VOLUME 83, NUMBER 26

PHYSICAL REVIEW LETTERS

27 DECEMBER 1999

Oscillatory Null Singularity inside Realistic Spinning Black Holes
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We calculate the asymptotic behavior of the curvature scaar (Riemann)? near the null weak
singularity at the inner horizon of a generic spinning black hole, and show that this scalar oscillates
an infinite number of times while diverging. The dominant parallel-propagated Riemann components
oscillate in asimilar manner. This oscillatory behavior, which is a remarkable contrast to the monotonic
mass-inflation singularity in spherical charged black holes, is caused by the dragging of inertial frames

due to the black hole’s spin.

PACS numbers: 04.70.Bw

One of the mgjor challengesin classical general relativ-
ity during the past decades has been to explore the nature
of the spacetime singularities which form in gravitationa
collapse. The existence of singularities inside black holes
has been verified by several mathematical theorems [1].
However, the singularity theorems do not tell us much
about the location and features of these singularities.

It is widely anticipated that the realistic astrophysi-
cal black holes are rapidly spinning [2,3]. The simplest
type of a spinning black hole (BH) is given by the Kerr
solution [4], describing a stationary, axially symmetric,
spinning vacuum BH. The Penrose diagram of the Kerr
geometry is displayed in Fig. 1. The inner horizon (IH)
is a null hypersurface located inside the BH. This hyper-
surface, also known as the Cauchy horizon [1], marks the
boundary of predictability for physical fields whose ini-
tial data are specified outside the BH. In the pure Kerr
geometry, the IH is a perfectly smooth surface. Penrose
[5] pointed out, however, that ingoing electromagnetic or
gravitational perturbations are infinitely blueshifted at the
IH. He therefore suggested that in a more realistic BH,
which is not strictly stationary, the infinitely blueshifted
perturbations will lead to the formation of a curvature sin-
gularity instead of a regular IH (we shall refer to this
singularity as the IH singularity). The instability of the
inner horizon was later investigated by several authors,
who used a spherical charged BH as atoy model [6] (this
is a useful toy model, because a spherical charged BH
aso admits an inner horizon with infinite blueshift). A
few analyses of linear fields inside a Kerr BH were also
carried out at the end of the 1970s [7,8]. (For recent
analyses of the late-time behavior of gravitationa pertur-
bations outside a Kerr BH, see Ref. [9].)

About ten years ago, in an effort to explore the
nonlinear aspects of the IH singularity, Poisson and Isragl
[6] introduced the mass-inflation model—a spherically
symmetric model made of a charged BH with two radia
null fluids (ingoing and outgoing). In this model they
obtained a null curvature singularity at the IH, known as
the mass-inflation singularity. This singularity is marked
by an exponential growth of curvature. A more detailed
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study [10] later revealed that the mass-inflation singularity
is weak in Tipler's [11] terminology. Namely, physical
objects only experience finite tidal distortion when they
approach the singularity.

Later, Ori [12] investigated the geometry inside a
realistic spinning BH using a perturbative approach (see
also [13]). This analysis reveded that in the spinning
case, too, there is a null, weak, curvature singularity at
the IH. The main results of the perturbative analysis
[12] were later confirmed by several nonperturbative local
analyses [14-17].

In general, the features of the IH singularity of spinning
BHs are found to be very similar to that of spherical
charged BHs. In both cases, the singularity is null,
weak, and blueshift dominated. There is one important
difference, however: The mass-inflation singularity is
characterized by a monotonic growth of the mass function
(and curvature) [6,10]. However, the IH singularity of
a spinning BH is oscillatory, as we shall show in this

N

FIG. 1. Penrose diagram of the extended Kerr geometry.
Region | is the external universe. Region Il is located inside
the BH, between the EH and the IH. This figure aso displays
the range of the coordinates u, v in region |1.
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paper. This oscillatory behavior is related to the dragging
of inertial frames due to the BHs spin.

One of the rather surprising findings of the perturbation
analysis[12] is that the IH singularity is essentially linear.
Namely, at the early portion of the IH, the structure
of the singularity may adequately be described (at the
leading order) by the linear gravitational perturbation over
the Kerr background, because the effect of higher-order
nonlinear perturbation terms is negligible. Motivated by
this observation, we have recently carried out a detailed
analysis [18] of linear gravitational perturbations over
the Kerr background, using the Newman-Penrose (NP)
formalism. Based on the results of this analysis (along
with that of Ref.[12]), we shall now calculate the
asymptotic behavior of the curvature at the IH singularity
and reveal its oscillatory character. For concreteness,
we shall focus on the quadratic curvature scalar K =
Raﬁy,sR“BW. We shall consider a nonextreme, pure
vacuum BH, and will restrict attention to the early portion
of the IH singularity (where the perturbation analysis [12]
is effective).

