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Absence of Scaling for the Intermediate Scattering Function of a Hard-Sphere Suspension:
Static and Dynamic X-Ray Scattering from Concentrated Polystyrene Latex Spheres
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X-ray photon correlation spectroscopy and small-angle scattering measurements are presented of the
dynamics and structure of concentrated suspensions of charge-stabilized polystyrene latex spheres dis-
persed in glycerol, for volume fractions from 3% to 52%. The static structures of the suspensions show
essentially hard-sphere behavior, and the short-time dynamics shows good agreement with predictions for
the wave-vector-dependent collective diffusion coefficient. However, the intermediate scattering function
is found to violate a scaling behavior found previously for a sterically stabilized hard-sphere suspension
[P. N. Segrè and P. N. Pusey, Phys. Rev. Lett. 77, 771 (1996)].
The ability to prepare suspensions of nearly perfectly
spherical, highly monodisperse nanoscale particles in a
liquid enables experiments on accurate realizations of hard
spheres. Prototypical systems include polymer and silica
colloids with steric or charge stabilization. The static be-
havior of these colloids closely resembles that of simple
liquids. However, their dynamics show significant dif-
ferences: particle motion is diffusive rather than ballis-
tic, and the particles experience hydrodynamic coupling to
near neighbors via disturbances in the suspending medium.
Hydrodynamic interactions play an important role for dif-
fusion, although they do not affect the static structure.
Indeed, the difficulty of fully treating near-field many-
body hydrodynamic interactions remains a principal ob-
stacle to the detailed theoretical understanding of these
systems.

Recently, Segrè and Pusey [1] studied dispersions of
poly(methylmethacrylate) (PMMA) spheres, sterically sta-
bilized with a grafted layer of poly(hydroxysteric acid)
(PHSA), suspended in decalin/ tetralin, which have been
shown to be excellent hard spheres [2]. They found that
the long-time wave-vector-dependent diffusion coefficient
�DL� was accurately proportional to the short-time diffu-
sion coefficient �DS� over the entire range of wave vectors
studied from QR � 1 to QR � 6, where Q is the scatter-
ing vector and R is the sphere radius. Beyond this, they
showed that the intermediate scattering function itself dis-
played a certain scaling behavior for wave vectors greater
than QR � 2.5. In this paper, however, we show that the
scaling observed by Segrè and Pusey is absent for con-
centrated dispersions of charge-stabilized polystyrene (PS)
spheres in glycerol, which, insofar as their static structure
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is concerned, exhibit behavior indistinguishable from that
of hard spheres. We suggest that this discrepancy may re-
sult from differences in the fluid flow at the surfaces of
charge and sterically stabilized hard spheres.

Because of the refractive index difference between poly-
styrene �n � 1.59� and glycerol �n � 1.47�, our suspen-
sions are milky in appearance, as a result of strong multiple
scattering of light. Consequently, studies of the static cor-
relations and the dynamic mode structure would be very
difficult using static and dynamic light scattering. Instead,
we have applied the emerging technique of x-ray photon
correlation spectroscopy, which applies the principles of
dynamic light scattering in the x-ray regime [3–7]. We
believe the present results represent an important step in
the maturation of this new technique. To characterize the
static structure, we performed simultaneous small-angle
x-ray scattering (SAXS) measurements.

PS spheres in glycerol constitute a prototypical col-
loidal system, for which Derjaguin-Landau-Verwey-
Overbeek (DLVO) interactions, consisting of a screened
electrostatic repulsion between charges at the spheres’
surfaces plus a longer-ranged, attractive van der Waals
component [8,9], are representative of a large class of
colloids. Colloidal particles interacting via DLVO interac-
tions are frequently taken to have effectively hard-sphere
interactions [10,11]. This hypothesis has found recent sup-
port in elegant experiments, demonstrating that screened,
charged polystyrene colloids behave according to the
hard-sphere equation of state [12]. Our SAXS measure-
ments, described below, demonstrate that the interactions
between PS spheres in glycerol are indistinguishable from
those of hard spheres.
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An aqueous suspension containing PS latex particles
with a nominal radius of 71 nm was purchased from Duke
Scientific. The relative standard deviation in radius was
0.025. Known weights of the as-received suspension were
mixed with known weights of glycerol. Water was then re-
moved by evaporation under vacuum. Glycerol was chosen
to slow the dynamics, permitting time-resolved scattering
measurements using a CCD detector [3,6]. Samples were
manufactured with nominal sphere volume fractions of
f � 0.027, 0.13, 0.28, 0.34, 0.49, and 0.52. For the x-ray
experiments, samples were mounted in an evacuated, tem-
perature-controlled sample chamber and cooled to 25 ±C.

