systems away from a Mott transition,
i.e., away from half filling). Some of them, however, de-
termine the low-frequency behavior of the conductivity at
any finite 7', since they induce the decay of the conserved
modes of Hy; (they are “dangerously irrelevant”). We
classify these irrelevant terms with the help of two op-
erators which will play the central role in our discussion.
The first one is the translation operator Py of the right-
and left-moving fields; the second one, Jo = Ng — Np,
is the difference of the number of right- and left-moving
electrons, and is up to v, the charge current of Hy:

I%=Z[MWEFmWM+WLFmNmL
@)

Jo=Ng — NpL = Zf (Vi Wry — WI,W.,).
3)

Both P7 and Jj are conserved by H; ; ; their importance for
transport properties is due to the fact that both stay approxi-
mately conserved in any one-dimensional metal (away
from half filling): processes which change Jj are forbidden

close to the Fermi surface by momentum conservation.
The linear combination Py = Py + kgpJy can be identi-
fied with the total momentum of the full Hamiltonian H
and is therefore also approximately conserved.

We proceed to the classification of the formally irrele-
vant terms in the Hamiltonian. This classification allows
us to select all those terms (actually few in number) that
determine the current dynamics. Hj, includes all terms in
H — Hj; which commute with both P7 and Jj, such as
corrections due to the finite band curvature, due to finite-
range interactions and similar terms. We will not need their
explicit form.

The umklapp terms H,f{m (n,m = 0,1,...) convert n
right movers to left movers (and vice versa) picking up
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lattice momentum m27/a = mG, and do not commute
with either Py or Jy. Leading terms are of the form

Hi\ = 80m f eMkon¥(p, + pr)* + He., (4)
HY, =~ 80, > f ek Wy o, + He, (5)
g

i Tt
Hj, = gé{m] e Akz"”x‘PRT‘I’Rl‘I’Ll‘I’LT + Hece., (6)

with momentum transfer Ak, , = n2kr — mG. A
process transferring n > 1 electrons with total spin ng/2
pointing in the z direction can be neatly expressed as

U

g g . .

a being a cutoff, of the order of the lattice spacing.
In fermionic variables, the integrand takes the form
l_[;lfo 1‘1’;T(x + ja)‘lf;gl(x + ja)¥(x + ja)Prx +
ja) (for ny = 0 and even n).

Note, though, that any single term H,[l]m conserves a
linear combination of Jy and Pr:

[HY  AkpnJo + 2nP7] = 0. 8)

nm?

Indeed, a term of the form (7) would appear in a con-
tinuum model without umklapp scattering, but with a
Fermi momentum kp = Ak,,,/(2n). In such a model,
Akpndo/(2n) + Pr is the total momentum of the system
and therefore conserved. The importance of this simple
but essential conservation law has, to our knowledge, not
been sufficiently realized in previous calculations of the
conductivity. Because of this conservation law, a single
umklapp term can never induce a finite conductivity. At
least two independent umklapp terms are required to lead
to a complete decay of the current. Further, two incom-
mensurate umklapp terms suffice to generate the rest.

To calculate the conductivity, it is necessary to keep
track of the nearly conserved quantities and their relation
to the current. We will develop a description of the slow-
est variables using the Mori-Zwanzig memory functional
[2,7,8]. Approximations within this scheme amount to
short-time expansions. In general, the short-time decay of
a quantity carries little information on its long-time behav-
ior; this, however, is not the case for the slowest variables
in the system, where the short-time and hydrodynamic be-
havior coincide.

To set up the formalism [7], we define a scalar product
(A|B) in the space of operators,

1 (P .
wwip) = 5 [ “axaw'sin.
where we use the usual Heisenberg picture with A(7) =
el Ae~ ! We choose a set of “slow” operators
J1»J2s---,jn Wwhich includes j; = J, the full current

operator. Standard arguments [7] lead to the electric
conductivity,

o(w,T) = {{M(w,T) — iw] '}(T)}i. (10)

Here %, = B(j,ljg) is the matrix of the static j,j, sus-
ceptibilities (as usually defined), and M is the matrix of
memory functions given by the projected correlation func-
tions of time derivatives of the slow operators,

Q | atjr)(/‘\/il)rp .
(11

The Liouville “super’operator, L, is defined by LA =
[H,A], and Q is the projection operator on the space per-
pendicular to the slowly varying variables j,:

0=1- zl]q)lg(/i\/_l)qp(]pl
Pq

We assumed for simplicity that all j, have the same sig-
nature under time reversal.

The perturbative expansion of the memory matrix M
is accompanied by factors 1/w guaranteeing it is always
valid at short times. It is also valid for small frequencies
provided the slowly evolving degrees of freedom are pro-
jected out (by the operator Q). Unlike the conductivity, it
is expected to be a smooth function of the coupling con-
stants which can be perturbatively evaluated.

