VOLUME 84, NUMBER 23

PHYSICAL REVIEW LETTERS

5 JuNE 2000

Infinite Hierarchies of Exact Solutions of the Einstein and Einstein-M axwell Equations
for Interacting Waves and | nhomogeneous Cosmologies

G.A. Alekseev!* and J.B. Griffiths>'

'Seklov Mathematical Institute, Gubkina 8, Moscow 117966, GSP-1, Moscow, Russia
2Department of Mathematical Sciences, Loughborough University, Loughborough, Leicestershire LE11 3TU, United Kingdom
(Received 7 February 2000)

For space-times with two spacelike isometries, we present infinite hierarchies of exact solutions of
the Einstein and Einstein-Maxwell equations as represented by their Ernst potentials. This hierarchy
contains three arbitrary rational functions of an auxiliary complex parameter. They are constructed using
the so-called “monodromy transform” approach and our new method for the solution of the linear sin-
gular integral equation form of the reduced Einstein equations. The solutions presented, which describe
inhomogeneous cosmological models or gravitational and electromagnetic waves and their interactions,
include a number of important known solutions as particular cases.
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A number of solution-generating techniques are known
which provide tools for the construction of vacuum and
electrovacuum solutions of Einstein’s equations for space-
times with symmetries. These methods are based on the
integrability of the symmetry reduced Einstein equations
(viz. the Ernst equations). However, most of them were
primarily designed to construct exact stationary axisym-
metric solutions for which an additional regularity condi-
tion should be satisfied on the axis. This condition does
not apply to interacting waves or cosmological models as
considered here.

Apart from the completely linearizable subcase of
Einstein-Rosen vacuum gravitational waves, the only
techniques which provide nontrivial tools for the construc-
tion of solutions for the dynamical case are the vacuum
Belinskii-Zakharov inverse-scattering method [1], the
so-called “monodromy transform” approach [2—-4], and
the group-theoretical approach recently developed by
Hauser and Ernst [5]. In particular, the methods of
[1] enable the construction of soliton perturbations of
homogeneous cosmological models and some specific
solutions for wave interaction regions. For example, the
Khan-Penrose [6] or Nutku-Halil [7] solutions for the
interaction region for colliding impulsive gravitational
waves on a Minkowski background formally turn out to be
two-soliton solutions on a symmetric Kasner background.

Here we consider the monodromy transform approach
and thelinear singular integral equationswhich ariseinthis
context as an alternative form of the reduced Einstein equa-
tions. We present a new method for the solution of these
equations which gives rise to infinite hierarchies of exact
solutions. Among many other solutions, these include the
particular cases mentioned above together with other soli-
ton solutions on the symmetric Kasner background and
their nonsoliton extensions.

According to methods developed in [2—4], any solution
of the Ernst equations can be constructed from the solution
of the linear singular integral equation
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considered here for the hyperbolic case only. The parame-
ters &£, m are two rea null space-time coordinates, e.g.,
(é,m) = (x + t,x — ). These coordinates span some
local region in the neighborhood of some initia regular
space-time point Py: & = &y, n = mo, in which local so-
Iutions of the reduced Einstein egquations are considered.

The integration in (1) is performed aong the path L on
the spectral plane w which consists of two disconnected
parts L+ and L_. In the hyperbolic case, these are chosen
as the segments of the real axis in the w plane, which
gofromw = ¢ tow = ¢, and fromw =5y tow =
7, respectively. (We choose &y # 79 and take £ and 7
sufficiently closeto &y and 7 that the segments L~ do not
overlap.)

The integral in (1) splits into two, one of which pos-
sesses a singular kernel of Cauchy type and should be
understood as a Cauchy principal value integral. The in-
tegration parameter ¢ and a parameter  span both of the
contours L4 and L_. Sometimes it will be convenient to
introduce suffixes: {y,7+ E Ly and {_,7— € L_.

