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Momentum Dependence of Resonant Inelastic X-Ray Scattering Spectrum
in Insulating Cuprates
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The resonant inelastic x-ray scattering spectrum in insulating cuprates is examined by using the exact
diagonalization technique on small clusters in the two-dimensional Hubbard model with second and third
neighbor hopping terms. When the incident photon energy is tuned near the Cu K absorption edges,
we find that the features of the unoccupied upper Hubbard band can be extracted from the spectrum
through an anisotropic momentum dependence. They provide an opportunity for the understanding of
the different behavior of hole- and electron-doped superconductors.

PACS numbers: 74.25.Jb, 71.10.Fd, 78.70.Ck
Resonant inelastic x-ray scattering (RIXS) is develop-
ing very rapidly into a powerful technique to investigate
elementary excitations in the strongly correlated electron
systems [1–5]. The application of this technique to in-
sulating copper oxides has made it possible to observe
an excitation due to a local charge transfer between cop-
per and oxygen [3] and local d-d excitations on copper
site [4]. In addition, it has been demonstrated that, by
using high resolution experiments [5], the momentum-
dependent measurement of the charge-transfer gap is pos-
sible when the incident photon energy vi is tuned through
a Cu K absorption edge. Thus, the RIXS can be a use-
ful probe to obtain information on the momentum depen-
dence of the elementary excitations.

One of the elementary excitations in the insulating
cuprates is the charge-transfer process from the occu-
pied Zhang-Rice singlet band (ZRB) [6] composed of
Cu 3dx22y2 and O 2ps orbitals to the unoccupied upper
Hubbard band (UHB). The dispersion of ZRB has been
extensively studied by angle-resolved photoemission spec-
troscopy (ARPES) experiments on the parent compounds
of high Tc superconductors [7–9]: A d-wave-like disper-
sion was observed along the �0, p�-�p , 0� line with the
minimum of the binding energy at �p�2, p�2� [9]. On
the contrary, the dispersion relation and spectral properties
of the unoccupied UHB have not been examined and thus
remain to be understood. The information of UHB is of
crucial importance for the understanding of the motion of
electrons in the electron-doped superconductors. In addi-
tion, it may be useful to know if the particle-hole symmetry
is required for the high temperature superconductivity.

In this Letter, we examine the RIXS spectrum for the Cu
K edge, and demonstrate that the characteristic features of
the dispersion of UHB can be extracted from the momen-
tum dependence of the spectrum. To see this, we use the
half-filled single-band Hubbard model to describe the oc-
cupied ZRB and unoccupied UHB by mapping ZRB onto
the lower Hubbard band (LHB) in the model. Then, we
incorporate Cu 1s and 4p orbitals into the model to include
the 1s-core hole and excited 4p electron into the interme-
diate state of the RIXS process. The long-range hoppings
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are also introduced in the Hubbard model with realistic val-
ues obtained from the analysis of ARPES data. We find
a characteristic momentum dependence of the Cu K-edge
RIXS spectrum: The energy of the threshold of the
RIXS spectrum at �p�2, p�2� is higher than that at �0, 0�,
whereas the energy of the threshold at �p�2, 0� is lower
than that at �0, 0�. This anisotropic dependence is ex-
plained by the dispersion of the UHB which has the mini-
mum energy at �p , 0� due to the long-range hoppings. The
determination of the UHB will contribute to the under-
standing of the different behavior of hole- and electron-
doped superconductors [8,10].

We map the ZRB onto the LHB, which is equivalent to
the elimination of O 2p orbitals. Such mapping was used
in the analysis of O 1s x-ray absorption spectrum [11].
The Hubbard Hamiltonian with second and third neighbor
hoppings for the 3d electron system is written as
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where d
y
i,s is the creation operator of a 3d electron with

spin s at site i, nd
i,s � d

y
i,sdj,s , the summations �i, j�1st,

�i, j�2nd, and �i, j�3rd run over the first, second, and third
nearest-neighbor pairs, respectively, and the rest of the
notation is standard.

