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The local superfluid density around a molecule embedded in a 4HeN cluster at low temperatures
is analyzed using the path-integral Monte Carlo method. The molecular interaction induces a local
nonsuperfluid component within a quantum solvation shell whose size is determined by the range of
the molecule-helium interaction, and also introduces an anisotropic layering of the superfluid density
around the molecule. We show that a local quantum hydrodynamic analysis is internally consistent for
N . 50, and can be used to calculate effective rotational constants for molecular dopants in superfluid
helium.

PACS numbers: 67.40.Hf, 36.40.Mr, 67.40.Yv
Clusters of 4He constitute a finite-size quantum liquid
which have recently been shown to provide an excellent
environment for performing high resolution molecular and
cluster spectroscopy [1]. The superfluid character of these
clusters was recently demonstrated to be crucial in allow-
ing the observation of fine structure due to molecular rota-
tions, which is absent in normal liquids [2]. Conversely,
dopant spectroscopy in 4HeN offers an attractive new route
to the study of quantum solvation phenomena in super-
fluids. A wide range of species can now be doped into
a helium cluster by pickup techniques [1,3] and probed
spectroscopically within the flight time of a cluster beam,
effectively circumventing the problems associated with
achieving equilibrium solvation in bulk helium. In this pa-
per, we analyze the helium response to a molecular probe in
4HeN , with a full microscopic determination of the atomic
scale influence of the molecule on the local superfluid and
normal fluid densities. This provides the first characteri-
zation of the decay (commonly known as the “healing”)
of the superfluid component near a microscopic boundary.
We examine the temperature dependence of the nonsuper-
fluid component, and conclude that this consists of both a
thermal contribution and a residual molecular-interaction-
induced contribution, the latter of which is determined by
the strength of the molecule-helium interaction potential.
Analysis of the energetics, together with the superfluid re-
sponse, provides a consistent quantum hydrodynamic pic-
ture for clusters of size N . 50, which can be used to
calculate effective molecular rotational constants for im-
purity molecules in superfluid helium.

The thermodynamic properties of an N-particle helium-
4 system at low temperatures T are determined by the
Bose-symmetrized density matrix,

rB�R, R0; b� �
1

N!

X
P

r�R,P R0; b� , (1)

where P denotes a permutation among helium atoms. In
the discrete path-integral representation, r�R,P R0; b� is
0031-9007�99�83(20)�4108(4)$15.00
written as

r�R,P R0; b� �
Z

· · ·
Z

dR1dR2 . . . dRM21 r�R, R1; t�

3 r�R1, R2; t� . . . r�RM21,P R0; t� ,

(2)

where b � 1�kBT , t � b�M is the imaginary time
step, and R is the 3N-dimensional position vector. The
sum over permutations in Eq. (1) combined with the
integration in Eq. (2) can be evaluated in path-integral
Monte Carlo (PIMC) by a stochastic sampling of the
discrete paths �R, R1, R2, . . . , RM21,P R0�, which is done
here with the multilevel Metropolis algorithm of Ceperley
and Pollock [4]. This approach is a computational
realization of Feynman’s idea of mapping path integrals
of a quantum system onto interacting classical polymers.
We present explicit calculations for SF6 in 4HeN , using
the isotropic He-He [5] and anisotropic He-SF6 [6] pair
potentials. For pure helium-4 systems, accurate PIMC
results can be achieved with the pair-product form of
the exact two-body density matrices at t21 $ 40 K
[7]. A heavy dopant species such as SF6 in 4HeN

can be treated as providing an anisotropic external field
for the helium atoms, which is incorporated here with
the primitive approximation, requiring somewhat higher
starting temperatures, i.e., smaller imaginary time steps.
We find that converged anisotropic density profiles for
the 4He component are obtained using t21 $ 80 K. As
in the T � 0 calculation of Ref. [8], our PIMC density
profiles show a shell structure, with the first shell peaked
at 4 5 Å from SF6 which is located at the center of the
cluster. The molecular rotational degrees of freedom are
not included, so there is no explicit coupling of molecular
rotational motion to the helium. Consequences of this
restriction are examined below.

