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Quantum Hall Effect at Low Magnetic Fields
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The temperature and scale dependence of resistivities in the standard scaling theory of the integer
quantum Hall effect is discussed. It is shown that recent experiments, claiming to observe a discrepancy
with the global phase diagram of the quantum Hall effect, are in fact in agreement with the standard
theory. The apparent low-field transition observed in the experiments is identified as a crossover due
to weak localization and a strong reduction of the conductivity when Landau quantization becomes
dominant.

PACS numbers: 73.40.Hm, 71.30.+h, 71.55.Jv, 72.15.Rn
The behavior of the quantum Hall effect (QHE) at low
magnetic fields has attracted a lot of attention in recent
years, both experimentally and theoretically. Of particular
interest has been the fate of the critical states responsible
for the transitions between the different quantized Hall pla-
teaus and the form of the global phase diagram of the QHE
[1,2]. Recent experiments [3–7] have been interpreted
as being incompatible with the global phase diagram [1]
based on the levitation of critical states [8,9]. At high mag-
netic fields, such that the Landau level separation is much
larger than the disorder broadening of the Landau bands,
these critical states are situated near the centers of the Lan-
dau bands. They separate phases with different, quantized
values of the Hall conductivity. As the Hall conductivity
is constant throughout these phases, the critical energies
cannot just terminate when magnetic field or disorder is
changed. Either they can move to infinite energy or they
can terminate when they intersect another critical state with
the opposite change in Hall conductivity. Both of these
scenarios are realized: the critical energies at the centers
of the Landau bands move to infinite energy as the mag-
netic field becomes infinitely strong, while the termination
of critical states has been observed in lattice models, where
due to the band structure, states with negative Hall conduc-
tivity exist [10].

Since in the absence of a periodic potential, no states
with negative Hall conductivity exist, Khmelnitskii and
Laughlin have argued that the existence of critical states
at high magnetic fields can only be reconciled with the ab-
sence of extended states at zero magnetic field, predicted
by the scaling theory of localization in two dimensions
[11], if the critical states float above the Fermi energy,
when the magnetic field is decreased towards zero. The
scaling theory of the integer QHE [12] predicts the Hall
conductivity to be quantized at ne2�h between the critical
energies, with integer n, and to be �n 1 1�2�e2�h at the
critical energies [2]. The dissipative conductivity vanishes,
except at the critical energies, where it takes on values of
the order of e2�h. In Fig. 1 the levitation of the critical
states is sketched and the resulting behavior of the con-
ductivities and resistivities is shown. Note that it is not
possible to predict the behavior of the resistivities in the
0031-9007�00�84(14)�3141(4)$15.00
phase with zero Hall conductivity, as their values depend
on the way the conductivities tend to zero.

Since the QH plateau transitions are quantum phase tran-
sitions, the discussion presented above is concerned with
the phase diagram of an infinite system at zero temperature.
Experimentally, only finite systems at finite temperature
are accessible. In numerical simulations, also the restric-
tion to finite systems applies. When comparing the result
of experiments with the predictions of scaling theory, it is
therefore imperative to consider the effects of finite tem-
peratures and/or finite system sizes. While this was appre-
ciated in early theoretical and experimental work [8,15], it
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FIG. 1. Sketch of the magnetic field dependence of the crit-
ical energies according to the levitation picture (En � �n 1
1�2�h̄vc�1 1 1��vct�2� [9]) (top), the corresponding (dimen-
sionless) conductivities (center), and resistivities (bottom).
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has wandered out of the focus of much of the recent work.
It is the purpose of this paper to show that the experiments
on the low-field QHE can be understood within the stan-
dard scaling theory, obviating the need for a more exotic
explanation. We will restrict our attention to the integer
QHE and consider interaction effects only on the level of
weak localization corrections.

We will start our argument by considering the appropri-
ate starting points for a renormalization of the conductiv-
ities, the bare conductivities s

0
ij , corresponding to short

length scales or high temperatures [16]. At high tempera-
tures and low magnetic fields, quantum effects are negli-
gible and the conductivities can be calculated from kinetic
equations to give the Drude expressions

s0
xx �

s0

1 1 �vct�2 , (1a)

s0
xy � vcts0

xx , (1b)

with s0 � e2nct�m� � encm, vc � eB�m�, and nc,
t � ��yF , �, and m are the carrier density, transport time,
elastic mean free path, and the mobility, respectively
(Fig. 2). In terms of resistivities, the classical values are
r0