Figure 1 shows the schematic process of Cu K-edge
RIXS. An absorption of an incident photon with energy
vi , momentum Ki , and polarization ei brings about the
dipole transition of an electron from Cu 1s to 4p orbital
[process (a) in Fig. 1]. In the intermediate states, 3d
electrons interact with a 1s-core hole and a photoexcited
4p electron via the Coulomb interactions so that the
excitations in the 3d electron system are evolved [process
(b)]. The 4p electron goes back to the 1s orbital again
and a photon with energy vf , momentum Kf , and
polarization ef is emitted [process (c)]. The differences
of the energies and the momenta between incident and
emitted photons are transferred to the 3d electron system.
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FIG. 1. Schematic picture of the Cu K-edge RIXS process.
An incident photon is absorbed, and dipole transition 1s ! 4p
is brought about [process (a)], and through the intermediate
state [process (b)], the photoexcited 4p electron goes to 1s
again and a photon is emitted [process (c)].

In the intermediate state, there are a 1s-core hole and a
4p electron, with which 3d electrons interact. Since the
1s-core hole is localized because of a small radius of the
Cu 1s orbital, the attractive interaction between the 1s-
core hole and 3d electrons is very strong. The interaction
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is written as

H1s23d � 2V
X

i,s,s0

nd
i,sns

i,s0 , (2)

where ns
i,s is the number operator of a 1s-core hole with

spin s at site i, and V is taken to be positive. How-
ever, since the 4p electron is delocalized, the repulsive
interaction between the 4p and 3d electrons, as well as
the attractive one between the 4p electron and the 1s-
core hole, is small as compared with the 1s-3d inter-
action. In addition, when the core hole is screened by
the 3d electrons through the strong 1s-3d interaction,
an effective charge that acts on the 4p electron at the
core-hole site becomes small. Therefore, the interactions
related to the 4p electron are neglected for simplicity.
Furthermore, we assume that the photoexcited 4p elec-
tron enters into the bottom of the 4pz band with mo-
mentum k0, where the z axis is perpendicular to the
CuO2 plane. This assumption is justified as long as the
Coulomb interactions associated with the 4p electron are
neglected and the resonance condition is set to the thresh-
old of the 1s ! 4pz absorption spectrum [12]. Under
these assumptions, the RIXS spectrum is expressed as
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where H � H3d 1 H1s-3d 1 H1s,4p , H1s,4p being kinetic
and on-site energy terms for a 1s-core hole and a 4p
electron, DK � Ki 2 Kf , Dv � vi 2 vf , s

y
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is the creation operator of the 1s-core hole (4p electron)
with momentum k and spin s, j0� is the ground state of
the half-filled system with energy E0, ja� is the final state
of the RIXS process with energy Ea , and Γ is the inverse
of the relaxation time in the intermediate state. In Eq. (3),
the terms H1s,4p are replaced by ´1s24p which is the energy
difference between the 1s level and the bottom of the
4pz band.

The RIXS spectrum of Eq. (3) is calculated on �
p

8 3p
8�-, �

p
10 3

p
10�-, and �4 3 4�-site clusters with a pe-

riodic boundary condition by using a modified version of
the conjugate-gradient method together with the Lanczös
technique. We will show the results for the �4 3 4�-site
cluster in the following.

The values of the parameters are as follows: t0�t �
20.34, t00�t � 0.23, U�t � 10, V�t � 15, and Γ�t � 1
with t � 0.35 eV. The values of t, t0, and t00 are the same
as those used in the analysis of ARPES data of the high
Tc superconductors based on the t-t0-t00-J model [8,13].
The value of U is obtained from the relations J � 4t2�U
and J�t � 0.4. The value of V is set to be larger than
that of U. The results shown below are insensitive to the
magnitude of V as well as of Γ [14].

