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Population Inversion Induced by Resonant States in Semiconductors
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We present a theoretical prediction of a new mechanism for carrier population inversion in
semiconductors under an applied electric field with suitable field strength. The mechanism is originated
from a coherent capture-emission-type inelastic scattering of resonant states. We support our theory
with concrete calculations for shallow acceptor resonant states in strained p-Ge where a lasing in THz
frequency region has been recently observed.

PACS numbers: 78.45.+h, 42.55.Px, 72.10.–d
Unlike in an ordinary heterostructure laser where car-
rier population inversion is achieved by injection of elec-
trons and holes into an active region [1], in unipolar-type
lasers population inversion can be created by different
mechanisms. Examples are p-Ge laser under crossing
electric and magnetic fields [2] and quantum cascade laser
[3], which are based on k-space population inversion be-
tween subbands. We will prove in this Letter that a novel
unipolar-type population inversion can be realized when
the streaming motion of carriers emerges in semicon-
ductors at low temperatures where both elastic impurity
scattering and acoustic phonon scattering are weak. We
will demonstrate in quantitative details that our suggested
mechanism is realistic. Based on a uniaxially strained
p-Ge in which shallow acceptors induce resonant states
[4,5], a terahertz laser has been fabricated recently [6],
and the radiation emission is due to optical transitions be-
tween the resonant states and the localized acceptor (Ga)
states. Up to now, the mechanism of lasing has remained
a puzzle. Our theory will explain the physical origin of
the population inversion which leads to the lasing. The
study of lasing is a separated issue, and will be presented
elsewhere.

We consider a model system of charge carriers interact-
ing with optical phonons under an electric field E applied
along the z axis. A carrier acquires energy from the field
and drifts in k space until its energy exceeds h̄v0. This
can happen if E $ h̄v0�el, where e is the carrier charge
and l the carrier mean free path. When its energy becomes
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larger than h̄v0, the carrier has a finite probability to emit
an optical phonon. If the field is also not so strong, there
exists an energy e0 such that the number of carriers which
have not emitted an optical phonon before their energies
reach h̄v0 1 e0 is negligibly small. Although the value
of e0 depends also on the mechanism of electron-optical
phonon coupling, one can always tune the electric field
strength to obtain an e0 much smaller than h̄v0. Then,
all carriers in the small energy interval between h̄v0 and
h̄v0 1 e0 return to the region with energy less than e0.
Under these constraints, our model system includes a drain
D at Ek � h̄v0 and a source S at small k within the energy
interval between zero and e0 ø h̄v0. Using this model
the characteristic features of streaming motion in semicon-
ductors have been extensively studied [2,7].

For carrier kinetic energy Ek # h̄v0, the carrier distri-
bution function fk satisfies the kinetic equation

≠fk�≠t 1 �eE�h̄� �≠fk�≠kz� � S 2 D . (1)

Within the region of electric field strength where the model
is valid, the drain D can be well approximated by a black-
wall boundary condition that fk � 0 for Ek $ h̄v0. The
source S is determined by the flow of particles in k
space across the surface defined by Ek � h̄v0, and hence
depends on the nature of electron-phonon interaction [2,7].
For covalent semiconductors, which are the materials to
be studied quantitatively in this work, the source has been
derived [2] as S � S0�t�Q�e0 2 Ek� where
e0 � �2�9mz�1�3�v0�nA�2�3�eE h̄�2�3, S0�t� �
e
h̄

"Z
fk�t� �E ? dS�

# , "Z
Q�e0 2 Ek� d3k

#
, (2)
mz is the effective mass along the z axis, and the frequency
nA is related to the rate nA

p
�Ek�h̄v0� 2 1 of optical

phonon emission by the carriers with Ek . h̄v0. In the
above expression for S0�t�, the integration is performed
over the surface Ek � h̄v0 in k space. With the source
and drain so defined, the stationary solution of Eq. (1),
which corresponds to the so-called streaming motion, is
that fk is almost constant if k lies in a cylinder, and fk �
0 otherwise. This cylinder in k space is determined by
0 , kz #

p
2mzv0�h̄ and k� #

p
2m�e0�h̄, where m�

is the transverse component of the effective mass tensor.
Now we introduce an impurity state w�r� with energy

