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The frequency-dependent conductivity is studied for the one-dimensional Hubbard model, using a
selection rule, the Bethe ansatz, and symmetries associated with conservation laws. For densities where
the system is metallic the absorption spectrum has two contributions, a Drude peak at « = 0 separated
by a pseudogap from a broad absorption band whose lower edge is characterized by a nonclassical
critical exponent. Our findings shed new light on the “far infrared puzzle” and other optical properties

of metallic organic chain compounds.
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Organic chain materials [1] have a broken symmetry
ground state (GS) and at low critical temperatures T un-
dergo transitions to unusual T > T, states. Recent T >
T, optical measurements over a huge frequency range
[1,2] established a pseudogap feature together with a zero-
frequency mode for the (TMTSF),X sdts (TMTSF for
tetramethy| tetraselenafulvalene). These experiments have
raised several important yet unresolved issues. The first
[1] was related to the relevance of calculations based on
the doped 1D Hubbard model. Although these materials
have finiteinterchain hopping integrals ¢, and . with ¢, >
tp > t. [1], hopping becomes less effective as the tem-
perature or the frequency is increased and the along-chain
hopping ¢, dominates.

InthisLetter, we study the optical conductivity of the 1D
Hubbard model, o(w) = 27D8(w) + o (w), where
o1 (o) is defined in Eq. (1) below. Schulz [3] used the
Bethe-ansatz (BA) solution to calculate D and to derive
thetotal intensity of finite-frequency transitions. Our study
refersto all parameter space where that intensity is signifi-
cant. Analytical calculations of o (w) have so far been
restricted to the insulator half filling phase in the limit
of large on-site repulsion U [4]. In this case the optica
gap occurs at E,,e = U — 4t,, followed by an absorption
band extendingup to U + 4t, [4—6]. Our study confirms
the expectation [1] that calculations based on the doped
1D Hubbard model are relevant for the theoretical under-
standing of recent optical experiments[1,2]. In the metal-
lic phase we find that the finite-frequency transitions are
limited to a well-defined band above a pseudogap (which
is actually smallest at half filling). The occurrence of
such pseudogap agrees with predictions from exact diago-
nalizations which have found practically almost no low-
frequency (o # 0) absorption at the metallic phase[7]. By
combining symmetries associated with conservation laws
[8] with the approach of Ref. [9], we are able to derive
the exponent for the frequency dependence above the ab-
sorption edge (and below the top edge for half filling).
We confirm [1] that the existence of a pseudogap in the
charge excitations with the absence of a gap for spin ex-
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citations is an indication of charge-spin separation in the
metallic state and that that separation is distinct from that
of a 1D Tomanaga-Luttinger liquid (TLL), in which both
excitations are gapless [1]. We characterize the nature of
the unusual metallic state which following Ref. [1] we call
doped Mott-Hubbard liquid (DMHL). Our study reveals
that in the case of the 1D Hubbard model previous naive
TLL theoretical studies[10] of oy * (w) do not apply to val-
uesof w larger than the pseudogap. In contrast to previous
predictions[2], we find that the phenomenon of suppressed
far infrared conductivity is of 1D character and follows
from a parity selection rule which also occurs at higher
dimensions. However, only at 1D is this selection rule ef-
fective in preventing far infrared conductivity transitions.
For instance, in the 2D case doping away from half filling
induces significant midinfrared absorption [7,11]. These
results seem to indicate that although for low temperatures
just above Ty, the small interchain coupling might lead to
2D character for some of the properties of the (TMTSF), X
salts, in what the conductivity along the chains is con-
cerned the main role of that coupling is equivalent to small
doping on the single chains, which otherwise remain of 1D
character, with the electrons confined in each chain.

The 1D Hubbard model in a chemical potentia w
describes N interacting electrons and can be written
as H= Hso4) - ,LL[N N] where H50(4) =7 +
Ub - N2, T= —tuZ,,,,[chjH,, + H.c] is the
“kinetic energy,” D = > hjih;, measures the num-
ber of doubly occupied sites, N =Y, #;,, ¢}, and
cjo are electron operators of spin projection o at site
j=1...,N,, and 7t , = c;racja. We choose a density
n = N/N, in the interval 0 = n = 1 with even N and
zero magnetization and define kr = 7n/2. We use units
suchthat —e = i = 1, where —e isthe electronic charge.
The conductivity can be written as
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and is also given by o *(w) o limg_g ‘”IL”(/“”) , Where
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c;-rﬂf,cjg] is the current
operator, the summation runs over energy eigen-
states, w,o=E, — Ey is the excitation energy,

