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Theoretical Verification of Coulomb Order of Ions in a Storage Ring
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GSI Darmstadt, D-64291 Darmstadt, Germany

(Received 24 June 1999)

We verify theoretically that the anomalous longitudinal temperature reduction of strongly elec
cooled heavy ions in the Experimental Storage Ring of GSI at very low density is explained by
fact that there is no intrabeam scattering and that the particles by their small relative velocity and
Coulomb repulsion cannot pass each other anymore. At the achievable momentum spreads, Co
order is reached at particle distances of the order of centimeters. It is also shown that unde
given experimental conditions in the proton NAP-M experiment of 1980 intrabeam heating counte
Coulomb order.

PACS numbers: 29.20.Dh, 29.27.Fh, 41.75.–i
n
bil-
-

ve
tal

tion
e
tz-
a-

y

n-
rse

t

es,
ys-
ous
In 1996, Stecket al. [1] reported on measurements
with very low density and extremely electron coole
heavy ions in the Experimental Storage Ring (ESR)
GSI. By Schottky noise measurements they found a sh
drop of the longitudinal momentum spreaddp�p by an
order of magnitude from5 3 1026 down to5 3 1027 for
particle numbers from103 down to 3 in the ring of about
100 m circumference. Thus, arranged in linear chains
average distances between the ions would be betw
10 cm and 33 m. Because of magnetic field instabili
of the latticedp�p could not fall below this lower value.
A typical example is shown in Fig. 1.

With a beam scraper the beam radius of the hea
beams could be determined to about30 mm and by
emittance measurements the transverse temperature
limited to about 1.5 eV. This anomaly resembles
strong suppression of intrabeam scattering below a c
tain threshold. Since heating of the beam is caused by
trabeam scattering, also the momentum spread is stron
inhibited, thus reaching the very lowdp�p � 5 3 1027.

It has been speculated that the final beam structu
might be the storage ring analogs of Coulomb crystals
they were calculated in Ref. [2] and as they were found
ion traps [3]. In this Letter we confirm with the method
applied in Ref. [4] that indeed the beams resemble strin
with particles which move slowly against each other in th
beam direction, but, however, cannot pass at each ot
anymore. This type of order of a liquid caused by th
nearest neighbors only we call Coulomb order in contra
to a Coulomb crystal which is generated by long rang
Coulomb interaction over many neighbors.

In order to explain this effect we perform classica
Monte Carlo trajectory calculations of two charged pa
ticles heading at each other with constant focusing w
the betatron frequency of the ESR and calculate the pro
bility of these two particles being reflected at each othe
It is sufficient to consider the interaction of two particle
only since their mutual Coulomb repulsion acts only co
siderably at near distance of the order of tens of micr
meters. Furthermore, it also suffices to apply the smoo
approximation of constant focusing since the time p
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riods of the lattice are much smaller than the collisio
times and, thus, are averaged over. Resonant insta
ity caused by the lattice is unlikely to occur by the ran
dom nature of the positions of the few particles. To ha
a constant beam radius for all masses the experimen
transverse temperature must obey the approximate rela
Ttrans � 7.5 A meV. This energy is distributed among th
two transverse degrees of freedom according to a Bol
mann distribution in harmonic potentials with equal bet
tron frequenciesvb � 2pQbc�L, wherebc is the beam
velocity, Q � 2.3 is the average tune, andL is the cir-
cumference of the ring. The longitudinal kinetic energ
is obtained fromM�cb dp�p�2��8 ln2�, whereM is the
mass; see Ref. [1].

In order to systematize the calculations, three dime
sionless parameters are introduced: The relative transve
Qtrans and longitudinalQlong kinetic energies measured in
units of the mutual Coulomb energy of two particles a
a distanced, eC � q2g�d, whereq is the charge andg
is the relativistic parameter. These relative temperatur
thus, are the reciprocal gamma parameters in Wigner cr
tal theory; i.e., a one-component plasma is in the gase
state forG ø 1, in the liquid state for1 , G , 100, and
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FIG. 1. Experimental momentum spread vs number of stored
ions in the ESR for electron cooled U921 ions at 240 MeV�u
(from Ref. [1]).
© 1999 The American Physical Society
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in the crystalline state for G $ 170. Note, however, that
here G does not play a decisive role since distances in-
volved are much larger than the Wigner-Seitz radius. Fur-
thermore, the linear string density l � aWS�d is the axial
number of particles within a Wigner-Seitz radius aWS �
�3q2�2Mv

2
b�1�3. Note that at zero temperature l � 0.709

is the limiting value for a Coulomb string turning into a
zigzag and l � 4 would give a helix with a string at the
center [2].