´ , h̄v0, for example, the 1s impurity state below the
© 1999 The American Physical Society
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upper (m � 3�2) subband in Fig. 1, the details of which
will be explained later. This impurity state will hybridize
with the extended states, which have energies Ek � ´, and
a resonant state is formed within a time interval h̄�G. A
resonant state thus has a complex energy E0 2 iG�2. Be-
cause of the streaming motion, when the energies of car-
riers reach E0, they can occupy the impurity state. The
carrier trapped in the impurity states can escape back into
extended state, or make a radiative transition into the im-
purity states attached to the lower (m � 1�2) subband
in Fig. 1. Let tr and tk be, respectively, the lifetimes
of spontaneous emission from the impurity state and the
extended states. The interplay of these processes under
the applied electric field drives the system to steady state
within a time interval t´. The necessary condition for las-
ing is that the formation time of the population inversion is
shorter than the time of spontaneous emission [1,2]. For
our system, this condition is tE , h̄�G , tr , tk. In p-Ge,
tr is shorter than tk, and tr � 2 3 1026 s [5]. The value
of h̄�G was obtained earlier [4,5] as h̄�G � 2 3 10213 s,
and our numerical calculation (shown later) gives the tran-
sient time tE � 10211 s for reaching stationary nonequi-
librium distribution. Thus, the necessary condition for
lasing is satisfied, and we neglect the radiation transition
processes in the kinetic equations for fk and for the popu-
lation of the impurity state fr . To take into account the
resonant scattering by NiV impurities in a volume V , at
the right-hand side of Eq. (1), we should add the impurity
collision integral I ,

I � NiV
X
k0

� fk0Wkk0 2 fkWk0k�

1 NiV �Wrkfr 2 Wkrfk� , (3)

FIG. 1. The acceptor levels for �111�-uniaxially strained Ge
in high stress limit. Arrows indicate the optical transitions in
lasing [6].
where fr satisfies the kinetic equation

≠fr�≠t �
X
k0

�Wk0rfk0 2 Wrk0fr � . (4)

The resulting equations yield a maximum of the nonequi-
librium distribution function around the energy E0. This
is just the population inversion.

The transition probabilities Wkk0 for elastic scattering,
and Wkr for the coherent capture and reemission by a reso-
nant state, are expressed in terms of scattering amplitude
tkk0 and transition amplitude tkr as

Wkk0 �
2pjtkk0 j2

h̄
d�Ek 2 Ek0� ,

Wkr �
Gjtkr j

2�h̄
�Ek 2 E0�2 1 G2�4

.

tkk0 and tkr can be calculated using the Dirac approach [8]
to the scattering problem at a resonant state. According to
this approach, via hybridization with extended states, w�r�
develops into the resonant state wave function

Ck�r� �
1

p
V

eikr 1
X
k0

tkk0

Ek 2 Ek0 1 ig
1

p
V

eik0r

1
tkr

Ek 2 E0 1 iG�2
w�r�, g ! 10 .

(5)

We will solve all of the above equations self-consistently
within the normalization condition

P
k fk 1 NiVfr �

nV , where n is the total electron density.
Our theory can be applied to systems other than p-

Ge. To demonstrate explicitly the population inversion
predicted by our theory, we will investigate quantitatively
the resonant states induced by shallow acceptors in �111�-
uniaxially strained p-Ge.

