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The standard picture of viable higher-dimensional theories is that direct manifestations of extra di-
mensions occur at short distances only, whereas long-distance physics is effectively four-dimensional.
We show that this is not necessarily true in models with infinite extra dimensions. As an example, we
consider a five-dimensional scenario with three 3-branes in which gravity is five dimensiona at both
short- and very long-distance scal es, with conventional four-dimensional gravity operating at intermediate
length scales. A phenomenologically acceptable range of validity of four-dimensional gravity extending
from microscopic to cosmological scales is obtained without strong fine-tuning of parameters.
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Our world is often thought to have more than four
fundamental space-time dimensions. This point of view
is strongly supported by string/M-theory, and higher-
dimensiona theories are currently being developed in
various directions. The standard lore is that, in phe-
nomenologicaly viable models, extra dimensions open
up at short distances only, whereas above a certain length
scale, and all the way up to infinite distances, physics is
described by effective four-dimensional theories. In this
Letter we show that the latter picture is not universal:
there are models in which extra dimensions open up both
at short and very long distances. Namely, gravity may
become higher dimensional in both of these extremes. At
intermediate length scales, physics is described by con-
ventional four-dimensional laws, so the phenomenology
of these models is still acceptable.

The starting point for our discussion is the observe-
tion [1] that extra dimensions may be infinite, with the
usual matter residing on a 3-brane embedded in higher-
dimensiona space. In the original Randall-Sundrum (RS)
model [1], gravity is effectively four dimensiona at large
scales due to the existence of a graviton bound state lo-
calized near the 3-brane in five dimensions. We point out
that in other five-dimensional models with an infinite ex-
tra dimension (in particular, in the model introduced in
Ref. [2]), localization of the graviton may be incomplete,
and it is this property that leads to the restoration of the
five-dimensional form of gravity at very long distances.
The latter feature is manifest both in the case of static
sources as well as in the dynamics of gravitational waves.
It is likely that these phenomena are not peculiar to five-
dimensional theoriesand occur in anumber of modelswith
more than one extra dimension.

It has been found recently [3] that exotic large-distance
effects may aso appear in models with compact extra
dimensions, due to the possible presence of very light
Kauza-Klein states. This interesting scenario is, how-
ever, considerably different from ours in that the extra
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dimensions show up at large distances somewhat indi-
rectly through the spectrum of the corresponding four-
dimensional effective theory, whereas in our case, physics
at ultralarge distances is intrinsically five dimensional.

As a concrete example, let us consider the five-
dimensional model of Ref. [2]. The model contains one
brane with tension o > 0 and (for Z, symmetry) two
branes with equal tensions —o /2 placed at equal distances
to the right and left of the positive tension brane in the
fifth direction, z. We assume that conventional matter
resides on the positive tension brane, and in what follows
we will be interested in gravitational interactions of this
matter. By Z, symmetry, we will henceforth consider only
the region to the right of the positive tension brane.

The physical setup is as follows: The bulk cosmologi-
cal constant between the branes, A, is negative as in the
RS model; however, in contrast to that model, it is zero to
the right of the negative tension brane. With appropriately
tuned A, there exists a solution to the five-dimensional
Einstein equations for which both positive and negative
tension branes are at rest at z = 0 and z = z., respec-
tively, z. being an arbitrary constant. The metric of this
solution is

ds* = az(z)nwdx“dx” — dz?, D
where
ek, 0<z <z,
alz) = {e_sz =a-, 7> Z- 2

Theconstant k isrelated to o and A asfollows: o = 4—;’;5,

A = —6k?, where G5 isthefive-dimensiona Newton con-
stant. The four-dimensional hypersurfaces z = const are
flat; the five-dimensional space-time is flat to the right of
the negative-tension brane and anti —de Sitter between the
branes. The space-time to the left of the positive tension
brane is of course a mirror image of this setup.

This background has two length scales, k! and {. =
k~'e**. We consider the case of large enough z.., in which
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the two scales are well separated, ¢, > k~'. We see that
gravity in thismodel is effectively four dimensional at dis-
tances r belonging to the interval k! < r < .(kZ,)?,
and is five dimensional both at short distances, r < k!
(this situation is exactly the same as in the RS model), and
at long distances, r > [.(k{.)%. In the latter regime of
very long distances the five-dimensional gravitational con-
stant gets effectively renormalized and no longer coincides
with Gs.