The measurements were carried out at beam line 8-ID at
the Advanced Photon Source (APS). Details of the setup
are presented elsewhere [13]. Briefly, we employed x rays
of energy 7.66 keV produced by a 72-pole undulator. A
silicon mirror and germanium monochromator selected a
relative energy bandwidth of 3 3 1024 full width at half
maximum. Subsequently, a pair of precision crossed slits,
55 m from the undulator source and 40 cm upstream of the
sample, selected a 20 mm horizontal by 50 mm vertical
portion of the beam. The resulting partially coherent flux
on the sample was �1010 photons per second. Scattered
x rays were detected 4.85 m farther downstream using the
CCD detector.

The time- and circularly-averaged x-ray scattering cross
sections are displayed in Fig. 1 for wave vectors from
QR � 1 to QR � 10 for each sample. At large wave vec-
tors the shape of the scattering appears independent of vol-
ume fraction and shows intensity oscillations characteristic
of uniform spheres. The solid line in Fig. 1 shows the best
fit to the f � 0.027 data of a model for the scattering of
hard spheres with a volume fraction of 0.027 and a relative
polydispersity in radius of 0.025 [14], convoluted with our
experimental resolution. The sole fitting parameter was
the mean particle radius, resulting in a best-fit value of
66.5 nm, in fair agreement with the manufacturer’s value.
The model provides a good description of the data for
QR , 3. However, significant deviations from the theo-
retical form appear at the scattering minima. We ascribe
the discrepancy to small departures of the latex particles

FIG. 1. Cross section for several different volume fractions of
PS spheres in glycerol vs QR.
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from spherical symmetry. Similar behavior was observed
in Ref. [15].

A pronounced peak develops near QR � 3.5 as the vol-
ume fraction increases, corresponding to increasing inter-
particle correlations. This behavior is highlighted in Fig. 2,
which shows as the open circles the structure factors, S�Q�,
for each sample, obtained by dividing the measured scatter-
ing by the particle form factor, for which we used the mea-
sured scattering from the f � 0.027 sample after applying
a small correction for the structure factor. The principal
peak of the structure factor approaches QR � 3.5 at large
volume fractions, consistent with what may be expected
for hard spheres. By contrast, particles with long-ranged
Coulomb repulsions would exhibit a larger mean separa-
tion, a first peak of the structure factor at smaller wave
vectors, and greater ordering at low volume fractions.

The dashed lines in Fig. 2 correspond to the model
hard-sphere structure factor for particles with a mean ra-
dius of R � 66.5 nm and a polydispersity in radius of
0.025 [14], fitted to the measured structure factor, vary-
ing only the volume fraction for each data set. Evidently,
the model provides a good description of the experimen-
tal structure factors at all volume fractions, in particular
reproducing the position of the principal peak accurately.
The best-fit values for the volume fractions of the differ-
ent samples are indistinguishable from the nominal volume
fractions. It is especially notable that the behavior of the
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FIG. 2. Measured and model structure factors S�Q� (circles
and dashed lines, respectively), and short-time diffusion coeffi-
cients relative to the Einstein-Stokes diffusion coefficient DS�D0
(squares and solid lines, respectively) vs QR for PS spheres in
glycerol.
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measured structure factor at small wave vectors is repro-
duced well—within 10%—by the model. This informs
us that the osmotic compressibility of PS spheres in glyc-
erol is well described by the hard-sphere equation of state
[8]. We view the agreement between the model and mea-
sured structure factors at small wave vectors, as well as the
agreement between the measured and predicted positions
of the principal peak in the structure factor, as convincing
evidence that PS spheres in glycerol manifest hard-sphere
configurations.

Dynamical properties of the suspensions were character-
ized via autocorrelation of sequences of CCD images, and
normalized to the circular average of the CCD scattering
at each wave vector. In this way, we are able to determine
the normalized intensity-intensity autocorrelation function,
g2�Q, t�, which is related to the normalized intermediate
scattering function, f�Q, t�, via [8]

g2�Q, t� � 1 1 A� f�Q, t��2, (1)

where t is the delay time, and A is a setup-dependent con-
trast [16]. For the present measurements, A is about 0.1.

Representative intensity autocorrelations are shown over
delay times from 30 ms to 300 s for samples with f �
0.28 and f � 0.52 obtained at QR � 1.5, 3.5, and 6.0
in Figs. 3(a) and 3(b), respectively. In a dilute suspen-
sion, the diffusion equation describes the low-frequency
dynamics, predicting that density fluctuations relax expo-
nentially in time, with a relaxation rate given by f�Q, t� �
exp�2D0Q2t�, where D0 � kBT�6phR, with h the vis-
cosity of the suspending medium. For moderate volume
fractions, the relaxation remains exponential, but the dif-

FIG. 3. Intensity time autocorrelation functions, g2�Q, t�, for
PS spheres in glycerol with volume fractions of (a) f � 0.28
and (b) f � 0.52 for QR � 1.5 (offset by 0.3), 3.5 (offset by
0.15), and 6.0. Lines correspond to the models described in
the text.
fusion coefficient deviates from the isolated particle value.
For f � 0.28, single-exponential fits to the form f �
exp�2DSQ2t�, shown as the solid lines in Fig. 3(a), pro-
vide an excellent description of the measured intensity au-
tocorrelations versus delay time. Similarly, for the samples
with volume fractions of f � 0.027 and 0.13 (data not
shown), a single-exponential decay works well. At higher-
volume fractions the intermediate scattering functions ex-
hibit more complex time dependence. In this case it is pos-
sible to define a time-dependent diffusion coefficient via