In cubic semiconductors with symmetry group Oh the
shallow acceptor wave functions f�M��r� are 4-fold degen-
erate with the total angular momentum projections M �
61�2 and 63�2. A �111�-uniaxial strain splits the va-
lence band top into two doubly degenerate energy levels.
The ground state acceptor wave functions split in the same
way and can be classified by the total angular moment
projections (M � 61�2 or M � 63�2) along the stress
direction. In our calculations, we will use the spherical
approximation for the Luttinger Hamiltonian (LH) [9]. In
the limit of large strain such that the splitting Ed at the top
of subband exceeds the Coulomb energy, the LH can be
treated with a quasidiagonal approximation, and is repre-
sented by two 2 3 2 blocks. The states in each subband
can now be classified by the projections (m � 61�2 or
63�2) of the hole spin and orbital momentum (lz) on the
stress axis [10]. In each of the doubly degenerate sub-
bands, we then obtain both extended states and the local-
ized Coulomb states below the subband. For a large strain,
the energy levels are shown in Fig. 1.
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It has been demonstrated in Refs. [4,5] that the lasing
in uniaxially strained Ge:Ga is connected to the transitions
shown by arrows in Fig. 1. The selection rules as deter-
mined by the cylindrical symmetry are (1) DM � 0, 61,
and (2) the initial and final states should have opposite
parities with respect to the reflection z ! 2z. The wave
function for resonant state Eq. (5) contains a plane-wave
and a non-plane-wave part. The transition from the non-
plane-wave part to 2p states are allowed, but to 1s state is
forbidden. However, the transition from the plane wave
to both 2p and 1s states are allowed. This is the reason
why the “1s to 1s” transition appears in the laser spec-
trum. Because of the accumulation of carriers in k space
with energy around E0, the observed 1s to 1s laser line is
sharp with linewidth h̄�G.

The off-diagonal terms of LH mix the states belonging to
different subbands. We will treat these terms as perturba-
tion in the Dirac approach [8]. Along the Dirac approach
one also obtains the scattering amplitudes tmm0

kk0 (m, m0 �
61�2) and the transition amplitudes tmm0

kr (m � 63�2 and
m0 � 61�2).
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We are ready to use these scattering and transition am-
plitudes to solve the set of kinetic equations (1)–(4). How-
ever, for p-Ge the kinetic equations can be simplified. As
tE depends on both the electric field E and the impurity
concentration Ni , it will be shown below, for p-Ge, that
there exists a rather large region of electric fields and im-
purity concentrations where tE is much larger than the
lifetime of the resonant state h̄�G. In this case we can
set the left-hand side of Eq. (4) to zero, and so the occu-
pation of the resonant states, fr , follows adiabatically the
distribution function fk of the extended states. Since the
localized and the extended states are doubly degenerate,
we have f

13�2
r � f

23�2
r � fr and f

11�2
k � f

21�2
k � fk.

If we define jtkr j
2 � jt

1�2,3�2
kr j2 1 jt

1�2,23�2
kr j2, we obtain

fr �
X
k

jtkr j
2fk

�Ek 2 E0�2 1 G2�4
. (6)

Substituting Eq. (6) into Eqs. (1) and (3), we arrive at the
kinetic equation for fk
≠fk�≠t 1 �eE�h̄� �≠fk�≠kz� � S0�t�Q�e0 2 Ek� 1 �2pNiV�h̄�
X
k0

jtkk0 j2d�Ek 2 Ek0� � fk0 2 fk�

1
NiV jtkr j

2G

h̄��Ek 2 E0�2 1 G2�4�

"X
k0

jtk0r j
2fk0

�Ek0 2 E0�2 1 G2�4
2 fk

#
, (7)
where jtkk0 j2 � jt
1�2,1�2
kk0 j2 1 jt

1�2,21�2
kk0 j2. The boundary

condition for the above kinetic equation is fk � 0 at
Ek � h̄v0. The source S0�t� and the energy e0 are given
by Eq. (2).