To find the gravity law experienced by matter residing
on the positive tension brane, let us study gravitational per-
turbations about the background metric (1). We will work
in the Gaussian normal (GN) gauge, g.. = —1, g., = 0.
The linearized theory is described by the metric

ds* = az(z)n,u,,dx'“dx” + hyy(x, 2)dxtdx” — dz>.

©)

There are two types of linearized excitations in this
model. One of them is a four-dimensiona scalar—the
radion—that corresponds to the relative motion of the
branes (see, e.g., Refs. [2,4,5]). The wave function of
the radion is localized between the branes, and, if the dis-
tance between the branes is not stabilized, the radion has
zero four-dimensional mass and gives rise to the usual
1/r potentid in an effective four-dimensional theory.
In the particular model under discussion, the radion
excitation has been studied in Ref. [2]. It is conceivable
that the distance between the branes may be stabilized

where N and J are the Bessel functions, and ¢ = }e**.
The constants A,,, B,,, and C,, obey two relations due to
the junction conditions at the negative tension brane:

Ap = cm[Nl(%)Jz(mzc) - Jl(%)zvz(mzc)] (8a)

The remaining overall constant C,, is obtained from the
normalization condition. The latter is determined by the
explicit form of Eq. (6) and reads

dz
a*(z)
The normalization factor is determined by the asymptotic

behavior of ¢, a z — «, as is generally the case for
continuum modes. One finds

[ v 2 = sm-m). @

(Al + 1Bul?) = 1 (10)
a—

which fixes C,, from (8a) and (8b).

(cf. Ref. [6]); in which case the interactions due to the
radion switch off at large distances.

Inthis Letter we areinterested in excitations which leave
the branes at rest, namely, the five-dimensional gravitons.
In this casethere existsaframe which isuniversaly GN, in
which the transverse-tracel ess gauge can be chosen, iy =
0, hy, , = 0, and the linearized Einstein equations take the
same simple form for all components of #,,,,

B — 4k%h — S0Wh =0, 0<z <z, .
W' — 0@k =0, > 2. @)
The Isragl junction conditions on the branes are
h +2kh=0 az=0 )
[W']—2kh=0 az=z"

where [#'] is the discontinuity of the z derivative of the
metric perturbation at z., and four-dimensional indices
are omitted. A genera perturbation is a superposition of
modes, 1 = (z)e’P+*" with p> = m?, where i obeysthe
following set of eguations in the bulk:

W— A+ Ty =0, <z <z,
Wt e =0,

with the junction conditions (5) (replacing & by «). It is

straightforward to check that there are no negative modes,

and indeed no normalizable solutions with m2 = 0. The
spectrum is therefore continuous, beginning at m?> = 0.

(6)

Z > Ze,

| Explicitly, these modes are
_ {cm[zvl(%m(mz) — W(PIN2(m)],

Ancod7-(z = z)] + By Sin[z-(z — z0)], 2z > z¢,

0<z <z,

()

It is instructive to consider two limiting cases. At
m{. > 1 we obtain, by making use of the asymptotics
of the Bessel functions,

i -glalE) e m(E)] e

which coincides, as one might expect, with the normaliza-
tion factor for the massive modes in the RS model. In the
opposite case m{. < 1 (notice that this automaticaly im-
plies m/k < 1), the expansion of the Bessel functionsin

Egs. (8a) and (8b) yields
4 )l. (12

L(l . B
(kgc)3 (mgc)z(kgc)4

It is now straightforward to calculate the static gravi-
tational potential between two unit masses placed on the
positive-tension brane at a distance r from each other,
which is generated by the exchange of the massive modes
(cf. Refs. [1,7])

V(r) = st dm
0

2 __
Cm_

” P2z =0). (13)

r
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It is convenient to divide this integral into two parts,

gC
V(r) = G5[ dm
0

e

r

+ Gs f dm & (0. (14)
!