We first consider a situation where some linear combina-
tions of the j, are conserved by H, in which case an infinite
conductivity is expected. We introduce 2., the projection
operator on the space of conserved currents, and carry out
the required matrix inversion to find

N .

A 1
M = E d:] _—
pq(w) :8r=1< Jq (0 w — QLO

(12)

An—]a
o(w — 0,T > 0) = 0w, T) + iw,
+ i0
where . ! = P.(P.xP.)"'P..  Within any simple
(short-time) approximation, oreg(w,T), as defined above,
is regular (this approximation fails, e.g., if some con-
served current j is not included in ji,...,jy). Hence,
the Drude weight D(T) is finite at finite temperatures,
Reo(w — 0) = 27D(T)é(w) = (Y X' )11 d(w). It
is determined by the “overlap” of the physical current
operator J with the conserved quantities i, s labeling
the conserved currents. Remarkably, our perturbative
approximation is in accord with an exact inequality [5]
for the Drude weight, D(T) = %()?j/c_lf()”. Note that
X can be calculated to an arbitrary degree of precision
around a Luttinger liquid and that the lower bound can be
improved by including more conserved quantities [5].
Now consider the more realistic situation where the pre-
viously conserved currents decay slowly (via umklapp pro-
cesses), in which case a finite conductivity is expected. We
restrict ourselves to the two-dimensional space spanned
by vrJo and Py, which we argue have the longest de-
cay rate and dominate the transport. Here we approximate
J = vpJy to keep the presentation simple. This affects

13)
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only the high-frequency behavior of the conductivity [3].
There is a large number of other nearly conserved quan-
tities. For example, H;;, + H3|, the relevant low-energy
model close to half filling, is integrable and therefore is
characterized by an infinite number of conservation laws.
We can, however, neglect them at low T if our initial model
is not integrable, expecting that practically all conservation
laws are destroyed by (formally irrelevant) terms close to
the Fermi surface leading to decay rates proportional to
some power of 7. This is to be compared to Jy and Pr
which commute with all scattering processes at the Fermi
surface, leading to exponentially large lifetimes.

We now proceed to calculate the memory matrix. To
leading order in the perturbations, we can replace L in
(11) by Ly; = [Hy,.] [9], since d,vrJy and 9,Pr are
already linear in g,%fm. As L Pt = LyipJy = 0, there
is no contribution from the projection operator Q. The
memory matrix takes the form

2sin27TK;’
M,(Ak,w) = |:

4 2n-2
T Up

2aaT i|4K;_2 1

Up Lw

. vlzc(Zn)2 —2nvrpAk,, -
M = ZMnm(w’T) —2nvaknm (Aknm)2 X
where

2up/m 0

_ (PP, = (FiF)om

iw

My = (89 )M, (Aky i, ©)

Here, F = [Jo, HY,1/(2n) (for simplicity we drop the in-
dices n,m on F), and (F; F) is the retarded correlation
function of F calculated with respect to Hy .

The memory function M, of the 4k — Q process H3\
was calculated by Giamarchi [2] (not considering the ma-
trix structure of M required by the conservation laws).
Higher umklapps are considered in [3]. For ny; = 0 and

even n the memory function due to the term (7) can be

| analytically calculated:

X [B(K) —iS+,1 = 2K))B(K)} — iS+,1 — 2K}) — B(K} — iS%,1 — 2K)B(K} — iS%,1 — 2K})]

_ a2—2n <aAk>4K£26—upAk/(2T)
w2 22K v, T\ 2 ’

where K = (n/2°K,, B(x,y) =TT (y)/Tx +y), |
and S+ = (0 * v,Ak)/(47T), S = S+(& = 0). The
last line is valid for o = 0 and T < v, Ak.

The origin of the exponential factor is as follows: pro-
cesses involving momentum transfer Ak are associated
with initial and final states of energies v|Ak|/2, which are
exponentially suppressed. If only charge degrees of free-
dom are involved, v = v, otherwise v = min(v,,v,) =
vy [9]. For T < vsAkyp, ng > 0 and o = 0, we have
(T /v, " @l oy

M (k) ~ I2(n2K,/2)vz a3

(15)

while, for T > v, Ak, M, ~ K, +niK, =3,
Using the above expressions with only one umklapp
term leads to a finite Drude weight [cf. Eq. (13)],

v,K 1
D(T) = —*=* - = (16)
S v A

in accord with the observation that one process HY, is not
sufficient to degrade the current.

