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In this Letter, we study charge exchange and energy loss of protons, taking into account the dynamics
of both nuclei and electrons during the collision with atomic hydrogen, helium, and neon targets. We
obtain the nuclear and electronic contributions to the energy loss as well as the charge exchange proba-
bility, and the total cross section for charge exchange. We find a low-energy threshold in the electronic
energy loss due to the quantization of excited states. We find that the electronic stopping cross section
is not proportional to the velocity of the projectile at very low velocities (energies), as is predicted by
electron gas theory. This confirms recent experimental results.

PACS numbers: 34.50.Bw, 34.70.+e
Theoretical studies, based either on the stopping of a
point charge in a free-electron gas [1,2] or on the quasi-
free-electron flux between two colliding atoms [3], pre-
dict that the electronic stopping power of light ions at
low speeds is approximately proportional to the projectile
speed with intercept at the origin. However, it has been
observed experimentally that the stopping power for low-
energy particles is not always proportional to projectile
speed [4,5]. Furthermore, the slowing down of protons in
insulators is influenced by the energy gap; hence, a thresh-
old effect could be expected [6]. Recently, in a measure-
ment of protons on bulk LiF no evidence for influence of
the band gap on stopping power was found [7], while, in
a grazing incidence experiment on the same system [8],
there were indications of threshold behavior which was at-
tributed to charge exchange.

For inelastic processes at low to intermediate energies
where the interaction time is long enough to allow for
charge exchange, excitation, and ionization, there is no sat-
isfactory theory. Although there have been some studies of
projectile charge exchange in the energy loss process, they
are based on a dielectric [9] or statistical [10] description.
From the point of view of ab initio theory, there have been
only a few attempts to study the dynamics of energy loss
for a bare particle (without charge exchange) [11,12], and
for one active electron [13].

Our goal has been to develop a single consistent
scheme which can treat all processes that take place
over the full range of projectile speeds by implement-
ing a time-dependent approach to molecular dynamics
called electron nuclear dynamics (END) [14,15]. The
END method is based on the time-dependent variational
principle (TDVP). It produces an approximation to the
time-dependent Schrödinger equation for the system,
including nuclear and electronic degrees of freedom and
their interaction. The END method uses a molecular
description of the system, i.e., a single determinantal,
spin-unrestricted, electronic wave function centered on the
dynamically changing nuclear positions to describe the
system as a whole. The TDVP produces a set of coupled
first-order differential equations for the time evolution of
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the parameters of the wave function. This approximation
is implemented in the ENDYNE code [16].

Early applications of the END theory include the analy-
sis of protons colliding with hydrogen atoms [14], hydro-
gen molecules [17], helium atoms [18], methane molecules
[19], oxygen atoms [20], and water molecules [21]. Most
of this work has been done for collision energies ranging
from a fraction of an eV to several tens of eV, and mainly in
order to describe chemical reactions. Recently, we have ap-
plied the method to the analysis of direct differential cross
section for H1, H, and He projectiles colliding with He and
Ne targets at projectile energies of a few keV [22], giving
us confidence in the applicability of the model to the anal-
ysis of atomic collisions at higher energies. Here we are
interested in projectile energies ranging from a few eV to
several keV with particular attention to charge exchange
properties and energy loss of protons on H, He, and Ne.

For each impact parameter, we calculate the deflection
angle of the projectile, the final projectile charge (from the
Mulliken population analysis, i.e., we analyze the charge
density in terms of the atomic orbitals centered on the vari-
ous atoms and obtain a measure of how the total charge
density is distributed between the various centers after the
collision has taken place) [23], and the final energy (ki-
netic and electronic energy) for the projectile. Specifically,
we have considered proton projectiles with initial ener-
gies ranging from 10 eV to 300 keV. For the targets we
have used basis sets consisting of �6s3p2d�4s3p2d� for
H, �9s5p2d�6s5p2d� for He, and a �10s5p2d�4s3p2d�
for Ne atoms [24], with the addition of three s-type and two
p-type diffuse orbitals for a better description of the wave
function’s tail. For the projectile, we use a �5s2p�3s2p�
basis set [24] traveling with the projectile. For high en-
ergies, only twenty values of the impact parameter were
considered due to the smoothness of the behavior of the
charge exchange as a function of the impact parameter.
For lower energies, the probabilities for charge exchange
display an oscillatory behavior for the case of hydrogen
targets (see Fig. 1), thus a more compact grid of impact
parameters (40 values) was needed. All impact parameter
values lie between 0.0 and 20 a.u. The trajectories started
© 2000 The American Physical Society
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FIG. 1. Charge exchange probability as a function of the scat-
tering angle for protons colliding with hydrogen atoms at 1.0 and
1.6 keV in the laboratory frame. The experimental data 3, 1
were taken from [25], and � from [26].

with the projectile 30 a.u. from the target and finish with
the projectile 30 a.u. past the target.

In Fig. 1, we compare the present END results for the
charge exchange between atomic hydrogen targets and pro-
ton projectiles with experimental data [25,26]. In the two
cases considered, the projectile has initial energy of 1.0 and
1.6 keV, in the range where we expect charge exchange to
be most important. For lower energies, the charge oscil-
lations (which we identify with quasimolecule states) are
more pronounced, which makes the final charge of the pro-
jectile more screened, depending on the impact parameter
(or scattering angle). We attribute the discrepancies be-
tween theory and experiment to the limited angular reso-
lution in the experiments. The overall agreement between
theory and experiment, principally the agreement of the po-
sition of the minima and maxima of the charge exchange
probability, gives us confidence in the description of the
dynamics of the collision in the low-energy region.

