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Catastrophic Collapse of Ultrashort Pulses
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We investigate theoretically the self-focusing dynamics of an ultrashort laser pulse both near and above
the threshold at which the pulse effectively undergoes catastrophic collapse. We find that, as a result of
space-time focusing and self-steepening, an “optical shock” wave forms inside the medium that gives
rise to a broad blueshifted pedestal in the transmitted pulse spectrum. Our results are in good agreement
with the primary features observed in experiments and thus provide a theoretical understanding for the
underlying process that gives rise to “white-light” generation.

PACS numbers: 42.65.Jx, 42.25.Bs, 42.65.Re
The nonlinear propagation of an ultrashort pulse through
a transparent medium can result in dramatic changes to
its temporal, spatial, and spectral properties. The primary
process responsible for these changes is self-focusing
which causes the pulse to be compressed in space, result-
ing in a corresponding increase in the peak intensity. For
input powers that are above the critical power Pcr for self-
focusing, steady-state theoretical analysis predicts that the
pulse will undergo catastrophic collapse [1]. Similar forms
of wave collapse appear in many areas of physics [2]. For
experiments in the long-pulse �.1 ns� regime this behav-
ior results in the formation of a plasma which can lead to
filamentation [3] and damage [4]. For femtosecond pulses,
theoretical and experimental work has shown that the
effects of dispersion in the medium completely alter the
dynamics of the self-focusing process. For example,
even for input powers significantly above the critical
power for self-focusing, the effects of dispersion can halt
the explosive increase in the peak intensity through the
process of pulse splitting [5–7]. More recent theoretical
and experimental results [8–11] indicate that, for input
pulses significantly longer than a single optical cycle, it is
necessary to apply a theoretical model that goes beyond
the slowly varying envelope equation in time in order to
capture properly the pulse-splitting dynamics.

At sufficiently high input powers, self-focusing still
overcomes dispersive effects, leading to an explosive
increase in the peak intensity and to the occurrence of
other higher-order nonlinear optical processes. Experi-
mentally it is found that, as the input power is increased
above a certain threshold power Pth . Pcr , an extremely
broad pedestal appears on the blue side of the transmitted
pulse spectrum. This process is termed supercontin-
uum generation (SCG) or “white-light” generation [12].
This phenomenon was first observed [13] in 1970, and
since then it has been observed in many different solids
[14–16], liquids [17], and gases [18] under a wide variety
of experimental conditions. The shapes of the observed
spectra for various media are similar which suggests that
supercontinuum generation is a universal feature of the
laser-matter interaction. For spectroscopic applications
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[12], SCG has proven to be a useful source of broadly
tunable ultrafast pulses from the near ultraviolet to the
far infrared. Recent work [15,16] in solids shows that
the cutoff wavelength on the blue side scales roughly
with the band gap of the material and that, as long as
the ratio of the band-gap energy to the photon energy is
equal to or greater than four, SCG can occur. Despite
these numerous studies, the basic underlying process
responsible for SCG has resisted explanation via any of
the standard nonlinear optical mechanisms. For example,
one-dimensional models [19] that incorporate self-phase
modulation and self-steepening predict spectra that are
qualitatively inconsistent with the observed spectra.

In this Letter, we present a theoretical model that
allows us to investigate the dynamics of self-focusing of
femtosecond laser pulses both near and above the point
at which the pulse effectively undergoes catastrophic col-
lapse. We show that, as the pulse approaches the collapse
point, a steep edge is formed at the back of the pulse (i.e.,
an optical “shock wave”) and is accompanied by a large
phase jump. The resulting pulse spectrum exhibits a broad
blueshifted pedestal with a sharp cutoff, which is in good
qualitative agreement with the experimentally observed
SCG spectrum. These results show that shock formation
due to space-time focusing and self-steepening dictate
the collapse dynamics and that the role of multiphoton
absorption and plasma formation is simply to halt the
collapse at the powers significantly above the threshold
for collapse. Our results thus provide the first theoretical
basis for a description of the underlying mechanisms
for SCG.

We model pulse propagation above the regime of criti-
cal collapse by modifying the nonlinear envelope equation
(NEE) [20] to include the effects of multiphoton absorption
(MPA) and plasma formation. We assume that the pulse
has radial symmetry and that it propagates along the z axis
with a wave vector amplitude k � n0v�c, where n0 is the
linear refractive index of the material and v is the central
frequency of the pulse. We take the input pulse at z � 0 to
be Gaussian in space and time, such that A�r , z � 0, t� �
A0 exp�2r2�2w2