In the integrand in (1), [A]; = %(Aleﬁ — Aright). This
represents the jump on the contour, i.e., half of the differ-
ence between left and right limit values at the point ¢ €
L or { € L_ of some “standard” function A(&, i, w).
This function is a product of two functions A(&, n,w) =
A+ (€, w)A—(n,w) given by

_ w ¢ _ |w—m
M me M \w =m0’ @

with the additional conditions Ay|,—» = A_|y= = 1.
Each of these functionsisan analytic function on thewhole
spectral plane w apart from the cut L, or L_, respectively,
whose end points are the branching points of the corre-
sponding function.
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In EQ. (1), the three-dimensional complex vector func-
tion ¢ (&, m, ) isunknown, and the right hand sidek(7) is
a three-dimensional complex vector function of the spec-
tral parameter which may be taken to be

k(w) = {Lu(w),v(w)}, 3

where u(w) and v(w) are arhitrary functions. The kernel
of the integral in (1) isascalar function FH (7, {) given by

H(r,0) =1+ i({ — Bo)[u(r) — ul(2)]
+ aéu(f)uT(Z)

— A = €) (& — mov(rIvVE(),  (4)

where the dagger denotes complex conjugation, eg.,
uf(w) = u(w). The additional constants in (4) are
ay = (o — mo)/2 and By = (&9 + m0)/2.

It is important to emphasize that the integral equation
(1), and hence the functions u(w), v(w), and ¢ (&, n,w),
need to be evaluated only on the two cuts Ly and L_
in the spectral plane. Thus all the above vector and scalar
functions of the spectral parameter are actually determined
by pairs of functions which represent their values on these
contours. For convenience we shall denote the values of
these functions on L. by the corresponding suffixes:

o = ([ DS o

Thus, in (1) written in a more explicit form, we actually
have two unknown vector functions ¢-. For any of these

suffixed functions we can use also an alternative definition,
for example,

o(é n,7x) = @+(&,m,7).

Using this notation, it is convenient to split the integral
in (1) into separate integrals over L4 and L_ and to con-
sider separately thecasesr =7+ EL: and 7 = 7 €
L_. Itisalso convenient to denote the four scalar kernels
which appear in the integrands of (1) in the form

H(re,3) = Hei(r,0),

where the functions - + (7, ¢) can be determined explic-
itly in terms of the four functions u-(w) and v+ (w) using
(4), and (here and below) the undotted and dotted suffixes
should each be the same.

To conclude our description of the structure of the mas-
ter integral equations, we recall that the four functions
u-+(w) and v+ (w) appearing in (3) and (5) play a sig-
nificant role in the entire construction. They determine
completely the coefficients of the integral equations in the
electrovacuum case. In the vacuum case there are only
two such functions u+(w), as v=(w) = 0. As shown in
[3], they characterize unambiguously every individual so-
[ution of the Ernst equations. Moreover, the singular inte-
gral eguation (1) possesses a unique solution for any given
choice of analytical functions u-(w) and v+ (w).

We recall now also that the general local solution of the
hyperbolic Ernst equations can be expressed by quadra-

| turesin terms of the solution of (1)

o1 - 2 f (L1 — i€ — Bout(O)]™(&. n.0) d¢,
T L

o =2 f [ALL1 = i(¢ = Bout (Ol €. m. 0 d¢ .
o L

where ¢l] and ¢!¥], in some association with the defini- |

tion (3), denote, respectively, the second and third com-
ponents of the vector solutions ¢ of the master integra
equation (1), corresponding to a given choice of the mono-
dromy datafunctionsu +(w) and v=(w). Inamore explicit
form, each of the integralsin (6) should be split into two
integrals evaluated over L, and L_.

Here we will construct a class of hyperbolic solutions
that is determined by the rational monodromy data

_Us(w) _ Vilw)
T ow M T g O
where U (w), Va(w), 0-(v) and U_(w), V_(w),

Q_(w) are arbitrary complex polynomials, provided
ut(w), vi(w) and u—(w), v—(w) do not have poles on
L+ and L_, respectively.