Xpk,w) = =2, 20 KeARGION 200, is the charge-charge

wi‘o—(w+ 8)2
response function, and (k) = > 1/, ¢ Mk #Ci.o- Thefor-
mula (1) appliesif the GS|0) |Snondegenerate Thisistrue
for an even number of sites N, if periodic (antiperiodic)
boundary conditions are used for odd (even) values of %
respectively. The GS is then necessarily an eigenstate of
the parity operator P, which moves electrons from sites
jtoN, +1—j,j=1,...,N, and haseigenvalues =+ 1.
Importantly, in the present model P, commutes with the
Hamiltonian and anticommutes with the current operator.
This implies immediately that the states |0) and J|0) have
opposite parities, a key selection rule for optical transi-
tions. The final states |») can be characterized in terms of
holons, antiholons, spinons [12,13], and a charge-transfer
band (CTB) [14]. The holon/antiholon and spinon bands
describe low-energy charge and spin excitations, whereas
the CTB is associated with the upper Hubbard band [3].
We use the labels a = ¢,s,t for the holon/antiholon
band, the spinon band, and the CTB, respectively [14],
and the quantum number B for distinguishing between
holons (8 = —3) and antiholons (8 = +%) [13,14]. In
the present context, the excitations that couple to the GS
are such that the s band is empty of spinons, the ¢ band
can be populated by holons and by zero or one antiholon,
and the r band can have occupancy zero or one. The

N . +
J = _ltaZj,a-[ch'Cj+la' -

momentum variable has the form ¢; = 3717, where I¢
are successive integers or half-odd integers. In contrast

to the case of electronic bands, the number of avail-
able momenta N, can change with band occupancies.
These numbers are N = N,, Ny = N/2 — N,, and
N =N, — N + N;, where N, is the number of oc-
cupied momenta in the CTB, and the momentum band
widths are Ag. = 27, Aqy = 2k — 2@wN,/N,, and
Ag, = 2w — 4kp + 27N,/N,. The numbers N!_, ,
(holons), N!.,, (antiholons), and N, are good
guantum numbers which obey the sum rules [14],
N,—N= —223 “1)2 BN!g=N!— 2N,,WhereNh

D=1 Ncﬁ The GS is characterized by Ncﬂ/2

N, = 0and N 12 = No — N, withasymmetrical holon
occupancy in the ¢ band for momenta 2kr < lq| < 7.
The GS « pseudo-Fermi momenta read gr, = 7N, /N,
where N, = N: — N" and thus qr. = 2kr, qrs = kr,
and gr, = 0. The energy bands €°(g) are defined by
Egs. (110)—(112) and (C7)—(C9) of Ref. [14]. [See dso
Figs. 7 and 8 of Ref. [15] for e,(q) = €%(q) — € (gra)
and @ = ¢,s.] The velocities v,(q) = de(q)/dg and
Vg = Ua(CIFa) and the mass ]/mj; = |dva(q)/dQ|q:qF,,
are also important quantities. In the parameter region
of appreciable oscillator strength for optical transitions,
which corresponds to n = 1 and to densities close to
n = 1 for large enough (but not too large) values of U [3],

4674

the CTB width W, = €°(0) — €’(m — 2kr) = €°(0) -
ther vanishes (n = 1) or is very small. There is nearly no
oscillator strengthfor U < U™, whereU* = U*(n) issuch
that E.(n,U*) = 0. Here E.(n,U) = E. = —2€(m)
and E. >0 (and E. < 0) for U > U* (U < U") and
E.— U — 4t (EC —>EMH)aSn—>O(n—> 1) (EMH is
the n = 1 Mott-Hubbard gap [14].) U™ is a decreasing
function of n given by U* =0 (U" = 4¢) for n — 1
(n —0).

The main transitions contributing to o} (a)) are of two

types: (a) those leaving the band filling N/ _, ,, N! ., ,,

and N, unchanged and (b) those changing these numbers
by ANC —12 = ANL +1/2 = AN, = 1. The former start,
in prlnC|pIe a o = 0, while the latter have an onset
a Eope = W, — 2€2(2kr) > 0. We find below that for
n# 1 (orn=1) Ey, is a pseudogap (or a gap). Im-
portantly, for w < E, the final-state Hilbert subspace
is spanned by states with no occupancy in the ¢ band.
In this case the excitations are described by holons and
spinons and at low values of w and n # 1 the quan-
tum liquid isa TLL. On the other hand, for w > E,y
the final-state subspace is spanned by states also involv-
ing ¢ occupation, the charge and spin excitations remain-
ing separated and described by holons and spinons. For
n # 1thisc, s, and ¢ quantum liquid describesthe DMHL.
The collisions involving holons, antiholons, spinons, and
t particles do not lead to energy and momentum trans-
fer and only give rise to shifts in the phases of these
elementary particles. We find below that for both the
TLL and DMHL the critical exponent expressions are sim-
ply a linear superposition of the phase-shift parameters