For typical experimental values of the kinetic energies
a result is shown in Fig. 2. Within a factor of 2 in the
distance, e.g., from 10 to 20 cm, the reflection probability
rises sharply from 10% to 90%. On the other hand, Fig. 3
shows a contour plot of the reflection probability for
fixed distance. Similarly, for given distance the reflection
probability varies very slowly with Qtrans; i.e., it goes
from 10% to 90% about within a factor of 100 in Qtrans,
but more rapidly, with a factor of 5 only in Qlong. As
a rule of thumb QlongQ1�3

trans stays constant for a given
distance and fixed reflection probability. In the analysis
of the experiments, hence, the results are little sensitive to
the assumed transverse temperature of 7.5 A meV.

With the help of these tools the ESR experiments were
analyzed with the results shown in Fig. 4. Here the lines
of reflection probability (right scale) are calculated with
the data of the last upper (open) experimental point. In all
cases the calculated reflection probability rises sharply in
the vicinity of this last hot data point thus indicating that
for larger particle distances (or smaller particle densities)
the ions cannot pass each other anymore. In the nickel and
uranium frames the reflection probabilities are also calcu-
lated for the respective first ultracold data point (left lines).
In the case of uranium it is shifted to smaller distances
by almost 2 orders of magnitude. This indicates that here
the ions move so slowly in the beam direction that reflec-
tion would happen even for much smaller interparticle dis-
tances which, however, cannot be reached experimentally.
However, this distance is still 2 orders of magnitude larger
than the Wigner-Seitz radius indicated by an arrow in
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FIG. 2. Calculated reflection probabilities vs average distance
between particles for given temperatures.
Fig. 4 (the typical Coulomb crystal string distance) which
means that real Coulomb crystals instead of Coulomb
order only cannot be produced in the ESR with the present
electron cooling methods and present lattice instabilities.
An exception from this systematics is the case of argon
which suggests that the last upper data point should be
somewhat smaller than dp�p � 4 3 1026. In the tita-
nium data there is no drop in the momentum spread. The
point used for evaluation evidently belongs already to the
ultracold branch which can also be seen from the low lon-
gitudinal temperature of Table I.

A clear indication for the threshold behavior of intra-
beam scattering can be seen in the nickel data. The first
lower data points were recorded after a few ions got lost
in the ring, thus increasing the average ion distance and
jumping into the collisionless regime. After another few
ions were lost, by some heating disturbance the data con-
tinue on the hot branch until even small perturbations can-
not invoke any more heating, thus remaining on the lower
branch. The smooth time evolution of the experimental
noise power can be found in Ref. [1]. In this case the two
calculated reflection probabilities are at threshold in this
range of interparticle distances.

A summary of the data and of the results is shown
in Table I. The linear density l is about 5000 times
smaller than the critical string density which shows again
that the order reached is far from the one of Coulomb
crystals. The average transverse rms displacement in
the next to last column was calculated with [4] rrms �
d

p
4l3Qtrans�3. As assumed, it settles around 30 mm

for all elements as noted by the authors of Ref. [1]. In
the last column is shown the ratio of collisional time to
betatron period of a particle, tcoll�tb �

p
Ttrans�Tlong 3

d�rrms. As a result, thousands of betatron oscillations are
performed during one binary collision, thus indicating that
intrabeam scattering is negligible.

The two italicized lines are predictions for a proton
experiment in the ESR storage ring with the energy of
the NAP-M experiment [5] and for a future krypton

FIG. 3. Contour plot of the calculated reflection probabilities
vs relative transverse and longitudinal temperature at fixed
density l � 0.000 15.
3431
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FIG. 4. Experimental momentum spreads (points, left scale) and calculated reflection probabilities (lines, right scale) vs average
distance between ions for the various ESR experiments [1]. Reflection probabilities are calculated at the last upper open data point.
In cases of two lines (nickel and uranium) the left lines are calculated for the first lower (ultracold) data point.
experiment in the synchroton SIS at GSI at injection energy
with the recently installed electron cooler, respectively.
The proton prediction is very close to the existing carbon
data. On the other hand, due to the stronger focusing forces
in the SIS (the horizontal and vertical tunes are 4.3 and
3.3, respectively) the threshold of 50% reflection will be
shifted to larger linear densities closer to the critical string
density, i.e., to smaller interparticle distances. Coulomb
order can be reached with even larger momentum spreads
with a maximum of 1025. Here the calculation of the
reflection probability was carried out with anisotropic
focusing, however, with little change in the results as
compared to isotropic focusing.
TABLE I. Experimental data, momentum spread dp�p, distance d, Wigner-Seitz radius aWS, linear density l, longitudinal and
transverse kinetic energies Tlong, Ttrans, reflection probability (rp), rms radius rrms, and ratio of collision time to betatron period.
The entries apply to the last upper open data point of Fig. 4. The italicized lines are predictions.