D�Q, t� �
21
Q2

≠ ln� f�Q, t��
≠t

. (2)

We find that at both short and long times ln� f� varies lin-
early with t, so that, following Segrè and Pusey, we may in-
troduce corresponding short-time and long-time diffusion
coefficients: DS � D�Q, 0� and DL � D�Q, `�, respec-
tively. We determined the short- and long-time diffusion
coefficients by linear least squares fits over time ranges
at short and long times, respectively, in which ln� f� does
not deviate significantly from a straight line. In Fig. 3(b),
the solid lines illustrate the corresponding model intensity
autocorrelations plotted over the time ranges in question.
Clearly, in these time ranges, the model autocorrelations
describe the data well.

Displayed in Fig. 2 as the open squares is D0�DS ver-
sus wave vector for each sample obtained from the slope
of ln� f�Q, t�� at small times. The most striking feature of
these and earlier [17–22] results is that the inverse of the
diffusion coefficient displays a peak that mimics the peak
in the static structure factor, informing us that configura-
tions of low free energy are also long lived. This link be-
tween structure and dynamics is well known as “de Gennes
narrowing.” In the absence of hydrodynamic interactions
the wave-vector dependence of the inverse diffusion coef-
ficient would result entirely from the static structure factor
[23]. Since it is clear from Fig. 2 that D0�DS and S�Q�
are not identical, significant hydrodynamic interactions are
indicated. Moreover, since D0�DS . S�Q�, we may in-
fer that hydrodynamic interactions inhibit diffusion at all
wave vectors. Analytic calculations of the wave-vector de-
pendence of D0�DS for hard spheres, taking into account
many-body hydrodynamic interactions, have been carried
out by Beenakker and Mazur [24]. Extrapolations of their
predictions onto the present measurements are illustrated
as the solid lines in Fig. 2. Our data exhibit good agree-
ment at intermediate volume fractions. At high volume
fractions, there is an additional slowing down in the vicin-
ity of the peak in the structure factor. This effect, also seen
by Segrè, Behrend, and Pusey [21], is consistent with their
computer simulations for hard spheres based on the fluctu-
ating lattice Boltzmann equation. We take this agreement
of the short-time diffusion coefficients as further evidence
that the interactions between PS particles in glycerol are
hard sphere in character.
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The scaling behavior found by Segrè and Pusey is that, at
fixed volume fraction, the intermediate scattering function
is independent of wave vector after scaling by the initial
decay rate DS�Q�Q2 between QR � 2.5 and QR � 6.0.
Figure 4(a) shows our results for the intermediate scatter-
ing function scaled using the diffusion coefficients from
Fig. 2 for f � 0.13 and 0.49. The low volume fraction
data scales to a straight line with a slope of 21. By con-
trast, at f � 0.49, the data deviate from a straight line.
More significantly, these data do not collapse to a single
scaling form. Also shown as dashed lines are the linear fits
to the long-time tails of ln� f�. The violation of scaling is
quantified in Fig. 4(b) which details the wave-vector de-
pendence of the ratio of the short- and long-time diffusion
coefficients DS�Q��DL�Q�, for high volume fractions. The
proposed scaling requires that this ratio remain indepen-
dent of wave vector. By contrast, in the present measure-
ment this ratio shows a strong wave-vector dependence in
the vicinity of the structure factor peak, and a weaker vari-
ation with wave vector at both smaller and larger values.

In conclusion, we have presented a detailed dynamic and
static x-ray scattering study of diffusion and structure in a
concentrated suspension of hard spheres: PS latex spheres
in glycerol. We do not find scaling behavior of the in-
termediate scattering function. The discrepancies between
the results of Ref. [1] and our measurements may be an
indication that the dynamical behavior of sterically sta-
bilized systems is distinct from that of charge-stabilized
systems, even though differences in the static structure are

FIG. 4. (a) Scaled intermediate scattering functions at several
wave vectors for samples with f � 0.49 and 0.13. Symbols are
experimental data. The solid line corresponds to a slope of 21.
The dashed lines correspond to the fits described in the text.
(b) Ratio of short-time and long-time diffusion coefficients.
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negligible. Perhaps the projecting polymer strands used to
produce the steric stabilization in the PMMA system lead
to a stickier flow boundary. In this regard, it may be per-
tinent to recall the observation [2] that the low-shear-rate
viscosities of “hard-sphere dispersions” appear to fall into
two bands. The higher viscosity band includes the results
of several measurements performed on PMMA-PHSA dis-
persions; the lower viscosity band includes measurements
on PS and silica suspensions in both aqueous and nonaque-
ous liquids.
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