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We show that, in the framework of three light neutrino species with hierarchical masses and assuming
no fine tuning between the entries of the neutrino mass matrix, one can use the solar neutrino data
to obtain information on the element U,; of the lepton mixing matrix. Conversely, a measurement of
U.; in atmospheric or long baseline accelerator or reactor neutrino experiments would help discriminate
between possible oscillation solutions of the solar neutrino problem.

PACS numbers: 14.60.Pq, 13.15.+g, 26.65.+t

Currently, there are indications for neutrino oscilla-
tions in solar [1], atmospheric [2], and accelerator [3]
experiments, with the strongest evidence coming from the
Super-Kamiokande atmospheric neutrino data [2]. If al
correct, these results would imply the existence of at least
four light neutrino species, v,, v,, v,, and vy, where v,
is a sterile (electroweak singlet) neutrino. Of the above-
mentioned experimental evidence, the result of the ac-
celerator Liquid Scintillator Neutrino Detector (LSND)
experiment [3] is the only one that has not yet been inde-
pendently confirmed. If it is excluded, the remaining solar
and atmospheric neutrino anomalies can be explained
through oscillations among just three standard neutrinos:
Ve, ¥y, and v,. The oscillation probabilities for relativistic
neutrinos then depend on two mass squared differences
Am3; = Am2 and Am3, = Am2,,, three mixing angles
012, 613, and 6,3, and one CP-violating phase 6. With
the parametrization of the 3 X 3 leptonic mixing matrix
U which coincides with the standard parametrization of
the quark mixing matrix [4], one can identify the mixing
angle which is responsible for the dominant channel of the
atmospheric neutrino oscillations with 6,3, the one that
is primarily responsible for the solar neutrino oscillations
with 6, and the mixing angle which enters (along with
63) into the probabilities of the subdominant v, < v,
oscillations of atmospheric neutrinos and long baseline
Ve < Vy(r) OsCillations with 6,3. For the values of the
neutrino parameters allowed by the data, the CP-violating
effects in neutrino oscillations should be rather small, and
we shall therefore omit the phase 6 in our analysis.

The Super-Kamiokande atmospheric neutrino data im-
ply Am3, = (2-6) X 1073 eV2, 6,3 = (45 + 12)°, and
the combined data of the solar neutrino experiments lead
to four domains of allowed values of Am3; and 6, corre-
sponding to the four neutrino oscillation solutionsto the so-
lar neutrino problem—Ilarge mixing angle MSW (LMA),
small mixing angle MSW (SMA), vacuum oscillations
(VO), and low-Am? (LOW) solutions [5], where MSW
stands for the Mikheyev-Smirnov-Wolfenstein effect [6].
The remaining mixing angle 6,5 which determines the ele-
ment U,; of the lepton mixing matrix is the least known
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one: there are only upper limits on its value, the most
stringent one coming from the CHOOZ reactor neutrino
experiment [7]. Together with the solar neutrino observa-
tions it gives, for Am3, = (2-6) X 1073 eV2,
[singds| = Uzl = (022 — 0.14). D
The probabilities of the long baseline v, < v, ;) oscil-
lations and subdominant v, < v,(, oscillations of at-
mospheric neutrinos depend sensitively on sind;3, and
therefore knowledge of its value at least by an order of
magnitude would be very helpful for planning future long
baseline experiments. Yet, the upper limit (1) does not tell
us what this value is—it can equally well be just below
the upper bound or many orders of magnitude smaller.

In the present Letter we show how one can extract in-
formation on the value of U,; from the solar neutrino data
under the assumption that there is no fine tuning between
certain entries of the neutrino mass matrix. We shall derive
predictions for U.3 corresponding to each one of the neu-
trino oscillation solutions to the solar neutrino problem.

In the three-flavor framework, assuming the hierarchy
Am3, < Am3,, the survival probability of the solar v,
can be written as [8]

Ps = chP + sy, @)
where we use the notation s;; = sing;;, ¢;; = cosf;;, and
P is the corresponding survival probability in the two-
flavor case which depends on the mixing angle 6, and
mass squared difference Am3;, with the usual matter-
induced potential for neutrinos V = /2 Gy N, [6] replaced
by the effective one Ve = ¢33 V. It follows from (2) that
Py is rather insensitive to the value of 03 provided the
congtraint (1) is satisfied. Therefore the probability of the
solar neutrino oscillations cannot be used directly to extract
auseful information on U,3;. We shall show, however, that
such information can still be obtained from the analyses
of the neutrino mass matrix provided that the values of the
parameters that govern the solar neutrino oscillations are
known.
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Assuming the neutrino mass hierarchy m;, m, << mj
and 6,3 = 45° (which is the best fit value of the
super-Kamiokande data [2]) and taking into account the
relative smallness of 63, it can be shown that in the basis
where the mass matrix of charged leptons is diagonal the
neutrino mass matrix m; must have the approximate form

K € g
mp=mg| € 1+86—8 1—6 )
&' 1-36 1+6+0
where «, ¢, &/, 8, and 8’ are small dimensionless parame-

ters. Diagonalization of thismatrix [9] yields, in particular,

(e — &)

tan26,, = B P 2+l 0 (4)
V2L6 = %) = (5 — =55
e+ &
~ £ 5
S13 2\/5 ( )

We shall be assuming that there are no accidental cancel-
lations between € and *¢/,i.e, that [e + &'| and |e — €|
are of the same order of magnitude: |e = &/| ~ & where
& = max{lel, |€'|}. In other words, we assume that |e|
and |&'| are either of the same order of magnitude or one
of them is much larger than the other, but bar the possi-
bility that they are equal or approximately equal to each
other.