The total superfluid fraction can be evaluated within
linear response theory from PIMC, using the projected
© 1999 The American Physical Society
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area estimator r�A�
s

[7,9]. This reflects the appearance of
superfluidity whenever the size of cross-linked polymers,
formed by a product of cyclic permutation moves, be-
comes comparable to the dimension of the system. While
this global estimator goes to the thermodynamic limit for
large enough clusters, it does not, however, allow local
structure in the superfluid density around the impurity to
be investigated. To obtain a local estimator capable of
analyzing anisotropic inhomogeneous structure, rs��r�, we
employ the density distribution of helium atoms partici-
pating in exchanges which are long compared to the sys-
tem size. In pure 4HeN , as in the bulk, the probability
for such long paths increases dramatically as the clus-
ter attains an appreciable global superfluid fraction [9].
Figure 1 shows the decomposition of the full radial den-
sity distribution for 4HeNSF6 with N � 64 into contribu-
tions from exchange paths of length p, at T � 0.625 K.
There is a clear distinction between the contribution of
exchanges involving less than six atoms, and that from
longer exchanges.

We define then a local superfluidity around a dopant
molecule by summing all local exchange path densities
longer than a minimum P:

r�P�
s ��r� �

NX
p0$P

rp0��r� . (3)

For clusters with N . 50, we find that P � 6 yields a
robust estimator of rs��r� in the local molecular environ-
ment, because most polymers sampled at low tempera-
tures involve either a single atom (no exchange) or a very
large number of atoms (long exchange). For smaller clus-
ters, the short exchange paths are sampled more frequently
so that it is not possible to make a clear distinction be-
tween the normal and the superfluid component from the
length of the exchange paths. This is quantified in Ta-
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FIG. 1. Radial density contributions rp�r� from helium ex-
change paths of variable length p, for 4HeN SF6 with N � 64.
r is measured from the SF6 center of mass.
ble I by the first shell superfluid fraction estimator r̄�P�
s

,
obtained by integrating r�P�

s
��r� over the first shell and nor-

malizing by the corresponding total density. Also shown
is a global superfluid fraction estimator r�P�

s
obtained by

integrating Eq. (3) over the entire cluster. Both r̄�P�
s

and
r�P�

s
show a decreasing dependence on P as the clus-

ter size N increases, with the first shell superfluid esti-
mator r̄�P�

s
appearing robust to the cutoff P for N . 50

(D̄s # 0.1). This implies that N � 50 provides a lower
limit for application of a quantum hydrodynamic analysis
to the local helium environment in the doped cluster. We
note that this minimum size is considerably larger than
the size of the first solvation layer, N � 22 23 atoms
[8]. Over this size range, the integrated superfluid frac-
tion r�P�

s is somewhat smaller than the projected area es-
timator r�A�

s (by �0.06 for N � 128), but approaches this
as N increases. The increase of r�P�

s with cluster size
N (Table I) reflects the decreasing relative effect of the
impurity in disturbing the long exchange paths character-
izing the superfluid state. Based on this analysis of the
length of the exchange paths, we employ rs��r� � r�P�

s
��r�

with P � 6 as the fundamental local superfluid estimator
for an impurity-doped cluster.

Figure 2(a) shows the superfluid radial density distribu-
tion, rs�r�, and 2(b) shows the corresponding ratios of su-
perfluid to total density (i.e., the local superfluid fraction)
for three different size clusters, N � 50, 64, and 128, at
T � 0.625 K. The superfluid density shows a two layer
structure around the molecule similar to that previously
established for the total density [8]. This reflects the role
of the repulsive component of the He-He interaction in
providing some degree of hard core packing, although
these quantum solvation layers cannot be characterized as
solid. In the first solvation shell, rs�r� becomes indepen-
dent of N for N . 50. This stability is consistent with
the stability of the total density in the first shell when ad-
ditional helium is added outside this [8]. For N . 50,
as shown in Table I and Fig. 2(b), the superfluid frac-
tion in the first solvation shell is about 50%. Beyond the
first shell, however, it increases from 50% for N � 50, to
�80% for N � 128, approaching the global fractions in

TABLE I. First shell integrated superfluid fraction, r̄�P�
s , and

global superfluid fraction, r�P�
s , in 4HeN SF6 at T � 0.625 K.