Equation (7) has been solved numerically for p-Ge with
g1 � 13.38, g2 � 5.69, g3 � 4.24, h̄v0 � 36 meV, and
nA � 5 3 1012 s21. The final stationary distribution and
the transient time tE are obtained for various values of
applied electric field and impurity concentration. We will
set the pressure at 5 kbar and the electric field at E �
100 V�cm along �111�. In this case, the resonant level is
E0 � 10 meV and has a width G � 2 meV. Here we have
adopted the approximation of a single hole band, and we
are aware of the fact that at a pressure of 5 kbar the inter-
hole-band splitting Ed � 20 meV is less than h̄v0. One
can show that including the second band will only change
the tail of the distribution, and such change is not important
for the problem under consideration. From Eq. (2) we
obtain the source width e0 � 4.25 meV. If we define
a �

p
2m0E0�g1�h̄ as the unit for wave vector, where

m0 is the free electron mass, our calculated normalized
distribution functions f̃k � �a�2p�3n21fk for various
impurity concentrations are shown in Fig. 2 as functions of
normalized kz�a (upper panel) and of normalized k��a

(lower panel). While the distribution function peaks are
centered at the resonant energy E0, their corresponding
peak positions in the upper panel are different from those
in the lower panel. This is because of the anisotropy of
the effective mass: mz � 0.04m0 and m� � 0.13m0. For
the results shown in Fig. 2, the transient time is about
tE � 10211 s, which is much longer than the lifetime
h̄�G � 2 3 10213 s. Consequently, our calculation based
on the condition that GtE ¿ h̄ is self-consistent.

In order to demonstrate precisely which scattering
process is responsible to the population inversion, we have
used the same values of material parameters and the same
electrical field strength to calculate the distribution func-
tions for three cases, and the results are shown in Fig. 3.
In the absence of impurity scattering, at the right-hand
side of Eq. (5) we have only the plane-wave term, and the
corresponding distribution function is curve (a). Outside
the source region which is marked as the shaded area, the
distribution function is a characteristic constant for stream-
ing motion. When the elastic scattering due to acceptors
[the second term at the right-hand side of Eq. (7)] is taken
into account, the result changes into the steplike curve (b)
which has a very small value in the energy region above
the acceptor level. Finally, by adding the inelastic scat-
tering process due to the coherent capture and reemission
of the resonant states, a peak emerges in curve (c) and the
energy at the peak position is just E0. It is then clear that
the population inversion is induced by the capture and
reemission mechanism. The population accumulated in
resonant states is controlled by the distribution function in
the continuous spectrum, as indicated by Eq. (6). Because
of the condition

P
k fk 1 NiVfr � nV , where n is the
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FIG. 2. f̃k � �a�2p�3n21fk as a function of �kz�a�2 (upper
panel) and �k��a�2 (lower panel) in a �111�-uniaxially strained
p-Ge under an electric field E � 100 V�cm along the z axis,
with impurity concentration Ni � 1, 1.2, 1.5, 2, and 4 (in units
1015 cm23) for curves 1, 2, 3, 4, and 5, respectively. The
inset shows fr as a function of Ni (1015 cm23) for E �
100 V�cm (upper solid curve) and E � 300 V�cm (lower
dotted curve).

total electron density, frNi�n is the mean occupation
probability in each resonant state. The behavior of frNi�n
as a function of the impurity concentration Ni is demon-
strated with the inset in the upper panel of Fig. 2 for the
electric field strength E � 100 V�cm (upper solid curve)
and E � 300 V�cm (lower dotted curve).

We mention that the nonequilibrium population of the
localized states near the edge of the light-hole subband
can only be less than that in the low-energy continuous
states. Consequently, under the conditions imposed on our
calculation, both the intracenter and intraband populations
are inverted. Thus, the resonant states induced population
inversion predicted by our theory explains the origin of
lasing in the terahertz frequency range observed in strained
Ge:Ga samples.

In conclusion, we have predicted that resonant states can
produce a population inversion in the carrier distribution
function in strained semiconductors under an external
electric field. Our theoretical prediction is confirmed by
concrete calculations for strained p-Ge, where resonant
states give rise to the lasing observed in THz frequency
region. Guided by our theory, a tunable CW laser has
been fabricated recently [11]. Our proposed mechanism
for population inversion is valid not only for strained p-Ge,
FIG. 3. Normalized distribution function as a function of the
squared normalized momentum �kz�a�2 for impurity concentra-
tion Ni � 4 3 1015 cm23. See text for details.

since resonant states can be created by various means. This
mechanism of population inversion will be the foundation
for future study on unipolar resonant states laser.
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