For what follows, it is convenient to calculate some
auxiliary polynomials of two variables—we introduce the
four polynomials P+~ (7, ¢) defined by the relations
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(6)
Pt£(7-9 é/)
Hei(r,)) = ——7—, )
" 0imol
and four polynomials R+~ (7, ¢) defined from them by
Rji(T, g) _ Pii'f(Ta g) B Pii(é” é’) ) (9)

{— 7
Finally, it is convenient to introduce a redefinition of the
unknown functions

AL

e+ =~ Pii(,0) 0. (10)
() = AWty
o P_(g,0) £

Hereafter we do not show explicitly the arguments ¢ and
n of ¢+ and A or the suffices + at the points ¢ and 7,
unless it is necessary.

A direct substitution of (7) into Eq. (1) with the use of
(8)—(10) leads to the following convenient form of linear
equations with polynomial right hand sides:
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1t [m; ~ 1 Ris(14,0) ~
L B2 - - L [T oa 05 g
Q+(T+)
1 R+ (T+7§)
- SV () d Ui(ry) |, 11
— 0[ S R z+( +(:+)) (12)
R S ™ __ 1 R_(1-,{)~
— ]m ;= ¢ (Qdf=—— [A Ie P ((.0) e-(0)d{
0—(r-)
(71— ) ~
A — 2. (0)d u-(m-) |,
[ e Bz + (V_(:_))
if we impose constraints on the coefficients of the rational |
functions (7) such that restrictions that u+(ng) = —i/ag and u_(&) = i/ .
We therefore specify
Por((.) = P(.0) = 0. (12) ) = =+ (w — m0) (ijw;’
Thisleadsto alarge class of explicit solutions @~ (£, 7, 7) ; C () (13)
of (11) that are regular on the cuts L-. However, the u-(w) = - + (w — &) Qf )’
0 —

solution of the Ernst eguations needs the solutions
o+ (&, m,7) of (1) to be regular on the cuts L+. Fortu-
nately, all additional singularities (poles) of ¢+ (&, 1, 7)
on Ly and ¢_(&,m,7) on L_, which arise from the
denominators in (10), can be avoided by the additional

Ui(w) =

U_(w) = B(w) (aio

= Aw) [01(w) -
0_(w) = Bw)[0L(w) — ia2CT(w)],

V_(w)

laoC+(W)]

where C+(w), C-(w), Q+(w), and Q_(w) are arbitrary
polynomials. With these, the ansatz (12) leads to the
constraint C_(w) = B(w)Cl(w) — 4iA(w)VI(w) and,
for the polynomials in (7), the general solution of (12)
reads

— L0 )+ = m0)Caw),
Qg

0ton) + v = BCtn) =~ it £paGnVIGH).

(14)

where the polynomias A(w), B(w), C+(w), Vi+(w), and |
0+ (w) can be chosen arbitrarily, provided the correspond-
ing functions u+(w), v=(w) have no poles on the cuts
L, and L_, respectively. The vacuum case, which occurs
when A(w) = Vi(w) = 0 and B(w) = 1, yields simpler
expressions which involve just two arbitrary polynomials
C+(w) and Q+(w).

Returning to (11), we note that the integral operators
in the left hand sides can be inverted using the Poincaré-
Bertrand formula [8] for singular integrals

1 [];

TTi

o) d{ = f(7)
(A1

= e

This can be applied to the integralsover L. (using A4), or
over L_ (using A-).

Since the right hand sides of (11) are polynomiasin 7,
the inversion (15) leads to the solution in the form

Z )Zki(T)»

~

N ) =
~

= U+
~

k=0 \ Vk=+

= o(r) = (15)

@-(7) (16)

where N, and N_ are the maxima of the degrees of the
polynomlals Uiy, Vi, Qrand U—, V_, O_, respectively,
Up+, Vgt qk+ are unknown - mdependentfunctlons of £
and 7, and Z;+(7) are standard functions given by

1 [)\El]f k
i fu -1 ¢rdg.

All these functions (integrals) can be evaluated as the
residues of their integrands at { = o are polynomials in
7 of degree k.