0 2 t2�2t2
p�. In this case, the equation for
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the normalized amplitude u�r , z, t� � A�r , z, t��A0 can be
expressed as
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where Ldf � kw2
0�2 is the diffraction length, z � z�Ldf

is the normalized distance, Lds � t2
p�b2 is the disper-

sion length, b2 is the group-velocity dispersion, t � �t 2

z�yg��tp is the normalized retarded time for the pulse
traveling at the group velocity yg, and pnl is the suitably
normalized nonlinear polarization. The presence of the
operator �1 1 i≠�vtp≠t� in the diffraction and the non-
linear polarization terms gives rise to space-time focusing
[8] and self-steepening effects [19], respectively, and al-
lows for the modeling of pulses with spectral widths com-
parable to the optical frequency v. In the expression for
the nonlinear polarization we include the effects of the non-
linear refractive index change, multiphoton absorption, and
formation of an electron plasma density re such that

pnl �
Ldf

Lnl
juj2u 2

Ldf

Lpl
�1 2 i�vtc�ru

1 i
Ldf

Lmp
juj2�m21�u , (2)

where Lnl � �c�vn2I0� is the nonlinear length, I0 �
n0cjA0j

2�2p is the peak input intensity, tc is the electron
collision time, Lmp � 1�b�m�I

�m21�
0 is the m-photon

absorption length, b�m� is the m-photon absorption coef-
ficient, Lpl � 2r0�svtc is the plasma length, s is the
cross section for inverse bremsstrahlung, and r � re�r0
is the electron density normalized to the total density
r0 � b�m�Im

0 tp�nh̄v of electrons that would be pro-
duced by the input pulse through multiphoton absorption.
We assume that the electron density can grow in the
presence of the laser field through avalanche ionization
and multiphoton absorption, such that r satisfies the
equation

≠r

≠t
� arjuj2 1 juj2m, (3)

where a � sI0tp�n2
0Eg is the avalanche ionization co-

efficient and Eg is the band-gap energy of the material.
A similar form of the nonlinear polarization has been
used to model self-focusing in water [21] and in air [22];
however, in these studies space-time focusing and self-
steepening terms were not included. We have also per-
formed simulations with the inclusion of noninstantaneous
contribution to the nonlinear refractive index (i.e., stimu-
lated Raman scattering); however, the presence of this term
does not alter substantially the behavior presented here,
and, for certain materials such as sapphire [23] and the al-
kali halides, this term can be neglected. From simulations
of steady-state self-focusing with only the nonlinear refrac-
tive index term [24], the relationship of the ratio Ldf�Lnl
to the ratio P�Pcr is given by Ldf�Lnl � 0.948P�Pcr .

In our simulations we use parameters that correspond to
the case of a 5-mm-thick sapphire sample and a 70 fs in-
put pulse at a wavelength of 800 nm. For sapphire, b2 �
1280 fs2�cm and n2 � 3 3 10216 cm2�W which corre-
sponds to Lds � 1.4 cm and Pcr � 1.8 MW. The value
of vtp � 100, and we assume that the beam is focused
loosely into the sample such as that in the Ldf�Lds � 0.15.
Ultimately, the qualitative behavior of the system we de-
scribe here occurs over a wide range of input parameters
and thus does not depend sensitively on the specific values.

We first consider the case in which we do not include
multiphoton absorption or plasma formation in our model.
We find in our simulations that, as the input power is in-
creased to a certain threshold power Pth, which is deter-
mined by the ratio of Ldf�Lds [25], the peak intensity
grows sharply. This is illustrated in Fig. 1, where we
plot the peak intensity as a function of distance in the
medium for P�Pcr � 1.7 and 1.8. In both cases disper-
sion and temporal pulse splitting halt the collapse of the
pulse. In Fig. 2(a) we plot the on-axis temporal profile
and frequency chirp (i.e., 2≠f�≠t, where f is the phase)
for P�Pcr � 1.7 at z � 2 which is past the point of maxi-
mum peak intensity and just at the onset of pulse splitting.
Space-time focusing and self-steepening act to push the
peak intensity towards the rear of the pulse, and the fre-
quency chirp exhibits a dispersive-looking shape with a
blueshift (redshift) at the back (front) of the pulse. The
total spectrum for this pulse is asymmetric [dotted line
in Fig. 2(d)] with a pronounced blue tail. Figures 2(b)
and 2(c) show the on-axis temporal profile and frequency
chirp at two different points in the medium at slightly
higher power P�Pcr � 1.8. At z � 1.63 the blueshifted
feature in the chirp becomes narrower and is more pro-
nounced, and the spectrum [dashed line in Fig. 2(d)] shows
increased asymmetry. At the point �z � 1.7� near where

FIG. 1. Plot of normalized peak intensity inside the medium
as a function of distance z � z�Ldf for P�Pcr � 1.7 (dotted
line) and P�Pcr � 1.8 (solid line) in the absence of multiphoton
absorption (MPA) and plasma formation, and for P�Pcr � 2
(dashed line) with the inclusion of MPA and plasma formation.
3583



VOLUME 84, NUMBER 16 P H Y S I C A L R E V I E W L E T T E R S 17 APRIL 2000
FIG. 2. On-axis temporal intensity profile and frequency chirp
[(a)– (c)] and the corresponding total pulse spectra (d) in the
absence of multiphoton absorption and plasma formation. In (a)
P�Pcr � 1.7 and z � z�Ldf � 2. In (b) and (c) z � 1.63 and
z � 1.7, respectively, and P�Pcr � 1.8.

the intensity peaks, the steepness at the back edge of
the pulse is maximized, and the frequency chirp forms a
narrow peak at the back edge [Fig. 2(c)]. It is at this point
that the phase of the pulse undergoes an abrupt decrease in
a time comparable to the optical period and the formation
of a long blue pedestal in the pulse spectrum with a sharp
cutoff [solid line in Fig. 2(d)]. For larger distances into
the medium the pulse spectrum stabilizes and shows little
change from that shown in Fig. 2(d). This spectrum shows
strong qualitative agreement with supercontinuum spectra
observed near threshold in solids [15,16].