fixa’ = 6(1,0{’ + Zl=il lch)aa’(QFaJQFa’) Wlth.] =0, L
Here ®,./(q,q') are the two-particle forward-scattering
phase shifts defined by Egs. (103) and (B30)—(B38) of
Ref. [14]. For hoIons and spinons the eight parameters

faa’ read l/f \/2_’ sls = _é:?c =
1/£0 = 1/\/— and fsc &0 = 0, where K, isthe TLL
parameter defined in Ref. [3] and &1, are the entries of
the transverse of the conformal-field theory (CFT) dressed-
charge matrix [16]. The TLL critical expressions involve
ve, vy, and K, [3]. On the other hand, the low-energy
(w — Eop) > 0 DMHL critical theory (above the pseudo-
gap) is a three-component quantum liquid of the gen-
eral type studied in Ref. [9] and involves v, vy, my,
and the 18 parameters ¢7,,,. Importantly, some of these
parameters are n and U dependent and cannot be ex-
pressed in terms of the TLL quantity K,. [Then =1
and (w — Empu) > 0 critical theory is aso of that type
and involves vy, m}, and m; ]

The transitions of type (a) do not exist at n = 1 and
we show first that, as a consequence of the selection rule
presented above, they have avery small weight for n < 1.
These are excitations within the holon band which can
be characterized in terms of single and multiple electron-
hole excitations [17]. Single electron-hole excitations
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give no contributions to the finite-frequency absorption,
while multiple excitations are expected to decrease very
rapidly in intensity. For low » we evaluate o) (w)
from x,(k, @) = [dx [dt ey (x,1), with the
charge-charge correlation function x,(x,7) obtained
directly from CFT [16]. Double excitations, which would
give a contribution o(w) = C3 w3, are forbidden by
the parity selection rule and thus C; = 0, since these
transitions require symmetrical changes of holon occu-
pancies at ¢ and —g, leaving the parity unchanged. This
explains why the w3 absorption was not observed in op-
tical experiments [2]. Higher-order low-energy processes
would give rise to o(w) = C;w’ for n # 1 and to
o1(w) = Aj 0K~ for n = 1/j with j =2,3,4,...
(due to umklapp processes). [These two exact low-w
CFT expressions can be obtained by multiplying the
perturbative expressions w> and w*/°X» =5 respectively, of
Ref. [10] by the factor w*, which is missing in the latter
two expressions,] Since these processes require multiple
excitations in the holon band, they have extremely low
spectral weight and C7,A; = 0. These considerations
explain why numerical studies yield so weak features
at low frequencies [7]. While in 1D the P, eigenval-
ues =1 are directly related to the right and left state
occupancies and the selection rule is very restrictive,
at higher dimensions it is less effective because there
are many angular-momentum channels which lead to
significant spectral weight at small values of w [11]. The
weakness of type (a) transitions implies that the onset
of type (b) transitions at E,,; represents a pseudogap
which for n < 1 and U > U” looks like a true gap in
an actual experiment [1,2]. E,p, shown in Fig. 1(a),
increases with increasing U and decreases with increasing
density. For n = 1 it coincides with the Mott-Hubbard
gap, Emu = E.(1,U). Since larger interchain transfer
integral 1, means larger effective doping for the single
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FIG. 1. (a) The pseudogap E,p in units of 7, and (b) the
exponent ¢ as function of n for different values of U. The
solid (dashed) lines correspond to U > U™ (U < U™).

chains, this theoretical result is fully consistent with the
experimental data of Fig. 3 of Ref. [1]. The important
processes for the type (b) transitions are those where in
addition to a particle at ¢’ in the ¢ band a holon-antiholon
pair is created in the ¢ band at ¢ and ¢’ — ¢ (with
q' =0 for n =1). This leads to final states whose
excitation energy has its minimum and maximum values

a w = Eop and w = Eqpe + Awep, respectively. Here
Awopt = 81, — 2€} where e} = €2() — €2(2kr) = 0
a n = 1. This spectral range agrees with large U ex-

pansions [4] and numerical calculations [5,7]. For n = 1
there are only these final states and for n < 1 the missing
multipair processes contain nearly no spectral weight. The
current operator cannot produce more than one doubly
occupied site. Since from the results of Refs. [14,17] we
find that creating one ¢ particle involves processes which
create one of these sites, there will be almost no spectra
weight above the upper edge at @ = Eqpi + Awqp:.