At r > k!, the second term in Eq. (14) is small and it

is similar to the contribution of the continuum modes to

the gravitational potential in the RS model. It gives short

distance corrections to Newton’s law,

Gs _ Gy I

kr3 r k2r?2’

is the four-dimensional Newton

AViport(r) ~ (15)
where Gy = Gsk
constant.

Of greater interest is the first term in Eq. (14) which
dominates at r > k~!. Substituting the normalization
factor (12) into thisterm (since m < '), we find

1

_Gs (% de mr 4 !
vir = rjo L —T <” (mgz)zucgc)‘*) '

(16)

This integra is always saturated at m < r; ' < 71,
where

re = gc(kgc)z = k_le:;kzc‘ (17)

Therefore, we can extend the integration to infinity and
obtain

_ Gy 2 o e—(2r/r(.)x
V(r)_rﬂ'o xxz-i-l
2 . .
— 25N [6i2r/r) sin@r /1)
ar
— si(2r/r.)cos2r/r.)] (18)
where x = mr./2, and ci/si(r) = — [ =5 4 gre

the sine and cosine integrals. We see that V(r) behaves
in a peculiar way. At r < r,, the exponential factor in
Eq. (18) can be set equal to 1 and the four-dimensional
Newton law is restored, V(r) = Gy/r. Hence, at inter-
mediate distances, k! < r < r,, the collection of con-
tinuous modes with m ~ r_ ! has the same effect as the
graviton bound state in the RS model. However, in the
opposite case, r > r., we find

GNrc

vir) = mr?

(19)
which has the form of “Newton'slaw” of five-dimensional
gravity with arenormalized gravitational constant.

It is clear from Eq. (18) that at intermediate dis
tances, k™! <« r < r., the four-dimensional Newtonian
potential obtains not only short-distance corrections,
Eqg. (15), but aso long-distance ones, V(r) = Gy/r +
AVhor (r) + AVigng(r). The long-distance corrections
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are suppressed by r/r., the leading term being
Gy 1 i(
.

AVlong(r) = g

2 4+ ¢ - 1>, (20)

rC

where C is the Euler constant. The two types of cor-
rections, Egs. (15) and (20), are comparable at roughly
r ~ {.. At larger r, deviations from the four-dimensional
Newton’s law are predominantly due to the long-distance
effects.

In our scenario, the approximate four-dimensional grav-
ity law is valid over a finite range of distances. Without
strong fine-tuning however, this range is large, as required
by phenomenology. Indeed, the exponential factor in
Eq. (17) leadsto avery large r. even for microscopic sepa-
rations, z., between the branes. As an example, for k ~
Mp; we only require z. ~ 50Ip; to have r. ~ 102 cm,
the present horizon size of the Universe, i.e., with mild
assumptions about z., the four-dimensional description of
gravity isvalid from the Planck to cosmological scales (in
this example, short-distance corrections are significant for
r<{ ~ 1071 cm).

An interesting consequence of the incomplete localiza-
tion of graviton isthe dissipation into the fifth dimension of
gravitational waves propagating to large distances. Let us
consider gravitational waves generated by a periodic point-
like source on the brane, T'(x,z) = T(x)e i®'8(z), where
the four-dimensional indices are again omitted. The gravi-
tational field on the brane is given by the convolution of
the source, T'(x), with the Green’s function

Gx — xjw) = 877G5fd(t’ - 1)

X G(x,x';z =7 = 0)e 07" (21)

Here the five-dimensiona gravitational constant is
included for convenience of comparison with four-
dimensiona formulas, and G(x,x’;z,z’) is the retarded
Green’s function of the linearized Einstein equations. The
latter is constructed from the full set of eigenmodes in the
usual way:

Glxoxsz,2) = fo dm () ()

d4p e*ip(x*x’)

2m)* m?2 — p2 — iep®’
After substitution of (22) into (21) and simplifications
we get

(22)

Gx — x)w) = 2Gs
.

dm > (0)ePe", (23)
0
where r = |x — X/|, po = Vw2 — m? when m < o,
and p, = ivm? — w? when m > w. We see that the
gravitational field on the brane has the form of a super-
position of massive four-dimensional modes. Only modes
with m < w are actually radiated; the other ones expo-

nentialy fall off from the source. Thus, as long as we are
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interested in gravitational waves, we can integrate in (23)
onlyuptom = w.