In our simulations, we find that the width of the pedestal
is determined by the magnitude of the induced frequency
chirp, which in turn is determined by the peak intensity of
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the shock wave. Slight increases in the input power beyond
P�Pcr � 1.8 lead to explosive growth in the peak intensity
and in the steepness of the back edge of the pulse, making
numerical computation difficult. It is still an open question
whether for sufficiently high intensity the NEE does in fact
possess a singularity in the absence of MPA and plasma
formation. However, from a practical perspective the pulse
can be viewed as having undergone catastrophic collapse,
since in any real experiment the peak intensity exhibits
explosive growth and contributions from MPA and plasma
formation must be taken into account. The inclusion of
these processes halts the explosive growth in intensity and
allows for simulations substantially above the Pth.

Figure 1 shows a plot of the peak intensity inside the
medium for P�Pcr � 2 where MPA, plasma formation,
and plasma defocusing prevent collapse of the pulse. The
parameters for the MPA and plasma terms are assumed to
be that of sapphire, in which case m � 5, vtc � 5, and
Ldf�Lpl � 1029. Ultimately, the qualitative behavior of
the system does not depend sensitively on these values, and
the resulting evolution of the pulse is found to be similar to
the case of P�Pcr � 1.8 in which the collapse was halted
only by dispersion. Figure 3(a) shows the temporal profile
and frequency chirp at the point in the medium z � 1.53,
where the abrupt phase jump occurs, and Fig. 3(c) shows
the corresponding total pulse spectrum. As in the previous
case, the spectrum develops a broad pedestal on the blue
side with minimal broadening towards the red side. We
find that further increases in the input pulse power do not
lead to increased broadening of the pedestal but do result
in broadening towards the red side, which is also consistent
with experimental observations.

Although it has been proposed [15,26] that plasma for-
mation may be responsible for the blueshifted pedestal in
SCG, we find for the self-focusing interaction that actu-
ally the opposite is true. If the space-time focusing and
self-steepening terms are neglected, we find that the pres-
ence of the plasma terms pushes the peak intensity to the
front edge of the pulse since the plasma formation results
in defocusing and nonlinear absorption of the back edge.
As a result, the pulse develops a steep edge at the front
[see Fig. 3(b)] and a corresponding abrupt increase in the
phase which produces a negative frequency chirp. As a
result, a redshifted pedestal appears in the generated spec-
trum [see Fig. 3(c)].

We find that the temporal and spectral behavior that pro-
duces SCG occurs over a wide range of parameters as long
as the input focusing conditions of the beam are such that
shock formation can occur before MPA and plasma for-
mation dominate the interaction. For example, we find
that, for similar conditions but smaller values of m (e.g.,
m # 3), the collapse is halted before significant pulse
steepening occurs which prevents the occurrence of a phase
jump and SCG. In addition, if the initial focusing con-
ditions are such that the beam is tightly focused into the
material such that the linear focusing is responsible for cre-
ating sufficiently high intensities to create a plasma, then
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FIG. 3. (a) On-axis temporal intensity profile and frequency
chirp with the inclusion of multiphoton absorption and plasma
formation for the same parameters as in Fig. 2 but with P�Pcr �
2 and z � z�Ldf � 1.46. The corresponding total pulse spec-
trum is given by the solid line in (c). (b) Same as in (a), but
at z � 1.53 and without the space-time focusing and self-steep-
ening contributions. The corresponding total pulse spectrum is
given by the dashed line in (c).

SCG is also not observed. These results agree with our own
experimental observations [27] and that of others [15,16].

In all of the cases we have studied, we find for pulses
in the femtosecond regime that, although MPA provides
the initial density of free electrons, avalanche ionization
dominates the total production of the plasma density.
Nevertheless, even for powers that are several times above
Pth, the peak plasma density remains significantly below
the critical plasma density of �2 3 1021 cm23 inside the
medium. These results suggest that, unlike the long-pulse
regime (e.g., nanosecond pulses), the temporal dynamics
of self-focusing collapse with the femtosecond pulses
is such that catastrophic damage to the material is not
predicted to occur.

In conclusion, we have investigated the nonlinear dy-
namics of ultrashort pulse propagation both near and above
the threshold for self-focusing collapse, and we find that
our results our in good agreement with experimental ob-
servations. We show that the formation of an optical shock
wave at the back of the pulse is the likely explanation for
the process of supercontinuum generation. These results
are also relevant to bulk damage in solid-state materials
and to propagation experiments in gases including filamen-
tation in air.
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