xx � 1�s0, independent of the magnetic field B, and
r0

xy � B�en. Quantum effects modify these results in
two ways: quantum interference leads to localization, and
Landau quantization drastically modifies the density of
states at strong magnetic fields. Quantum mechanically,
three energy scales are relevant: the cyclotron energy
EB � h̄vc, the disorder broadening of the Landau bands
G, and the thermal energy ET � kBT . The ratio of the
former two depends on the strength of the magnetic field
and the strength and range of the disorder [17] and
corresponds to the classical quantity vct, characterizing
the classical effects of the magnetic field and disorder in
Eqs. (1). While EB�G and vct are not identical, vct � 1
can serve as an estimate of the point where Landau level
quantization becomes important. The ratio of cyclotron en-
ergy to temperature, EB�ET � h̄eB�m�kBT , determines
whether the classical expression for sxx is appropriate
or Landau quantization has to be taken into account. In
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FIG. 2. Conductivities on short length scales: the Drude re-
sults (solid lines and dotted line) and the SCBA result for sxx
(dashed lines), appropriate for vct ¿ 1.
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the limit of strong magnetic fields, such that Landau level
mixing can be neglected, the high temperature (or short
length scale) conductivity is qualitatively well described
within the self-consistent Born approximation (SCBA)
[17]. In this approximation, the conductivity vanishes at
zero temperature for integer filling factors n � nc2pl2

c ,
with the magnetic length l2

c � h̄�eB, due to a vanishing
density of states. For smooth random potential, relevant to
most experiments on GaAs�AlGaAs heterostructures, the
peak value of s0

xx in SCBA is given by �l2
c�pd2� �e2�h�,

independent of the Landau level index. d is the range
of the disorder potential (Fig. 2) [18]. Landau level
quantization can thus lead to a strong reduction in the
conductivity compared to the Drude result, provided that
the magnetic field is strong enough, i.e., vct . 1.

The localizing effect of quantum interference is most
important for the occurrence of the QHE and it is the
key to our understanding of the temperature dependence
of the resistivities. In the absence of a magnetic field,
quantum interference leads to a size-dependent reduction
of the conductivity [19]

sxx�L� � s0
xx 2

2e2

ph
log

µ
L
�

∂
. (2)

This weak localization expression is valid for large sxx .
While the system size dependence is logarithmically weak
for small system sizes, scaling theory predicts that it will
eventually lead to complete localization and vanishing con-
ductivity. The corresponding corrections to the Hall con-
ductivity are given by [20]

sxy�L� � s0
xy 2 vct

4e2

ph
log

µ
L
�

∂
. (3)

Again, the decrease in the Hall conductivity is the pre-
cursor of the vanishing Hall conductivity at low fields
predicted by scaling theory (Fig. 1). In terms of the resis-
tivities, these corrections lead to a logarithmic increase in
the dissipative resistivity, while the Hall resistivity remains
unchanged. In addition to the disorder effects, Coulomb
interactions lead to logarithmic corrections to sxx , but not
to sxy [19]. While these effects are important for a de-
tailed comparison with experiment, they do not change the
conclusions of the present discussion and will be neglected
in the following.

In the presence of a magnetic field, quantum interference
effects are reduced and the system size dependence of sxx

becomes even weaker [21],

sxx�L� � s0
xx 2

1
p2s0

xx

µ
e2

h

∂2

log

µ
L
lc

∂
. (4)

This means that localization effects become strong, when
the system size exceeds the localization length

j0 � lc exp�p2s0
xx

2h2�e4� , (5)

defined by sxx�j0� � 0. In contrast to the zero field case,
the system then does not become completely localized but
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exhibits a series of critical energies at which the conduc-
tivity remains finite and the Hall conductivity changes by
e2�h as shown in Fig. 1. The effect of a finite temperature
can be incorporated in the present discussion by replacing
the system size L by a phase coherence length LF that di-
verges as the temperature tends to zero.

From scaling theory, the following scenario for the tem-
perature or system size dependence emerges: on small
length scales or at high temperatures, classical Drude the-
ory applies. At high magnetic fields, the effects of Landau
quantization become visible, when p2ET �EB � 1 [22].
In GaAs and for T � 4.2 K this happens at a magnetic
field of about 2 T. At lower temperatures, the Drude
expression for s0

xx is valid only up to about vct � 1
beyond which the SCBA result s0

xx & e2�ph becomes
appropriate. Localization effects leading to the QHE be-
come important when the system size and phase coherence
length exceed the localization length j0. If s0 exceeds
e2�h, this length scale very rapidly becomes larger than
the phase coherence length in present day experiments,
provided vct , 1. However, around vct � 1 the bare
conductivity drops below e2�h and LF can exceed j0 at
low temperatures. In particular, near integer filling factors
the conductivity is very small and the crossover length j0

becomes small. The point vct � 1 separates two regions
with very different temperature behaviors: at low fields,
rxx increases slowly with decreasing temperature, while
at higher fields, rxx decreases, most strongly near integer
filling factors, due to the onset of strong localization on the
quantum Hall plateau. At the crossover point the resistiv-
ity will be only very weakly temperature dependent. Note,
however, that this point does not correspond to a critical
point in the zero temperature phase diagram. Up to the
crossover point near vct � 1 deviations from Drude be-
havior are small so that near the crossing point rxx � rxy .

