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Improved Molecular Final-State Distribution of HeT1 for the b-Decay Process of T2
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An improved theoretical final-state distribution of HeT1 (and HeH1) resulting from the b decay of
molecular tritium T2 (HT) is presented to accommodate the needs of increased accuracy in the analysis
of ongoing and future tritium neutrino-mass experiments. The previously available theoretical spectrum
has been improved in many respects, and adopted approximations have been validated.

PACS numbers: 31.15.–p, 14.60.Pq, 23.40.Bw
Very recently, evidence for oscillation of atmospheric
neutrinos has been reported by the Super-Kamiokande Col-
laboration [1], implying that neutrinos in fact possess a
nonzero rest mass. However, the oscillation experiments
do not probe the absolute masses of the neutrinos. In-
stead, only flavor-mixing angles and differences of squares
of neutrino mass eigenstates can be obtained. Although
these differences are found to be small, this does not auto-
matically imply that the masses themselves are also small.
There is no a priori reason to assume that the neutrino
mass eigenstates follow the mass hierarchy of the charged
leptons, and the Super-Kamiokande results are compatible
with nearly equal mass eigenstates. Such a scenario with
mass eigenstates of the order of 1 eV�c2 would be of para-
mount importance for cosmology.

In this situation, the next most urgent task is the
determination of the masses themselves, and the most
promising type of experiment in this respect is the tritium
neutrino-mass experiment. There the mass of the electron
antineutrino is extracted from the shape of the b spectrum
of (usually molecular) tritium by purely kinematical
arguments. In fact, experiments of this type were recently
able to lower the upper bound for the mass of the electron
antineutrino to a few eV [2,3].

The analysis of the tritium neutrino-mass experiments
requires, however, a very accurate knowledge of the mo-
lecular final-state distribution. This distribution describes
the probability that a certain amount of the energy released
in the b decay of a T2 molecule remains as excitation en-
ergy in the molecular daughter ion 3HeT1. It is important
to realize that even in the case of an ideal experiment the
accuracy of the extracted neutrino mass would be limited
by the accuracy of the molecular final-state distribution,
and this distribution has to be taken from theory. For this
reason, more than a decade ago, a very elaborate final-state
distribution for T2 was calculated [4].

The accuracy of that distribution and the validity of cer-
tain underlying approximations have, however, been ques-
tioned, because the fit of the neutrino mass squared yielded
a negative value which indicated that the measured b spec-
trum cannot be described by the theoretically predicted
one. This initiated a reinvestigation of the final-state dis-
tribution in T2 b decay, leading to the new distribution
0031-9007�00�84(2)�242(4)$15.00
reported in this Letter. A further motivation for the present
work is the recently improved sensitivity of the experimen-
tal setups in Mainz and Troitsk, as well as a proposed ex-
periment [5] aiming for even higher sensitivity.

The purpose of this Letter is to present a molecular final-
state distribution for the b decay of T2, HT, or a mixture
thereof that is sufficiently accurate for the present and pro-
posed future tritium neutrino-mass experiments. The final
distribution (presented in Table I) is the result of the de-
tailed studies reported in [6–11]. Special emphasis has
been put on the validation of all approximations that have
been adopted. The spectrum covers the whole energy range
explored by the experiments and, as will be discussed be-
low, is given in a form that is directly adapted to the needs
of the experimental analysis. The spectrum surpasses in
accuracy all previously existing theoretical data.

The molecular final-state distribution given in Table I is
valid for the b decay of a free T2 (or HT) molecule that
is not influenced by any surrounding (such as solid-state
effects, electric or magnetic fields, etc.). The spectrum
has been evaluated within the sudden approximation, since
its validity for the present purpose was demonstrated in
[9] (where the corrections to it were calculated explicitly).
The effect of electronic excitation through the recoil has
been shown to be very small [8], and was omitted in the
calculation. The same is true for the effect of a coupling
of the electronic and nuclear motions (nonadiabatic effects)
which were explicitly considered in [10,11].

The molecular final-state distribution comprises a dis-
crete part below the dissociation threshold of HeT1 and
a continuous part above that threshold. The previous fi-
nal-state distribution [4] was presented in a mixed form of
discrete (binned or integrated) and continuous probabili-
ties. In this paper the spectrum is presented in a uniform
way that is directly applicable to the analysis of experi-
ments; i.e., it is given as a finite number of discrete transi-
tion probabilities. For this purpose the spectrum has been
divided into small bins covering an energy range of 0.1 (up
to a transition energy of 18 eV), 1.0 (from 18 to 90 eV),
2.0 (from 90 to 140 eV), and 4.0 eV (above 140 eV). For
each bin the average excitation energy and the total tran-
sition probability were calculated and are given in Table I.
Above the last excitation energy considered, i.e., above
© 2000 The American Physical Society
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TABLE I. Discretized final-state probability distributionP�Ei� for 3HeT1 �3HeH1� following the b decay of a free T2 (HT)
molecule within the sudden approximation. The mean excitation energiesEi for both isotopes are given relative to the rovibron
ground state of3HeT1 and the recoil energy for3HeT1. The spectrum extends to 240 eV after which an atomic distribution may
used (see text for details).
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240 eV, the energy-dependent (nondiscretized) spectr
P�E� (in percent) can be approximated to a good accura
by an atomic tail [9], i.e.,