The robustness of r̄�P�
s and r�P�

s with respect to P is measured
by D̄s and Ds, respectively, where D � �r�2� 2 r�6���r�6�.

First shell Global
N r̄�2�

s
r̄�6�

s D̄s r�2�
s

r�6�
s

Ds

12 0.45 0.16 1.81 0.45 0.16 1.81
23 0.58 0.42 0.38 0.58 0.42 0.38
39 0.64 0.52 0.23 0.65 0.52 0.25
50 0.64 0.55 0.16 0.66 0.54 0.22
64 0.55 0.51 0.08 0.68 0.58 0.17

128 0.64 0.58 0.10 0.78 0.68 0.14
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FIG. 2. Radial distributions of (a) superfluid density rs�r�,
and (b) the local superfluid fraction rs�r��r�r�, for 4HeN SF6
with N � 50, 64, and 128, at T � 0.625 K. r is measured
from the molecule center of mass.

pure 4HeN clusters of these sizes [9]. This has two impor-
tant implications. First, the PIMC value for the superfluid
fraction in the first solvation shell found here for N # 128
will be valid also for larger clusters. Second, in the much
larger clusters probed experimentally (N $ 1000 [1,10])
the helium liquid outside the first shell can be assumed
to be entirely in the superfluid state at these temperatures.
We also find that, like the total density [8], the local super-
fluid density is strongly anisotropic. This is illustrated in
Fig. 3 for N � 64, with profiles of rs��r� along the three
symmetry axes of the SF6 impurity.

The gross structure of this local superfluid density
around the impurity molecule differs markedly from the
smooth behavior predicted by the standard Ginzburg-
Pitaevskii theory of healing [11]. The atomic scale struc-
ture seen here is a direct consequence of the greater
strength of the molecule-helium interaction, relative to the
He-He interaction. Analysis of these local densities over
the temperature range T � 0.3125 0.75 K implies that
the nonsuperfluid density contains both a thermal com-
ponent and a molecular-interaction-induced component
which is only weakly dependent on temperature. The lat-
ter is specific to the molecular dopant, exists on the length
4110
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FIG. 3. Superfluid density distributions rs��r� along the three
different SF6 molecular symmetry axes, C3, C2, and C4, in
4He64SF6 at T � 0.625 K. r is measured from the molecule
center of mass.

scale characteristic of the molecule-helium interaction,
shows structure related to the symmetry of this, and will
persist down to T � 0. A zero-temperature nonsuperfluid
fraction around an impurity is in general accord with be-
havior at bulk interfaces inferred from third sound experi-
ments [12–14] and also with quantum phase transition
theory predictions for disordered interfaces [15,16]. How-
ever, this is the first analysis showing atomic scale struc-
ture in the residual nonsuperfluid fraction in a superfluid
helium-4 system. The underlying origin of this atomic
scale structure in the anisotropic molecule-helium interac-
tion emphasizes the role of the molecule as an impurity
which locally interrupts the phase coherence of the su-
perfluid, analogous to the effect of magnetic impurities in
superconductors [17] and aerogels in helium-3 [18]. We
note that the molecular-interaction-induced nonsuperfluid
component implies that the global superfluid fraction for
a small cluster can be less than unity at T � 0.