Let us study the case . ! << w < k. Then, the main
contribution to (23) is given by modes with m ~ !,
whereas modes with larger masses give rise to corrections
suppressed by w /k [cf. (14) and (15)]. Inthisregion of m,
the eigenfunctions ¢, are given by the explicit expressions
(7) and (12), and p,, is approximated by & — 2= In this
way we get [cf. (18)]

(24)

2GN
where again x = mr./2 and we extended the integration
to infinity. Thisintegral is expressed in terms of the error
function:

*1(2}’/(0}’2))(

N
G(x — x';w) ST

Gx — xX;w) = ZXN o[ — ef(B)lef,  (25)
where B = ¢!(7/% When 8 < 1 (that is, r <
wr?), one has erf(8) =~ 0, and we obtain the usua 1/r
dependence of the gravity wave amplitude on the distance

to the source. In the oppositecase 8 > 1 (r > wr?), we
make use of erf(8) = 1 — ﬁe*’z to obtain

2Gy wrcz iwr—i(m/4)
7\ 2 ¢ - &

that is, the amplitude is proportional to »~%2. Thus, the
gravitational waves dissipate into the fifth dimension and,
from the point of view of a four-dimensiona observer on
the brane, energy of gravity waves is not conserved.

This effect becomes considerable after the wave trav-
els the distance of order r ~ wr? from the source. Note
that at @ > r_! this distance is much larger than the
distance r. at which the violation of four-dimensiona
Newton's law is appreciable. This difference between the
two distance scales can in fact be seen to be a relativistic
effect. The collection of five-dimensional graviton states
with m ~ r. ! may be viewed as an RS bound state which
becomes metastable in our model. Since the only rele-
vant parameter here is r., we estimate the width of this
metastable stateas I' = Am ~ m ~ r.!. Theinterpreta-
tion of the dynamics of our model in terms of metastable
gravitons has been considered in detail in [8] (subsequent
to our original manuscript), and the direct calculation of
the width indeed gave I' ~ r_!. In its own reference
frame, the graviton disappearsinto the fifth dimension with
time scale 7 ~ I''! ~ r.. This time scale determines
the distance at which four-dimensional gravity of static
sources gets modified. On the other hand, when the gravi-
ton moves in four-dimensional space-time with momen-
tum p ~ w, thereis an additional gamma factor of order
v ~ w/m ~ wr.. The graviton therefore remains effec-
tively four dimensional during atime of order y7 ~ wr?
due to the relativistic time delay.

Gx — xw)=

Because of this property, the leaking of the gravity
waves into the extra dimension is negligible at relatively
short wavelengths. However, the corresponding time scale
becomes of order r. for wavelengths of the same order.
This is another manifestation of our observation that extra
dimensions open up at the length scale r..

Finally, we point out that in more complicated higher-
dimensional models, the long-distance properties of gravi-
tational interactions may be even more intriguing. For
example, if we modify our model by compactifying the
fifth dimension at very large radius, z. > z., the mass
spectrum of Kauza-Klein gravitons becomes discrete and
the graviton zero mode reappears. However, the spacing
between the masses may be tiny, depending on z.. With
appropriately chosen z., the five-dimensiona gravity law,
Eq. (19), will itself bevalid in afinite interval of distances,
and the four-dimensional gravity will again be restored at
largest scales, well above r..

We conclude that higher-dimensional theories pro-
vide, somewhat unexpectedly, valid alternatives to four-
dimensional gravity at large distances. With hindsight, it
is perhaps not surprising that this happens, since, at the
very large scale, the anti —de Sitter sandwich becomes very
dlim, and space-time is nearly flat; however, from the per-
spective of our putative Universe—the four-dimensional
central wall—this conclusion is not as transparent. It
would be worthwhile to explore such models in the con-
text of cosmology and astrophysics. The long-distance
phenomena in our Universe may become a window to
microscopic extra dimensions.
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