P�E� � 14.7

√
8e2�4 arctank��k

p
1 2 e24p�k �1 1 k2�2

!2
dE
eV

, (1)

wherek �
p

�E 2 45 eV��13.606 eV. This tail may be
discretized according to the needs of a specific experime

If the experiment is performed with a mixture of T2 and
HT (as is usually the case), an accurate analysis requi
taking into account the isotope effect. Thus the final-sta
distribution for both isotopes has been calculated. In ord
to allow a simple analysis for an arbitrary ratio of T2 to HT,
the spectra are presented in such a way that the final-st
distribution for the mixture is simply obtained by sum
ming the spectra of T2 and HT weighted with their rela-
tive portion in the mixture. This is, however, correct onl
if both spectra have a common energy scale. We have c
sen to relate both spectra to the energy scale of T2. Thus
the spectra for both isotopes are given relative to the ro
bronic ground state of3HeT1. In addition, the difference
in recoil energy for the two isotopes (ET2

rec � 1.72 eV and
EHT

rec � 2.58 eV at 18.6 keV leading toDErec � 0.86 eV)
has been incorporated into the table so that both spec
are given relative toET2

rec.
In the following, a comprehensive summary is given th

briefly describes the numerical approach used for evalu
ing the molecular final-state distribution given in Table I
Also the differences with respect to the previous final-sta
distribution in [4] will be highlighted.

The electronic wave functions and matrix elemen
needed for calculating the transition probabilities t
electronic bound states have been obtained with an
tended version of the program written by Kołoset al. and
used in their calculations summarized in [4]. This cod
allows a calculation in prolate-spheroidal coordinates wi
explicitly correlated basis functions. For the electron
continuum the method reported in [6] was used.

A full account of the calculation of the transition proba
bilities to the electronic ground state of HeT1 is given in
[11]. In the case of both the T2 and the HeT1 ground
states the data existing in literature for Born-Oppenheim
potential curves (including, in the case of T2, adiabatic,
radiative, and relativistic corrections), and electronic tra
sition matrix elements (within the sudden approximation
were found to be sufficiently accurate for the present pu
pose. After [4] was completed, an improved potentia
curve for T2 was evaluated which has been employed in th
present paper. Thus, the rovibrational wave functions a
the transition probabilities between rovibronic states ha
all been recalculated for the transitions to the electron
ground state of HeT1. Besides the new potential curve
the main difference to [4] was the use of therelativistic re-
coil. Restricting the present approach to anonrelativistic
recoil gave extremely good agreement with the results
244
um
cy

nt.

res
te
er

ate
-

y
ho-

vi-

tra

at
at-
.
te

ts
o
ex-

e
th
ic

-

er

n-
)
r-
l
e

nd
ve
ic
,

in

[4], confirming the correctness of both implementation
A detailed analysis of how the final-state distribution
affected by the relativistic recoil and also by possibly r
tationally excited T2 molecules can be found in [11].

For transitions to electronically excited states of HeT1

all transition matrix elements have been recalculated.
that calculation we have used the 104 basis functions a
the (R-dependent) nonlinear parameters given in [12] f
the T2 ground state. At the equilibrium internuclear dis
tanceR � 1.40a0, this basis yields an energy value tha
lies minimally �1 mhartree� above the value obtained with
the basis used in [4], but it allowed the use of the 104-te
basis set in the whole range ofR values considered in this
work. In this way smoother transition matrix elemen
(with respect toR variation) have been obtained, since di
continuous changes in the basis were avoided. More det
on the basis set and its accuracy can be found in [9].

For the five lowest-lying electronically bound but exc
ted states of HeT1, three different 400-term basis sets we
employed to ensure an optimal description of the indivi
ual states. In all cases the potential curves were of hig
accuracy than, or at least the same as, the ones used in
leading also to improved transition matrix elements. In t
case of the four excited states carrying most of the popu
tion afterb decay of tritium, the full rovibronic wave func-
tions (within the Born-Oppenheimer approximation) ha
been calculated and used in the evaluation of the final-st
distribution. Details of the calculation are reported in [11