Integrating the charge exchange probabilities over all the
impact parameters, one obtains the total cross section for
charge exchange, which is shown in Fig. 2, as a function
of the projectile energy for protons colliding with atomic
hydrogen, helium, and neon targets, and compare with
experimental data [27–29]. For protons colliding with
atomic hydrogen we see fair agreement with experiment,
principally in the low-energy region (Ep , 25 keV). For
higher energies, we note that the ionization channel is not
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FIG. 2. Total cross section for charge exchange of protons as
a function of the projectile energy for collisions with atomic
hydrogen, helium, and neon targets. The experimental data are
from ± [27], ≤ [28], and (�, �) [29].

taken explicitly into account in these calculations. If it was,
the charge exchange cross section would be lower than the
present results, in better agreement with the experiment.
For protons colliding with helium and neon, the results
show an overall agreement with experiment, principally at
the maximum of the total charge exchange cross section.

From the final speed of the projectile, we determine the
kinetic energy loss and calculate the stopping cross section
by means of

Sx�y� � 2p
Z `

0
DEx�b�b db , (1)

where the x labels the electronic (e), nuclear (n), or total
(t, electronic 1 nuclear) contribution to the energy loss,
DE. In Fig. 3, we show the total, electronic, and nuclear
stopping cross sections for protons colliding with atomic
hydrogen from energies ranging from a few eV to hundreds
of keV, and compare with the experimental data available
[30–34]. We see fair agreement between theory and ex-
periment, principally for energies from the maximum of
the stopping curve and higher. However, for lower en-
ergies, there are some discrepancies, due principally to
the charge exchange processes, since the lower the energy
the more screened is the projectile (see Fig. 2). Also, we
note that our results were obtained for atomic hydrogen,
while the experimental data were obtained for the hydro-
gen molecule, and thus contain chemical bond effects.

In Figs. 4 and 5, we show the results for protons collid-
ing with atomic helium and neon targets as a function of
the projectile energy, and compare with experimental data
[30,33,35,36]. From these figures, we see fair agreement
between theory and experiment, even though for high en-
ergies the ionization channel is not explicitly open. If it
were open, we would expect to lower our results.
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FIG. 3. Stopping cross section for proton incident on atomic
hydrogen as a function of the projectile energy. The lines la-
beled with END are the results of this work with electronic (e),
nuclear (n), and total (t, nuclear 1 electronic) contribution. The
experiments are from � [30], ± [33], ≤ [32], � [31], and 3 [34].

From Figs. 3, 4, and 5, it seems apparent that there is a
low velocity threshold below which there is no electronic
stopping cross section. This threshold is a consequence of
the quantum behavior of the momentum transfer and the
molecular states of the system during the collision.

For a binary collision, the minimum momentum trans-
ferred during a collision, obtained through energy conser-
vation, is given by [37]

qmin �
my

h̄

∑
1 2

s
1 2

2�Ek 2 Ek0 �
my2

∏
, (2)
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FIG. 4. Stopping cross section for proton incident on atomic
helium as a function of the projectile energy. The labels are the
same as in Fig. 3. The experimental data � is from [35]. Note
the threshold in the electronic energy loss at low energies.
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where m is the reduced mass of the projectile-target sys-
tem, y is the projectile incoming speed, and Ek 2 Ek0 is
the electronic energy absorbed by the target (transition en-
ergy from the initial state k0 to the final state k). In order
that this momentum transfer be enough for an electronic
transition, it is necessary that

h̄2q2
min

2me
$ �Ek 2 Ek0 � . (3)

Solving for the projectile incoming energy in the labora-
tory system, one finds

Ep $
m2

4M1me
�Ek 2 Ek0�

∑
1 1

me

m

∏2

, (4)

where M1 is the projectile mass. For helium, the low-
est transition is 1s2�1So� ! 1s2s�3S�, with an excitation
energy of 18.7 eV, as calculated with ENDYNE (19.72 eV
[38]). Therefore, the threshold for the electronic stopping
cross section for a proton colliding with helium should be
at approximately Ep � 8 keV, which is close to the result
shown in Fig. 4. For the case of neon, the lowest exci-
tation is 1s22s22p6�1So� ! 1s22s22p5�2P3�2�3s1 with an
excitation energy of 14.9 eV, as calculated with ENDYNE

(16.5 eV [38]), such that the projectile energy threshold is
expected to be near Ep � 7 keV. Note that Eq. (4) has
been obtained assuming that there are no charge exchange
processes involved during the collision. For helium and
neon atoms, this is mostly the case, since we have a small
charge exchange cross section (see Fig. 2). The hydro-
gen target is more complicated due to the charge exchange
processes, and the quasimolecular states formed during the
collision.

We conclude that for low energies the electronic stop-
ping cross section is not proportional to the projectile
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FIG. 5. Stopping cross section for proton incident on atomic
neon as a function of the projectile energy. The labels are the
same as in Fig. 3. The experimental data � is from [36]. Note
the threshold in the electronic energy loss at low energies.
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velocity and shows a threshold which is a consequence of
the quantization of the target energy levels. Also, we have
shown the importance of taking into account the charge
exchange processes for low energies. We hope this work
may stimulate further experimental and theoretical work
on low-energy stopping cross sections.
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