Before going into the RIXS spectrum, we mention
the resonance condition in RIXS. To determine the
condition, we have to examine the Cu 1s x-ray absorption
spectroscopy (XAS) spectrum defined as
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where H is the same as that in Eq. (3). It is necessary to
tune the incident photon energy vi to the energy region
where the Cu 1s XAS spectrum appears. The inset in
Fig. 2 shows D�v�, where a two-peak structure appears,
i.e., the broad one at about v 2 ´1s24p � 220t and the
sharp one at about 213t. The former mainly contains
configurations that the core-hole site is doubly occupied
by the 3d electrons �U 2 2V � 220t�, while the latter
dominantly contains configurations that the core-hole site
is singly occupied �2V � 215t�. This means that, when
the incident energy is tuned around the former structure,
the information about UHB can be extracted from the
RIXS spectrum. Thus, we set vi to the threshold of the
XAS spectrum denoted by the arrow in the inset.

Figure 2 shows the momentum dependence of the
RIXS spectrum. The spectra below Dv�t � 2 and
above Dv�t � 5 have different origins: The former
comes from the excitations related to the spin degree
of freedom such as two-magnon Raman scattering, the
energy scale of which is so small that the spectrum is hard
to observe [5]. On the other hand, the latter is related to
the excitations from LHB to UHB. The vertical dotted
line in the figure denotes the position of the low-energy
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FIG. 2. Resonant inelastic x-ray scattering spectra for Cu
K-edge in a half-filled Hubbard model with long-range hop-
pings. The spectra of the elastic scattering process at DK �
�0, 0� are not shown. The parameters used are U�t � 10,
V�t � 15, Γ�t � 1, t0�t � 20.34, and t00�t � 0.23. The ver-
tical dotted line denotes the position of the peak at DK � �0, 0�
for guide to eyes. The d functions (the vertical thin solid lines)
are convoluted with a Lorentzian broadening of 0.2t. The inset
shows the Cu 1s absorption spectrum with ΓXAS�t � Γ�t �
1.0, and the incident photon energy vi is set to the value de-
noted by the arrow.

peak at DK � �0, 0� for guide to the eyes. The spectra
strongly depend on the momentum showing a feature that
the weight shifts to a higher-energy region with increasing
jDKj. This momentum dependence is also obtained in
the 10-site cluster calculations. In addition, the threshold
of the spectrum at DK � �p�2, 0� and �p , p�2� is lower
in energy than that at �0, 0�. At DK � �p�2, p�2�,
however, the spectrum appears above the threshold at
�0, 0�, resulting in an anisotropic momentum dependence
between the spectra along �0, 0� to �p�2, 0� and along
�0, 0� to �p�2, p�2�. We note that such an anisotropic
feature cannot be observed in the RIXS spectrum of the
Hubbard model without t0 and t00 (not shown) [15]. In the
8-site cluster the spectrum at DK � �p�2, p�2� is lower
in energy than that at �p , 0�, which is consistent with the
above feature.

In the intermediate state, the excitations of the 3d elec-
trons from the occupied to unoccupied states are caused by
the interaction with the 1s-core hole, i.e., H1s-3d � 2V�
N
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Therefore, we analyze the RIXS process by decomposing
into such a particle-hole excitation in order to understand
the anisotropic momentum dependence of the threshold
along �0, 0� to �p�2, 0� and along �0, 0� to �p�2, p�2� in
Fig. 2.

As a first step, we consider the particle-hole excita-
tion as the convolution of the single-particle excitation
spectra A�k, v� between occupied LHB and unoccupied
UHB. Figure 3 shows A�k, v� in the half-filled Hubbard
model with t0 and t00 terms [16]. Below the chemi-
cal potential denoted by the dotted line, a sharp peak ap-
pears at �p�2, p�2� with the lowest-binding energy. In
contrast, the spectrum at �p , 0� is very broad and deep
in energy. These features are consistent with the ARPES
data for Sr2CuO2Cl2 [7,8]. Above the chemical potential,
the dispersion of UHB has the minimum of the energy at
k � �p, 0� [17]. We show below that the �p, 0� spectrum
in UHB plays a crucial role in the RIXS spectrum with
DK � �p�2, 0�.