It has been shown in [9] that the MSW effect [6] can
occur only for neutrinos, and in particular the LMA and
SMA solutions of the solar neutrino problem are only pos-
sible, if the parameters of the mass matrix m, in Eq. (3)
satisfy

151 =16 — 82/4l > |x/2 — (&* + &%) /4]. (6)

We shall first assume |8| > €2, ¢'2, |«| (our results will
also be approximately valid when > is replaced by =).
From (4) and (5) one finds

tan20;, = /28,  si3 = §/2V/2. )

The eigenvalues of the mass matrix m; can then approxi-
mately be written as

mip = my S(l 41+ tan22012),

ms3 = 2m0 ,

®
leading, with the identification Am2 = Am3,, Am2,,, =
Am3, = (2mp)?, to
= 1 Am? /2
5 = ( 6 ) ®
(1 + tar?2612)'/* \ Amam
From Eg. (7) one then finds

1 tan26;, Amé /2
S13 = > 1/4 5 . (10)
2 (1 + tan 2012) Amiim

This expression gives, up to a factor of the order 1, the
value of the lepton mixing parameter U,z = s13 in terms
of the parameters describing the solar neutrino oscillations.
Substituting the typical values of the parameters that lead
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to the various neutrino oscillation solutions of the solar
neutrino problem [5] we find

s13 = (0.05-0.15) (LMA); ~107° (SMA);
~ 107% (LOW); ~1074-1073 (VvO). (11)

Thus, in the case of the LMA solution the value of sy3 is
expected to be only dlightly below the CHOOZ limit. The
values of 513 in this range can lead to observable effectsin
the v, < v, () channels of the long baseline experiments
as well asin the subdominant v, < v, channels of the
atmospheric neutrino experiments. They should certainly
be detectablein MINOS [10] except perhaps for the values
of s13 close to the lower border of the allowed region.
However, in this case they should still be detectable in the
future long baseline experiments with muon storage rings
which are being widely discussed now [11]. They may also
be detectable in KamLAND [12] and CERN—Gran Sasso
[13] experiments provided that the value of s3 is close
to the upper border of the alowed region for the LMA
solution.

In the case of the LOW solution, the values of si3
are close to the border of detectability in the experiments
with muon storage rings. Whether or not they will be de-
tectable depends on the experimental details which are not
yet known. For the SMA and VO solutions of the solar
neutrino problem, the predicted values of 53 are far too
small to lead to observable effects in any of the forthcom-
ing or currently discussed long baseline experiments.

Equation (10) is not valid when 6, isvery close to 45°,
namely when 1 — sin?26;, < 107°. Such a situation can
in principle be realized in the case of the VO and LOW
solutions of the solar neutrino problem [5,14]. In this case
from (8) and (7) one finds Am2 = &> tan26,,Am2,,, =
(68/+/2)Am2,,. Our condition |5| = &2 and Eq. (7) then
lead to the following upper limit on s3:

5 \1/3
(513)max = 2_4/3( Amo‘) . (12)

2
Amiim

Consider now the case || < €2, &%, ||, i.e, |5] < &2.
Condition (6) is then not satisfied and therefore only the
VO and LOW solutions to the solar neutrino problem are
possible. It is easy to show that in this case sy3 is aso
approximately given by Eq. (12) which, however, is now
the prediction rather than an upper bound. For typical
values of Am2 relevant for the VO and LOW solutions
one then finds s;3 ~ 1073 and s;3 ~ 1072, respectively,
which are in the same ranges as the values given for these
solutions in (11).

The above discussion applied to the case of the normal
neutrino mass hierarchy, |m; | < |m3|. Consider now the
case of the inverted mass hierarchy with |m;| < [m| =
|m>|. There are essentially two possibilities. First, the
neutrino mass matrix can have the elements (my ), =
(mL)21 = (mL)13 = (mL)31 = moy with the rest of the ma-
trix elements being ~10~8m,. Such a matrix can emerge
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due to an approximate L, —L , —L, symmetry [15]. It |eads
to the VO solution of the solar neutrino problem with bi-
maximal mixing and m; = —m; (i.e., opposite CP parities
of the mass eigenstates v; and v,). The mixing parame-
ter 513 is given by the ratio of a combination of the small
entries of the mass matrix and mg [9], i.e., in this case

si3 ~ 1078, (13)

far too small to be of any practical interest. Second, the
neutrino mass matrix may again be of the form (3) with
small parameters ¢, €/, §, and 8’ but now with k = *2,
which is necessary for the eigenvalues of m; to satisfy
m; = *m,. As before, one can express s;3 through the
parameters describing the solar neutrino oscillations. Con-
sider first the case k = 2, which leadsto same sign m; and
my (same CP parities of vy and v,). Inthis case any of the
neutrino oscillation solutions to the solar neutrino problem
can be accommodated. Using the results of [9] one ob-
tains, again up to a factor of the order 1,