Ring Ion E dp�p d aWS l Tlong Ttrans rp rrms tcoll�tb

�MeV�u� �1026� (cm) �mm� (meV) (meV) (%) �mm�
ESR 12C61 240 2 0.17 7.7 0.0046 1.5 90 68 30 450
ESR 20Ne101 240 2 0.25 9.1 0.0036 0.40 170 80 30 700
ESR 40Ar181 360 4 4 8.9 0.000 20 19 300 5 21 8500
ESR 48Ti221 240 2.5 0 11.5 0.0026 9 370 100 30 950
ESR 58Ni281 205 4 8 13.6 0.000 16 26 440 24 33 1300
ESR 86Kr361 240 4 6 13.3 0.000 22 39 640 25 30 8000
ESR 132Xe541 240 6 10 15.0 0.000 15 120 1000 10 30 10 000
ESR 197Au791 360 6 2 14.0 0.000 70 290 1500 82 21 2200
ESR 238U921 360 5 10 14.6 0.000 15 240 1800 99 21 13 000
ESR p 65 1 0.2 9.1 0.0045 0.01 7.5 50 70 1000
SIS 86Kr361 11.4 15 0.5–10 50 0.004–0.01 40 90–200 50 60–90 100–4000

NAP-M p 65 1 2 mm 8.0 4.2 0.01 25 · · · 150 0.6
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Finally we analyze the cooling experiment with protons
in the then existing Novosibirsk NAP-M storage ring
[5]. This experiment could not be repeated. Here the
authors suggested long ago that order has been reached.
Their argument was based on the fact that if the proton
current fell below 10 mA the noise power dropped to
unmeasurable levels and thereafter stayed constant.

With the given data of circumference 47.25 m, aver-
age tune 1.29, energy 65 MeV, the number of particles
in the ring for 10 mA current was N � 2.5 3 107 from
the relation Ip � eNfrev , where frev is the revolution fre-
quency. An average transverse kinetic energy of 25 meV
was derived from the measured beam radius of 100 mm
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FIG. 5. Momentum spread vs average longitudinal distance
between protons of the NAP-M experiment (after Ref. [5]).

and an average longitudinal kinetic energy of 1024 eV was
obtained from Schottky noise measurements. From this
one gets the momentum spread of Fig. 5 with a critical
dp�p � 1026.

According to the last row of Table I the linear density
is l � 4, indicating that the system is no longer in the
linear regime and the average axial distance is 2 mm,
much smaller than the Wigner-Seitz radius of 8 mm. The
average spatial particle distance is about 40 mm. Accord-
ing to Table I, collision time and betatron period are about
the same. Two particle calculations without taking into
account other neighbors, hence, do not suffice to simu-
late this system. Therefore we performed full molecular
dynamics calculations with periodic boundary conditions
as in Ref. [4] with 1000 particles under constant focusing
and computed the Coulomb interaction with Ewald sum-
mation [2].

Figure 6 shows the average over 20 simulations with
random initial coordinates of the particles. With (short

FIG. 6. Half transverse (upper curve) and increase of longi-
tudinal kinetic energy (lower curves) due to intrabeam scatter-
ing up to thermal equilibrium �Tlong � 1

2 Ttrans� with the input
data of the NAP-M experiment. Shown is the average over
20 Monte Carlo simulations. The long lower line is without
cooling and the short one with cooling with e-folding time of
400 msec.
lower line) or without (long lower line) cooling, by intra-
beam scattering after 200 betatron oscillations the longitu-
dinal kinetic energy already reaches one-third of the value
of the transverse kinetic energy. This yields an initial lon-
gitudinal heating rate of more than 50 eV�sec and after
about 1000 betatron oscillations, i.e., about 400 msec,
without cooling thermal equilibrium �Qlong � 1

2Qtrans�
has been reached. Cooling with an e-folding time of
400 msec has just the effect that the longitudinal tempera-
ture reaches with only half of the value of thermal equi-
librium. This has to be compared with typical electron
cooling times of a few milliseconds [6]. The authors’ the-
ory of collective interaction of the protons together with
beam magnetization [7] may explain some suppression of
intrabeam scattering in this case. However, it has not yet
been applied to the data of the NAP-M experiment. Our
predictions, on the other hand, cf. Table I, would yield
Coulomb order for an interparticle distance of 0.2 cm, i.e.,
proton currents below 10 pA. Very similar conclusions
on the existence of order in the NAP-M experiment have
been drawn by Wei et al. [8].

In summary, our calculations of the reflection probabili-
ties have shown that with the ESR experiments for the
first time Coulomb order has been established in a heavy
ion storage ring. This order is of liquid type where the
particles still move slowly against each other but cannot
pass anymore.

The author thanks M. Steck for valuable discussions.
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Ruggiero (World Scientific, Singapore, 1996), p. 229.
3433