We note now that the vector integral equation (1) de-
couplesinto three pairs of equations—one pair for each of
the three components of ¢, and the corresponding compo-
nent of @_. All these pairs of equations possess the same
kernels but different right hand sides. Therefore, substi-
tuting the expressions (16) into (11) and using (9) with
(12), we get three decoupled algebraic systems, each of
order (N + 2) X (N + 2) where N = N+ + N_ andfor
the sets of unknowns g+, i+, U=, respectively. How-
ever, in view of (6), we need the solutions of two of these
systems only,

Zki(T) = (17)
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N+1

BZ.O DABMB = Ua, D++ D+7
N+1 N D = D7+ fo y (18)
Z DABUB = V4,
B=0
where the indices A,B = 0,1,...,N + 1. The column

Vectors ua, va (shown below as rows) are composed of
the coefficients of the polynomials U~ (¢) and V+(¢):

MN+,M()_,M1_,..‘,MN7},

(19)

SUN_J -

s = {M0+$ U+, vy

VA = {UO+,U1+,...,UN+,U0—,v1—,...

Similarly, we combine the coefficients zix—, v~ in (16) to
form the column vectors (rows)

,IIA(E, 7’) = {’l’\t‘o+9fl;1+s'-'7,L7N+9,l;0—srl;1—s"'s,l'\t‘1\/,}9 (20)
5.4(69 7’) = {;0+7;1+’-'~7;N+750*’51*’-"7;N7}'

The matrix ||D]| consists of the blocks D4+, D4,

Nt + 1) X(N-+1), (N-+1)X Ny +1), and
(N— + 1) X (N— + 1), respectively. Their components
are determined by the integrals

0o = ou+ L [ S oa,
0utm = 1 [ " S 2 @ ac,
oo = L [ S8 g,
0atn = o+ - [ G0 e

(21)
where (R++); are the coefficients in the expansions
Ri=(7.0) = SR (D" and - Row(r.0) =
DimoR-= ) (O)7r.

D_., D__ of orders (Ny+ 1)X Ny + 1), To calculate the final expressions for the Ernst poten-
| tials, we need to evaluate the additional sets of integrals
1.
- U
T (&) = f gy OB
+(§ {)
01(¢) — i(¢ = BIUL()
Je-(m) = — 0“ Je D Zi-(¢)d¢
and to combine them into one row vector
JA = {J()+,J1+,...,JN+,J()7,J17,...,JN7}. (22) ll+(W) — ik+W — (1+, ll_(W) — ik_w —a-
w — by w— b_

L et us also define two additional (N + 2) X (N + 2) ma
trices

Gag = Dap — 2iuaJp, Fap = Dap — 2ivalp.

(23)
All integrals determining the components of the matri-
ces Gap, Fap, and Dyp can be evauated in terms of the

residues of their integrands at the zeros of P (w,w) and
P__(w,w)and a w = . We then have

det || Gasll _ det || Fasll
det | Dagll’ det || Dagll°

which are the final expressions for the Ernst potentials.
These solutions generally possess essentially nonlinear
properties. They are not trivial time-dependent anal ogs of
any stationary axisymmetric solutions with regular axis of
symmetry which have different structures of monodromy
data. The expressions (24) generadly are not rationa
functions of &, 7.

When evaluating explicit examples, it may be noted
that solutions with a diagonal metric occur when u‘; =
—u-+. The plane symmetric (type D) Kasner metric
with £ = —a//ay is obtained using the constants u; =
—i/ag, u- = i/agy, and v+ = 0. The Khan-Penrose
solution [6] for colliding plane impulsive gravitationa
waves is obtained with v (w) = v_(w) = 0 and
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g=— (24)

(25)
when the constantsa-, b, and k+ arereal. The nondiago-
nal Nutku-Halil solution [7] for noncollinear impulsive
waves is obtained from the same expression using com-
plex constants. Thisexplicitly demonstrates that the above
method is applicable to both the linear and nonlinear cases.
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