The evaluation of the line shape is a very difficult
problem. We could solve it both for n = 1 and the
region immediately above threshold and for n =1
and energies immediately below the top absorption
edge. Since the number operators N, are conservation
laws [8] and the ¢ band is quadratic for small ¢, the
low-energy spectrum of the conservatlon laws Hamil-
tonian, Acr = Hsow) — D.a €2(qra)Noa — uN,, is of
the type studied in Ref. [9]. The use of the nonlinear
band approach of that reference alows the evaluation of
asymptotic expressions for the charge-charge correlation
function of Hcp, XSL(x,t). However, that approach
does not provide finite-energy correlation-function ex-
pressions. Fortunately, the following symmetries and
properties of A and Hcy, allow solution of this problem
[8]: (i) the leading term in xS (x,t) has contributions
only from transitions to a Hllpbert subspace with fixed
N, numbers, (i) [H,Hc] =0, and thus A and Hcy,
have the same eigenstates; and (iii) for the final sub-
space relevant to the conductivity, the difference in
energies is Eop = (¢|Hly) — (Y|HcLly) and is the
same for all final states |¢) in that subspace. Using
these results, we can show that the corresponding lead-
ing term in the Hubbard model correlation function is
of the form y,(x,7) = e’y S(x,7). This provides
Xo(k,w) = [dx [dt ei[kx_(“’_E“P‘)’],\/SL(x,t) for small
values of both k£ and (w — Eop) > 0 which for n <1

leads to crreg(w) ([’” Eo p‘])f at the onset and a critical

exponent { = —3 2(\/2/1( + 3(€5)2. As
expected, this DMHL exponent cannot be expressed
in terms of the TLL parameter K, only. It is shown

in Fig. 1(b) and approaches 1 both as n — 1 at finite
U and as U — «, and it increases with decreasing
values of U. C increases with increasing n and for
U < U" isvanishing small. Consistently withthen < 1
reslts, a n =1 we find o (w) = c(lz2uh)12
for al finite values of U, in contrast to the naive
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(w — Enu)~ Y2 prediction of Ref.[10]. At n =1 we
could also find that o, *(w) has a maximum a w = wq
with Evag < wo = Epyu + 4[,,, and wyg — Eyvig + 4t,
as U — o, and that for energies immediately below
the top conductivity edge at Eyy + 8%, o - (w) reads
o i (w) = C’(W)W. At U large the ratio C'/C
equals one and the conductivity absorption is symmetric
around w = wy = Emy + 4t, = U, in agreement with
the results of Refs. [4,6]. However, C’/C decreases with
decreasing U and w, is shifted to lower values of w.
In this case o(w) is not symmetric around wy and a
dependence o (w) « w7 is expected for a conductivity
descending region of intermediate w values of the domain
w € (wo,Eqpr + 81,). (In contrast to the onset exponent
{, y cannot be calculated within our critical theory and
the use of TLL [2,10] to estimate it is an open question.)
The X = ClO, and T = 10 K curves of Figs. 1(B)
of Ref.[1] and Figs. 3 and 4 of Ref.[2] correspond
to a w =0 Drude peak with a very smal carrier
density separated by a pseudogap E,p =~ 0.014 eV
from an absorption band with y = 1.3 and a width
Awepe = 1.00 V. These Eqp and Aw,p, values can
be understood in the framework of the 1D Hubbard
model with effective values ¢, = 0.125 eV [tight-binding
model (TBM) calculations [1,2] lead to 7, = 0.250 eV
because the energy width of the e.(¢) band GS occu-
pancy, 41, — €r, is about twice that of the TBM band]
and U/t, = 1.5 if the system has a nearly haf-filled
band, n = 0.995, in which case the optica threshold
Eope = Eyu = 0.111, = 0.014 eV and Awp, = 8, =
1.00 eV. Moreover, combining the theoretical values for
Awyp = 8t, and the sum rule [~ o1(o) [3], we find
C~ 120 (wy) = 3600 Q 'ecm~!. A crucia text for
our theoretical description is whether the exponent ¢
obtained from the observed sharp onset of absorption
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FIG. 2. The conductivity o, *(w) of (TMTSF),CIO, for
T =10K as a function of [w — E,pl/Eop: >0 (from
Fig. 4 of Ref.[2]) and the theoretical asymptotic curve
C(lw — Eop)/Eop)* (solid line) with ¢ =0.65 and
C=13530Q"'em!.
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[1,2] agrees with the z,, U, and n values extracted from
Eqpe and Aw,p. Except for the small onset temperature
tail, we find from the above figures the linear behavior,

(&) ~ ¢ In(52ed) + In(oes) for [pEed <
0.5, where ¢ = 0.65 and C = 3530 Q 'ecm™!. The
corresponding asymptotic theoretical conductivity curve
isplotted in Fig. 2. Importantly, Fig. 1(b) reveals that this
exponent is consistent with the above U /1, and n values.
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