For the higher-lying electronically bound states (inclu
ing the Rydberg states), as well as for the description of
electronic continuum, we adopted for consistency o
common 400-term basis set in the calculation of the fin
results. However, a second basis set of the same siz
well as two smaller basis sets (200 terms) have been u
for analyzing the convergence and reliability of the final r
sult. (Details on the basis set and the calculation are giv
in [9].) The transition probability into the electronic
continuum has been calculated by applying a nov
implementation of the complex-scaling method [6] th
allows for a correct description of the continuum, whi
in Ref. [4] a simple discretization was used. A corre
description of the electronic continuum is of particula
importance in the present context, since the spectrum
strongly affected by autoionizing resonances to whi
roughly two-thirds of the total probability in the elec
tronic continuum is attributed. The resonances (i.e., th
positions and widths) have recently been recalculated
means of theR-matrix method [13]. Comparing those re
sults with the ones obtained with the basis set used in t
paper, a very good agreement is found for the importa
resonances. However, in the present calculation onl
finite number of resonances are explicitly contained, wh
the remaining infinite series are approximated by a fin
number of pseudostates. The resulting small inaccur
should be negligible for the present purpose, as has b
discussed in [11] for the similar case of the Rydberg stat
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While the transitions to the lowest-lying electronic
bound states have been calculated in a fully rovibrationally
resolved way, such a calculation would be prohibitively
difficult for the electronic continuum. Therefore the
reflection approximation was introduced for this problem
in [9] (where also a detailed derivation and validation is
given), which allowed taking into account the effect of
the broadening of the spectrum due to nuclear motion.
The final calculation is based on 55 spectra calculated at
values of the internuclear distance ranging from 0.6 to 4.0
a.u. This is in contrast to [4], where the effect of nuclear
motion on Rydberg states and the (discretized) continuum
had been taken into account by the cruder approximation
of a mean excitation energy, yielding a nonbroadened
discretized spectrum. It is possible to demonstrate that the
effect of recoil-induced rovibrational excitations can, to
a good approximation, be incorporated into the spectrum
for all but the electronic ground state via an effective
energy shift [9,14]. This shift has been determined to be
1.89 eV for T2 and 1.14 eV for HT by a comparison of
the results obtained for the electronically bound states of
HeT1, once by the full treatment and once by applying the
reflection approximation. (The value of the shift differs
slightly from the one in [9], since the improved results for
the electronic bound states of HeT1 [11] were used in the
present work.) This shift was completely neglected in [4].

Finally, it is possible to show that the ab initio high-
energy final-state distribution matches an atomic-type
spectrum that is free of any adjustable parameters [9].
This not only confirms the numerical correctness of the
present calculation, but allows one to extend the calculated
spectrum to any desired excitation energy.

Since the corrections to the sudden approximation were
shown to be negligible [9], the final-state spectrum can
directly be interpreted in terms of population probability
and thus should exactly sum up to 100% (for the case
of beyond-sudden approximation treatments, see Ref. [8]).
However, adding up all probabilities (including the atomic
tail) obtained in the calculation yields 99.83% for T2 and
99.84% for HT. Considering the fact that this result is ob-
tained after integration over a spectrum that covers the
whole energy range from zero to infinity this is an ex-
tremely good result (indicating an absolute accuracy of
about 0.2%).

Nevertheless, a number of tests have been performed in
order to investigate the origin of the missing probability.
While these tests allowed us to exclude possible sources
such as, e.g., the use of different levels of approximation
(fully rovibrationally resolved treatment and separately op-
timized basis sets for five states vs the use of the reflec-
tion approximation and a single basis set for the remaining
states including the electronic continuum), they revealed
that the loss of the 0.17% probability is rather uniformly
distributed over the electronic excitation spectrum above
the ionization threshold. Thus, the spectrum has been
renormalized by lifting only the contribution arising from
the electronic continuum. Because of the broadening by
nuclear motion, it is, however, impossible to separate the
electronic continuum from the bound part. Thus, in order
to make the renormalization transparent (and reversible),
the whole spectrum above 40 eV was multiplied by the
factors 1.0106 �T2� and 1.0097 (HT).

Only a complete analysis based on experimental data
can reveal the impact of the improved final-state distribu-
tion presented in this paper. This is due to the fact that
the spectrum is used in a fit procedure and thus its im-
portance depends critically on the experimental parame-
ters and (statistical) errors, as well as on the fit procedure
itself. In order to obtain some estimate of the difference
expected from the analysis of an ongoing experiment with
either the new final-state distribution or the one given in
[4], the following simulation was made. Using the typi-
cal parameters of the Mainz neutrino-mass experiment, a
large number of synthetic experimental spectra (containing
artificial statistical errors produced with the aid of a ran-
dom-number generator) have been produced based on the
present final-state distribution for T2 and assuming a zero
neutrino mass. Then the neutrino mass square m2

n was ex-
tracted using the previous final-state distribution [4]. De-
pending on the energy range of the spectrum included in
the fit the fitted value of m2

n can be as large as 1 eV2�c4.
Although this value is below the sensitivity of the present
experiments (�4.5 eV�c2 for mn [2]), it is of the same
order of magnitude as the sensitivity of proposed future
experiments which are designed to probe the cosmologi-
cally interesting neutrino-mass range.
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