The event horizon (EH) and the IH of the background
Kerr geometry are located at the hypersurfaces r =
ry and r = r_, respectively, where r» = M + (M? —
a®)'/2. Here M and a denote the BHs mass and specific
angular momentum, respectively. We use here the Boyer-
Lindquist [19] coordinates (¢,r, 6, ¢). The Eddington-
like coordinates u,v are givenby v = r* + rand u =
r* — t, where r*(r) is defined by dr/dr* = A/(r* +
a*)and A = (r — ry)(r — r_). The event horizon and
the IH correspond to u = —o and v = oo, respectively
(see Fig. 1).

Following Ref. [12], we express the metric g,z of the
perturbed spinning BH as the sum of the unperturbed Kerr
metric and the metric perturbation 4,5. The latter isthen
expanded in the forrrgl) o 5

haB:haB+haB+haB+"'» (l)

where hS)B is the linear metric perturbation, hf}; is the

second-order perturbation, etc. Here we adopt the gauge

used in Ref. [12], in which all terms A} are finite at
the IH (and are arbitrarily small at its early portion), and
the null curvature singularity is located strictly at r = r—
(i.e., at the IH) of the Kerr background. This singularity
is marked by the divergence of the curvature scalar K.
Note that K (like the Riemann tensor itself) is perfectly
regular at the IH of the unperturbed Kerr background, and
its divergence in aredlistic spinning BH is caused by the
gravitational perturbation, which is infinitely blueshifted
at the IH.

Comparing the asymptotic forms of the various terms
hi{g, one finds that 4,4 is dominated by the linear per-
turbation h% [12]; The higher-order terms are smaller
by certain powers of 1/v and/or 1/u (which is arbitrarily
small in the early portion of the IH). As a consequence,
it is not difficult to show that K is dominated by K =
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RapysR*P7?, where R,p,5 denotes the linear perturba-
tion in the Riemann tensor. In what follows we shall use
the NP formalism to calculate K .

In a vacuum spacetime, the Riemann tensor may be
expressed as a linear combination of the five NP Weyl
scalars V; (i = 0,...,4) and their complex conjugate
(see, eg., Eqg. (1.298) in [20]). We schematicaly write
this linear combination as

RaB'yS = Qéﬁyéq,i + C.C., (2)

where Q,, 5,5 are constants, and c.c. denotes the complex
conjugate. Explicitly calculating these constants accord-
ing to the method explained in Ref. [20], and then sguar-
ing the last equation, one finds

RapysR*PY? = 8(WoWy + 3W3 — 4W,W3) + cc.
3)

In asimilar manner, by picking the linear perturbations of
the quantities in both sides of Eq. (2) and squaring them,
one obtains an analogous expression for R,y s:

R = RopysR*P7 = 8(oyhs + 393 — 4ynis) + cc.,
4)

where ¢; denotes the linear perturbation in ¥;. [We
have ignored here all contributions proportional to the
(undifferentiated) metric perturbation h.g, €.g9., those
obtained when indices are raised or lowered. These turn
out to be negligibly small, like h, g itself ]

From the asymptotic expressions for the linear metric
perturbations [12], one can evaluate the maximal possible
divergence rates of the various linear NP fields at the IH.
One can show that the maximal inverse powersof r — r_
involved in this divergence are [21]

o = (r — r-) 7%, g o (r — ro)7
5
P34 (r — r_)o_ ©
Therefore,
K = K = 84 + c.C. (6)

This result is remarkable for two reasons. First, ¢y and
Y4 are gauge invariant [20] [whereas ¢ ,3 are not; the
expressions for ¢ ,3 in Eq. (5) are obtained in the gauge
used in Ref. [12] and here]. Second, both ¢ and i,
satisfy a simple master equation [22]. [Note: In the
gauge we use, ¥, is dominated by its second-order term
W which diverges like (- — r_)~! [whereas W} =
Yo = (r — r-)°]. Nevertheless, the contribution of !
(squared) to K is smaller than K by certain powers of
1/u or 1/v, as was mentioned above (with regards to
the contribution of nonlinear perturbations to K). All
other NP fields ¥; (i # 2) are dominated by their linear
counterparts i;.]

The evolution of ¢y and ¢4 inside a Kerr BH was ana-
lyzed in Ref. [18]. [Note that ¥*=2 and ¥s="2 therein
correspond, respectively, to o and (r — ia cosf)*iy in
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the notation of the present paper.] For generic initia
data, one finds that both 4, and ¢, are dominated by the
modes with [ = 2 (which have the slowest decay rate,
t~7, outside the BH). The asymptotic behavior of ¢, at
the early portion of the IH is found to be (see section IX
in Ref. [18])

s = u 3(r— — iacosg)™*

2
XD Aw Y30, e "+ 0w ), (7)
m=-2
where Q_ = a/(2Mr-), ¢ = ¢ — Q_t isan azimuthal
coordinate regular at the IH [20], and ,Y{" denotes
the spin-weighted spherical harmonics. The asymptotic

behavior of ¢ is ’
{p() = (r _ I’L)_zv_7 Z Bmzyzm(e’qs)eimﬂ,v
m=-2
+ 0. (8)

A,, and B, are coefficients which are proportional to the
initia amplitudes of the modes (I = 2, |m| = 2) of 4
and i, respectively. These coefficients are generically
nonvanishing. The only exception is the coefficient By,
which vanishes identically (that is, themode ! = 2, m =
0 of ¢ is x(r — r_) 208 at the IH; see Ref. [18)]).
Substituting Egs. (7) and (8) into Eq. (6), we obtain
K= —r)%’ Z C(u, 8, $)e™" + cc.,

m=1,2
9)
with (generically) nonvanishing coefficients C,,. Note
that no m = 0 term is present at the leading order, due
to the vanishing of By.