Only in the presence of a second incommensurate pro-
cess H,lfm/ is the dc conductivity finite:
(Aknm)z/Mn’m’ + (Akn’m’)z/Mnm (]7)

7 (nAkyy — n'Akyy,)?

Note that the slowest process determines the low-T con-
ductivity. The frequency and temperature dependence of

the conductivity in the case of two competing umklapp
terms is shown in Fig. 1.

o(T) =

1094

The commensurate situation Ak,,, = 0 requires extra
considerations. Whether the dominant scattering process
H,,,, will completely relax the current J depends according
to (13) on the overlap x,p, ((Pr,Hnn] = 0). Using the
continuity equation for the charge, y;p, can be related to

o(w)

FIG. 1. The low-frequency behavior of o(w) in the presence
of two umklapp terms for two different 7. The dashed lines
are the result one obtains in conventional perturbation theory
neglecting [2] the matrix structure of M and the related con-
servation laws. (g2 = g21 = 1, K, = 0.7, K; = 1.3, Aky; =
—1.5Aky, thick lines T = 0.2, thin lines T = 0.18, w and T
measured in units of v,Aky.) Note that two time scales ap-
pear, each describing the scale on which the associated conser-
vation law is violated. The inset displays the 7' dependence of
o(w = 0).
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the deviation Ap = 2An/a of the electron density from
commensurate filling with the remarkable identity y,;p, =
2An/a + O(e P€r). In a 3D lattice of 1D wires, An is
fixed by charge neutrality and is T independent; in a single
wire with contacts, An varies at low T with An(T) ~
T?/(mv?), where the mass m is a measure of the breaking
of particle-hole symmetry, e.g., due to a band curvature
k?/2m. In this case, it is important to replace Ak, = 0
in Egs. (16) or (17) by GAn(T).

Which of the various scattering processes will eventually
dominate at lowest 77 At intermediate temperatures, cer-
tainly low-order (small n) scattering events win, being less
suppressed by Pauli blocking. At lower temperature, the
exponential factors in (15) prevail and the processes with
the smallest Ak,,, are favored. We first analyze the situa-
tion close to a commensurate point ki = GMy/(2Ny). The
two dominant processes are H ZIJUMO with Aky,y, = 0 and
HY g, with Aky,y, = =G /Np (or N\My = =1 modNp).
The integer Ny of order Ny, Ny = 71Ny, depends strongly
on the precise values of Ny and My. We thus find that the
dc conductivity at low T is largest close to commensurate
points with,

o(kr = GMo/(2No)) ~ [An(T)I exp[ BvG /(2No)],
(18)

but o ~ T~ NiK,~(Nomod2PK,+3 if the density is exactly
commensurate with |An(T)| < e FGv/(4No),

To estimate the conductivity at a typical “incommen-
surate” point or at commensurate points at temperatures
not too low, we have to balance algebraic and exponen-
tial suppression in (15) by minimizing —BvG/(2N) +
(yiN)?K log[T] in a saddle-point approximation to the
sum over all umklapp processes in M. Up to logarithmic
corrections, we obtain N2.. ~ BvG/(y1)? and therefore,

max
for a “typical” incommensurate filling,

Tiypical ~ exple(BvG)*3], (19)

where ¢ is a number depending logarithmically on 7. At
present we cannot rule out that various logarithmic correc-
tions sum up to modify the power law in the exponent. We
argue, however, that, due to the exponential increase (18)
of o at commensurate fillings with exponents proportional
to 1/No, the conductivity at small 7 at any incommen-
surate point is smaller than any exponential (but is larger
than any power since any single process is exponentially
suppressed). In Fig. 2 we show schematically the con-
ductivity as a function of filling becoming more and more
“fractal-like ” for lower T'.

Can the effects we predict be seen experimentally? The
complicated structures as a function of filling shown in
Fig. 2 are not observable in practice as they occur only
at exponentially large conductivities. The T dependence
of the conductivity at intermediate temperatures, however,
should be accessible, e.g., by comparing the conductivities
of clean wires of different length. Perhaps more impor-
tantly, it is straightforward to apply our method to a large

\\n=1/3+0.01 1

log[o]

01/10 16 15 14 p 1/3 2/5

FIG. 2. Schematic plot of log[o] as a function of the
filling n = 2kr/G for various temperatures (vGB =
30, 100, 300, 500, 800) based on an asymptotic [Eq.(15)] evalu-
ation of (10). Near commensurate fillings n., the conductivity
is strongly enhanced at low temperatures but drops at n = n..
The inset displays the T dependence of o for n = 1/3 and a
filling very close to 1/3 (dashed line).

number of other relevant situation, e.g., close to a Mott
transition or in the presence of 3D phonons, as we will
discuss in a forthcoming paper.
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