Analysis of the PIMC energetics shows only a very
small decrease in the total energy [DE � 0.06�3� K per
He atom] as the temperature is lowered over the range
T � 0.75 0.31 K. This is a consequence of the fact that
these temperatures are well below the broadened super-
fluid transition in finite 4HeN for these sizes [9]. Al-
though the molecular rotational degrees of freedom are
not explicitly included in these calculations, we can con-
clude that the nonsuperfluid density in the first solvation
shell will adiabatically follow the molecular rotation, be-
cause the potential energy decrease resulting from the
strong angular modulation of the potential [6] is far larger
than a semiclassical estimate of the nonsuperfluid rota-
tional kinetic energy. Zero-temperature diffusion Monte
Carlo calculations incorporating molecular rotational de-
grees of freedom yield density profiles supporting the
notion of adiabatic following of some fraction of the
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helium density around the SF6 [19,20]. This leads to a
two-fluid analysis for the rotational dynamics of an im-
purity molecule in a 4HeN cluster in the hydrodynamic
regime (N . 50). First, the adiabatic response of the
nonsuperfluid component results in the effective moment
of inertia I � I0 1 DIn, with

DIn � m4

Z Rc

0

Z p

0

Z 2p

0
rn�r , u, f�r4 sin3u dr du df ,

(4)

where Rc is the range of the adiabatic coupling to the
normal fraction, I0 is the gas-phase value, and m4 is
the 4He atomic mass. Rc is determined by the range of
the local anisotropic nonsuperfluid density formed as a
result of the strong molecule-helium interaction, rn��r� �
r��r� 2 rs��r�. For very large clusters (N $ 1000) this
can be approximated by the width of the first solvation
layer, since the superfluid fraction goes to unity in the
outer region (see above). Second, superfluid kinetic en-
ergy generated by the molecular boundary motion in-
creases the energy required for rotational excitation of
the molecule in the cluster. Hydrodynamic calculations
within a continuum model indicate that this superfluid
contribution is very small for SF6 [20]. In this quantum
hydrodynamic picture, the dual effect of decoupling of
local superfluid density from the molecular rotation, and
adiabatically induced rigid coupling of the molecular mo-
tion to the local nonsuperfluid density, will therefore give
rise to a spectroscopic signature of apparent free molecu-
lar rotation with increased moment of inertia (reduced ro-
tational constants). This two-fluid analysis has been used,
together with the PIMC local nonsuperfluid densities, to
calculate the SF6 effective rotational constant in 4HeN

in the hydrodynamic regime, N . 50 [20]. A value of
1.02 6 0.03 GHz is obtained for T � 0.3 0.4 K, in ex-
cellent agreement with experimental values derived from
infrared spectra measured in larger clusters [10], provid-
ing additional confirmation that the contribution from su-
perfluid backflow is indeed negligible.

The adiabatic following of the local nonsuperfluid den-
sity which gives rise to reduced rotational constants is
an intrinsic feature of an anisotropic molecular environ-
ment. It is predicted to be present also at zero tempera-
ture, unlike the thermally generated normal fluid density
which provides drag on macroscopic rotating objects in
the classic Andronikashvili analysis [21]. Another sig-
nificant distinction from the latter is that rigid coupling
of the nonsuperfluid density deriving from adiabatic fol-
lowing preserves the rotational coherence of a molecule,
giving rise to a discrete spectrum, whereas for a macro-
scopic object a classical measurement of the moment of
inertia is made. An interesting question for further study
is the symmetry of the local nonsuperfluid density, the
directionality of its adiabatic following, and how this is
related to the molecular symmetry and to modifications
of this induced by complexation [22]. Addition of a sec-
ond impurity atom or molecule can lower the symmetry of
the molecular boundary seen by the helium, give rise to a
nonsuperfluid distribution unrelated to the original molec-
ular symmetry, and introduce adiabatic following in new
directions. This can modify the symmetry of the spec-
troscopically measured rotational constants. Complexes
assembled in superfluid helium clusters therefore present
new challenges for analysis, as well as new opportunities
for probing microscopic structure of superfluids near in-
terfaces.
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