Consider now a freely falling observer which hits the
IH singularity at a point (uo, 69, ¢o). For this observer,
r —r— and v are proportiona to 7 and In(—7/M),
respectively, where 7 denotes the proper time, and we
have set = 0 at the intersection with the IH singularity.
One obtains

K = cr?[In(—7/M)]"’

X Z Con (g, B, po)e ™ mP=7/M)
m=1.2

+ c.c., (20)
where ¢ is a nonvanishing constant that depends on
the geodesic's constants of motion, and p = a(M?* —
a®)~172, In a similar manner, one finds that the most
divergent components of the Riemann tensor (as measured
by a parallel-propagated tetrad) are ey, and are hence
proportional to

TIN(=7/M)]7 D e, Y3 (B0, po)emP N/

+ c.c ol (12)
with nonvanishing constants c,,.

From Eg. (10) it is obvious that, while diverging like
72 (softened by an inverse-power logarithmic factor), the
curvature scalar K undergoes an infinite number of oscil-
lations. In particular, K vanishes and changes sign infin-

itely many times on the approach to the IH singularity.
The dominant parallel-propagated Riemann components,
given in Eq. (11), behave in a similar manner. Thus, the
IH singularity of a generic spinning BH is oscillatory.

This oscillatory behavior is in remarkable contrast to
the monotonic increase of the mass function (and curva
ture) in the mass-inflation singularity of spherical charged
BHs. The oscillations are caused by the dragging of iner-
tial frames, due to the BHs angular momentum. More
specifically, the dragging of the nonaxially symmetric
modes (which dominate ) leads to oscillationsin v.

It has been argued by Belinsky, Khalatnikov, and
Lifshitz (BKL) [23] that a generic singularity (the BKL
singularity) exists in the solutions of the vacuum Einstein
eguations which is spacelike and oscillatory. Recent nu-
merical and analytical investigations provide further evi-
dence for the existence of such singular vacuum solutions
[24]. Itisremarkable that both known generic singulari-
ties—the BKL singularity and the spinning inner-horizon
singularity—are oscillatory. Note, however, that apart
from this common nonmonotonic character, these two sin-
gularities are very different from each other: The BKL
singularity is spacelike, strong, and extremely compli-
cated (perhaps even chaotic), whereas the inner-horizon
singularity is null, weak, and of a rather simple asymp-
totic form.

There is aso an important difference in the status of
these two singularities in connection with their actual oc-
currence in realistic gravitational collapse (or, at least, in
connection with our present knowledge about their actual
occurrence). The actual formation of the null weak inner-
horizon singularity in a generic gravitational collapse has
been verified in an explicit manner by the perturbative
analyses [12,13,18]. (The loca consistency and generic-
ity of this singularity have been verified also by several
nonperturbative local analyses [14—-17].) On the other
hand, the analyses of the BKL singularity indicated the
local consistency of this singularity, and probably aso
its inevitable occurrence in certain cosmological models,
but so far not in asymptotically flat situations. There
certainly exist generic asymptotically flat initial-data sets
which do not develop a BKL singularity (e.g., any set with
a sufficiently weak initial field, such that no black hole
forms). One may attempt to conjecture that generically
any asymptoticaly flat initial-data set which develops a
black hole will also develop a BKL singularity inside it,
but we are not aware of any compelling evidence for
such a conjecture (recall also that the predictive power
of the singularity theorems is exhausted by the null inner-
horizon singularity, which definitely forms in a generic
collapse). In fact, for reasons which are beyond the scope
of this paper, | believe that the above conjecture is incor-
rect (but a weaker version, which puts restrictions on the
spatial topology, may be attempted).

Recent numerical studies of spherical charged BHs
perturbed by a self-gravitating scalar field indicate that
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a generic spacelike singularity forms when the area of
the mass-inflation singularity shrinks to zero [25]. It
is unclear, however, whether an analogous spacelike
singularity will form in realistic spinning black holes,
which are nonspherical, and which have no scalar field.
Note that the above scalar-field spacelike singularity is
monotonic [26]. Thistype of generic spacelike singularity
probably has no counterpart in vacuum spacetimes. Both
the origina work by BKL [23] and the recent analyses
by Berger and collaborators [24] suggest that there exists
no generic, monotonic, spacelike, vacuum singularity.
Therefore, athough there is a likelihood that a BKL-like
spacelike singularity will form inside realistic spinning
black holes, this is still far from obvious, and further
research is required in order to clarify this issue.
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