Now, we examine the lowest-energy excitations with
DK � �0, 0�, �p�2, 0�, and �p�2, p�2� in the convoluted
spectrum

R
E#m dE A�k 1 DK,E 1 v�A�k,E �, where

m is the chemical potential. For the case that DK �
�0, 0�, the minimum excitation energy in the convoluted
spectrum is �5t at k � �p , 0�. In the same way,
the lowest-energy excitation with DK � �p�2, 0� in the
convoluted spectrum is that from k � �p�2, 0� of LHB
to �p , 0� of UHB with the energy of �4t. This value
is smaller than that for the DK � �0, 0� case, being
consistent with the relation of the thresholds of the RIXS
spectra between DK � �0, 0� and �p�2, 0�. In contrast,
the lowest-energy excitation with DK � �p�2, p�2� in
the convoluted spectrum is inconsistent with that in the
RIXS spectrum, because the excitation energy, which is
determined by the peaks at k � �p�2, 2p�2� of LHB
and at �p, 0� of UHB, is almost the same as that for
DK � �p�2, 0�. This means that the argument based
on the convoluted spectrum of A�k, v� is insufficient
to understand the anisotropic behavior of the threshold,
and thus we need to treat the process of the particle-
hole excitation exactly. Therefore, we introduce the
spectral function B�k, DK; v� of the two-body Green’s
function, which can describe the particle-hole excitation,
defined as

FIG. 3. Single particle excitation spectrum A�k, v� in the
half-filled Hubbard model with t0 and t00 terms. t0�t �
20.34 and t00�t � 0.23. The dotted line denotes the chemical
potential. The d functions are convoluted with a Lorentzian
broadening of 0.2t.
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FIG. 4. Spectral function B�k, DK, v� which represents the
particle-hole excitation process (lower panel), with �k, DK� �
��p�2, 0�, �p�2, 0�� (solid line) and ��p�2, 2p�2�, �p�2, p�2��
(dotted line). The upper panel shows the corresponding RIXS
spectra I�DK, Dv� which are given in Fig. 2.

B�k, DK; v� �
X
a

j�aj
X
s

d
y
k1DK,sdk,sj0�j2

3 d�v 2 Ea 1 E0� , (5)

where the states ja� have the same point-group symmetry
as that of the final states of the RIXS process. Figure 4
shows B�k, DK; v� with �k, DK� � ��p�2, 0�, �p�2, 0��
and ��p�2, 2p�2�, �p�2, p�2��. Note that k 1 DK �
�p , 0� in both cases. The spectrum with �k, DK� �
��p�2, 0�, �p�2, 0�� reproduces very well the RIXS spec-
trum near the threshold. The intensity of B�k, DK; v�
with DK � �p�2, p�2� is very small, implying that the
process

P
s d

y
�p ,0�,sd�p�2,2p�2�,s is almost forbidden [18].

This is the origin of the small weight of I�DK, v�
with DK � �p�2, p�2� around v�t � 5. We note that
this behavior cannot be obtained by the convolution of
A�k, v� mentioned above. At the higher energy region,
v�t � 7, different processes keeping DK � �p�2, p�2�,
for example, the annihilation of the �p�2, 0� electron and
the creation of the �p , p�2� one, dominate the excitations.
These processes induce the large weight above v�t � 7.

In summary, we have examined the momentum de-
pendence of the Cu K-edge RIXS spectrum by using a
numerically exact diagonalization technique on small
clusters. Regarding the ZRB as the LHB, we have
adopted the Hubbard model with Cu 1s and 4p bands.
We have also introduced the long-range hoppings, t0 and
t00, of the ZR singlet, and found that the threshold of the
spectrum at DK � �p�2, 0� is small compared with that
at �0, 0�, whereas the threshold at �p�2, p�2� is larger
than that at �0, 0�. This dependence is caused by the
�p , 0� state in UHB. Thus, by examining the RIXS spec-
trum, we can extract the property of the unoccupied states
that is crucially important for the electron-doped super-
conductors and also for the understanding of the behav-
ior different from the hole-doped superconductors [8,10].
Very recently, Stanford’s group reported [19] that inter-
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esting data with a momentum-dependent inelastic scatter-
ing signal has been seen in the 2 eV range, which reveals
the property of unoccupied states right above the charge-
transfer gap. This progress in both theory and experiment
will open new prospects in the physics of cuprates.
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