We thus find that standard scaling theory predicts the
essential features of the experiments that have been inter-
preted as showing a low-field QH-insulator transition: A
magnetic field at which rxx is temperature independent has
been observed in various experiments [5–7,23,24]. This
“critical” field separates an “insulating” low-field region
with weak temperature dependence from a metallic QH
region with stronger temperature dependence on the high
field side. At this “transition” Hall and dissipative resistiv-
ity are approximately equal [5,7]. The value of the resis-
tivities at this transition is approximately 1�s0 � 1�encm.
The density dependence of this value should thus follow
the density dependence of the zero-field mobility [5].

It should be stressed that the validity of this argument
goes beyond the validity of the employed approximations.
The physical mechanism responsible for the drastic change
in the temperature dependence near vct � 1 is the sup-
pression of the bare conductivity at high fields due to the
gaps in the density of states as a result of Landau quan-
tization. This leads to the strong field dependence of the
crossover scale j0. For a more quantitative agreement with
experiment, the bare conductivities should be evaluated in
SCBA taking into account Landau level mixing and higher
order corrections should be included in Eq. (4).

The question arises, under which conditions the non-
monotonic dependence of the Hall conductivity predicted
by the levitation scenario could be observed. Khmelnitskii
and Laughlin have argued that the plateau transitions are
given by the condition that the Drude Hall conductivity
s0

xy equals half-integer multiples of e2�h. This implies a
lower bound on ncm for the occurrence of the QHE. The
maximum value of s0

xy is s0�2 at vct � 1. Thus, for
s0 , e2�h there are no plateau transitions and hence no
QHE. The reentrant plateau transitions occur for vct , 1,
where Drude theory is the appropriate expression for the
bare conductivity. The minimum s0 for the occurrence
of the n � 2 plateau is 3e2�h and the minimum crossover
length j0 at vct � 1 is lc exp��3p�2�2� � 4.4 3 109lc, a
macroscopic quantity for magnetic fields in the tesla range.
The zero temperature phase diagram with the levitating
critical states at low fields is thus of very little importance
for experiments on the QHE at low magnetic fields. Even
though scaling theory predicts a very different behavior
at zero temperature, at all but exponentially low tempera-
tures it predicts a linear increase of the Hall resistivity up
to fields where vct � 1 and the onset of monotonically
increasing quantum Hall plateaus beyond.

The system behaves differently, when only the n � 1 pla-
teau is observable. The bare conductivity at the low-field
QH-insulator transition can then be of the order of e2�2h
and the crossover scale j0 can be microscopic. At this
transition scaling behavior should be observable [5,24,25].

From these considerations, we are led to conclude that
the recent experimental observation of a temperature in-
dependent resistivity at low magnetic fields does, in fact,
not contradict the scaling theory of the QHE, but rather
is an expected finite-temperature effect. We further see
that experiments on the low-field behavior of QH sys-
tems reveal only very limited information on the zero-
temperature quantum phase transitions. In particular, they
do not give much insight into the nature of the insulator
phase below the lowest QH transition. The experiments
can, however, help to improve our understanding of the
finite-size and finite-temperature effects associated with
weak localization.

The situation is quite different on the high magnetic field
side. Here, the SCBA applies as the starting point for the
renormalization of the conductivities [15] and the bare con-
ductivity in the lowest Landau level is less than e2�h. Thus
it is possible to reach the asymptotic scaling regime, both
in experiments and in numerical simulations [2]. The re-
sults for finite temperatures/system sizes can reliably be
extrapolated by finite-size scaling. However, even here the
nature of the insulating phase remains quite elusive ex-
perimentally. In order to study the insulating phase, it is
necessary to go beyond the scaling region of the QH-
insulator transition. Numerically, it has been found that
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the Hall resistivity remains quantized at h�e2 throughout
the region where scaling behavior is observed [26]. At the
high-field end of the scaling region the longitudinal resis-
tivity was found to be up to 16h�e2 [27], making accurate
measurements of the much smaller Hall resistivity difficult.
At zero temperature the width of the scaling region shrinks
to zero. The experimentally observed quantization of the
Hall resistivity through the transition [28] is thus likely to
be a confirmation of scaling behavior and is no indication
of the transport properties of the insulating phase at zero
temperature.

In conclusion, I have discussed the behavior of the quan-
tum Hall effect at low magnetic fields as expected from the
scaling theory of the QHE. The large localization length
in a magnetic field in two dimensions restricts the ob-
servability of the levitating critical states to exponentially
small temperatures and exponentially large systems. At ac-
cessible temperatures and system sizes the Hall resistivity
will be a monotonically increasing function of magnetic
field. Near magnetic fields, such that vct � 1, the tem-
perature dependence of the dissipative resistivity changes
from weakly increasing at low magnetic fields to decreas-
ing at higher magnetic fields, in accordance with recent
experiments. At this approximately temperature-indepen-
dent point rxx and rxy are of equal magnitude.
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