1 . Am?
S13 = Z S|n26‘12(A 20 ) (14)

Matm

The predicted numerical values of 513 for various solutions
of the solar neutrino problem are

s13 = (0.15-1.5) X 107 (LMA);
~ 3 X 107° (SMA);
~ 107 (LOW); ~10"% (VO), (15)

too small to be of interest except perhaps for the LMA
case which might lead to observable effects in future ex-
periments with muon storage rings.

Consider now the case k = —2, which leads to m; =
—m, (opposite CP parities of »; and »,). In this case only
the SMA solution to the solar neutrino problem can be
accommodated [16]. Diagonalization of the mass matrix
yields

s13 = tan26;, . (16)

Since the SMA solution requires sin’26;, = (0.1-1) X
1072, this gives

s13 = 0.03-0.1, (17)

i.e., onecan have observable v, < v, () oscillationsin the
long baseline experiments in this case.

The results we have abtained rely crucialy on the as-
sumption of no fine tuning between certain elements of
the neutrino mass matrix. Although we believe that this
assumption is natural, such fine tuning is still a possihil-
ity; therefore our results should be considered only as the
likely values of the parameter U,;.

Equations (10), (12)—(14), and (16) are our main re-
sults. They give, for various neutrino mass hierarchies and
relative CP parities, the approximate values of the lepton
mixing parameter U,; in terms of the values of the pa
rameters governing the oscillations of solar neutrinos. We

have checked these relations by direct numerical diagonal-
ization of the neutrino mass matrix m;, for anumber of the
parameter sets leading to the SMA, LMA, LOW, and VO
solutions of the solar neutrino problem and found that in
most of the cases the agreement was better than 50%.

In deriving the relations between various neutrino pa-
rameters we have used the results of the atmospheric neu-
trino experiments, and in particular the fact that the mixing
angle 0,3 = 45°. It is easy to show that our estimates of
s13 do not change if we instead assume large but not neces-
sarily maximal mixing in the 2—3 sector. The only change
in that case is that one would have to assume no fine tun-
ing between linear combinations of (2, )1, and (my )13 with
coefficients c3 and *s,3 rather than between (m;);, and
*(mp 3.

Our predictions for U,; depend on the assumed hier-
archy of neutrino masses. The norma mass hierarchy
|mi 2| < |m3| is the most natural one; the mass matrices
leading to the inverted mass hierarchy are unstable with
respect to small variations of the parameters except in the
case when the elements (mL)12 = (mL)21 and (mL)13 =
(my )31 aremuch larger than the rest of the matrix elements
[9]. However, this case leadsto the VO solution of the solar
neutrino problem with an extremely small U.; of Eq. (13).
It should be noted that the question of the neutrino mass
hierarchy can in principle be settled experimentally: the
long baseline experiments may discriminate between the
direct and inverted hierarchies through the earth matter ef-
fects on neutrino oscillations.

If the LMA MSW effect proves to be the true solu-
tion of the solar neutrino problem, one can expect ob-
servable effects in the v, < v, () channels of the long
baseline experiments and possibly also in the subdominant
Ve < V(s Channels of the atmospheric neutrino experi-
ments in the most plausible case of the norma neutrino
mass hierarchy [17]. In the case of the inverted mass hier-
archy, the same is true for the SMA solution. If the VO is
established as the true solution, we predict no observable
Ve < vu(;) Oillations in long baseline experiments for
either of the mass hierarchies.

Conversely, a measurement of U,; in aimospheric or
long baseline accelerator or reactor neutrino experiments
would help discriminate between possible oscillation so-
lutions of the solar neutrino problem. At present, the
situation with solar neutrinos is rather unclear: different
pieces of data (total rates, recoil electron spectrum, and
day-night effect in Super-Kamiokande) favor different os-
cillation solutions, and global fits of al the data are of
comparable quality for al the solutions [5]. The data from
the long baseline experiments could help clear the situation
up. In particular, a positive signal of v, < v,(;) oscilla-
tions would disfavor the VO solution of the solar neutrino
problem.

Combined data of the solar neutrino and future long
baseline experiments may provide information on the neu-
trino mass hierarchy even in the absence of any data on
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matter effects in the long baseline experiments. A posi-
tivesignal of v, < v,(;) oscillations along with the estab-
lished LMA solution of the solar neutrino problem would
favor the normal hierarchy; if, however, the future solar
data prefer the SMA solution, that positive signal would
point towards the inverted neutrino mass hierarchy.

Finally, if the neutrino mass hierarchy is established
through the matter effects in the long baseline experi-
ments, combined data of solar and long baseline experi-
ments could allow one to check our assumption of no fine
tuning between the elements of the neutrino mass matrix.
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