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As far as entanglement is concerned, two density matrices of n particles are completely equivalent if
one can be transformed into the other by local unitary transformations. We present two methods to find
whether or not two generic density matrices of arbitrary numbers of spin-1/2 particles are equivalent.
Both methods describe density matrices in terms of a finite number of invariant parameters.

PACS numbers: 03.65.—w, 03.67.—a

Nonlocality is a fundamental characteristic of quantum
mechanics. Its importance lies not only in philosophical
considerations of the nature of quantum theory, but also in
applications whereit has emerged recently that nonlocality
isthe key ingredient in quantum computation [1] and com-
munication [2] and plays an important role in cryptography
[3.4]. It has become clear that entanglement is a resource
which may be manipulated (for example, by concentration
[5], dilution, or purification [6—8]).

From the point of view of nonlocality, two states are
completely equivalent if one can be transformed into the
other by means of local unitary transformations. How to
determine whether or not two states are locally equivalent
is dtill an open question. In this Letter we solve this
problem for systems containing arbitrary numbers of spin-
1/2 particles in generic mixed states.

As discussed in [9], the space of pure states of n spin-
1/2 particles is C*' = C? ® --- ® C?; however, not all
of the 2" complex parameters have nonlocal significance:
the group of local transformations, U(2)", acts on the
space of states, and two states which may be reached from
each other by local actions are equivalent as far as their
nonlocal properties are concerned. Each equivalence class
of locally equivalent density matrices is an orbit of this
group. For many purposes, only parameters describing
nonlocal properties are significant; an example is that any
good measure of entanglement must be invariant under
local transformations [6,10—13], and thus it should be a
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function of nonlocal parametersonly. Here and henceforth
we will refer to parameters which are invariant under
local transformations as invariants. Invariants are aso
relevant in discussions of Bell inequalities [14,15] and
teleportation, etc. [16]. A key question is to identify the
invariants.

In this paper we will focus on density matrices and show
that, for n = 2, of the2** — 1 real parameters describing
density matrices of n spin-1/2 particles 2" — 3n — 1
are invariant under local transformations, U(2)". For
an arbitrary set of n particles, the number of nonlocal
parameters is [, d> — >, d> + n — 1 where d, is the
dimension of the state space of the rth particle. For n
spi n—% particles we also show how to characterize generic
orbits, both by giving an explicit parametrization of the
orbits and by finding a finite set of polynomial invariants
which separate the orbits. Thus given two density matrices
we can compute explicitly whether they are on the same
orbit or not. Other authors have also discussed the use of
invariants in discussing entanglement [17,18] and applied
invariant theory to quantum codes [19].

In order to calculate the number of functionally indepen-
dent invariants it will be convenient to find the dimension
of the orbit of a generic density matrix under the group of
local transformations. The dimension of the orbit is the
number of parameters describing the location of a density
matrix on the orbit. The total number of parameters
(2%" — 1 rea parameters) describing the space of density
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matrices minus the number of parameters describing a
generic orbit (the dimension of the orbit) gives the num-
ber of parameters describing the location of the orbit in the
space of orbits, i.e., the number of parameters describing
the nonlocal properties of the density matrices.

To fix notation, it will be convenient to consider the
case of a one-particle density matrix first. The space of
pure states of a single spin-1/2 particle is C2, and thus
a density matrix is a 2 X 2 complex matrix which is
Hermitian, positive, and with trace one, and may therefore
be described by three real parameters. A particularly
convenient representation of such amatrixisp = %(12 +
a;0;), where o;, i = 1,2,3 arereal and o; are the Pauli
matrices.

Under a loca transformation by a unitary matrix U, p
is transformed as

p—UpUT. (1)

Every unitary matrix may be written as a product of an ele-
ment of SU(2) and a phase transformation, represented by
aunitary matrix ¢’ 1,. This latter element clearly leaves
any density matrix invariant under the transformation (1)
so that when considering the action (1) we may restrict at-
tention to elements of SU(2). In order to find the number
of invariants, it will be more convenient to find the dimen-
sion of a generic orbit under the action of SU(2). To do
so one may work infinitesimally. Thus, associated with
the action of the Lie algebra of the group of local trans-
formations acting on the space of density matrices thereis
a vector field: if we take an element T of a basis for the
Lie algebra, the action of the group element k = expieT
on an element p induces an action on functions from p to
C; and the vector field, X7, associated with the Lie algebra
element T isfound by differentiating

def
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The linear span of tangent vectors at the point p associated
with the whole Lie algebra forms the tangent space to the
orbit at the point p and so the number of linearly indepen-
dent tangent vectors at this point gives the dimension of
the orbit.

A general element of the Lie algebra in the spin-1/2
representation isgiven by T = %, o, and its action on the
density matrix is to give an infinitesimal transformation
Sp = i[T, p] where[, ]isthe matrix commutator.

We may therefore calculate the three vector fields X;
associated with the Lie algebra elements o; as

d
Xl' = —Eijka’jr“k. (3)

We note that at generic values of aj, as, a3 only two
of these tangent vectors are linearly independent since
a1X1 + axXo + a3X3 = 0. Thus the dimension of the
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generic orbit is two and therefore of the three parameters
describing a generic density matrix, two are noninvariant
leaving only one invariant parameter, as one expects since
only the single independent eigenvalue of p is invariant
under local transformations.

We note that the effect of the transformations (1) is to
act on the vector « by rotation by an orthogonal matrix,
i.e.,, an element of SO(3)—this follows from the fact that
a;o; is the representative of a Lie algebra element and
the conjugation action (1) is the adjoint action of the
group on its Lie algebra. We may thus find a way of
exhibiting the invariant under local transformations. I =
a;a;8;; = |a]* where we have used the fact that SO(3)
has an invariant tensor §;;. We note that this invariant
may also be expressed as 1 = Tr(p?) — 3.

We now turn to the case of two-particle density matrices.
Such a density matrix has 15 real parameters, and the
maximum dimension that a generic orbit could have is six
[corresponding to two copies of SU(2)] if al the tangent
vectors corresponding to a basis of the Lie algebra were
independent. We will show that the tangent vectors do
indeed span six dimensions, and thus that there are nine
nonlocal parameters.

We may write a density matrix as

1
p=Z(12®12+a€'0'®12+12®,8'0'
+R,‘j0'i®0'j). (4)

The action of aLie algebra element of the subgroup SU(2)
acting on the first component of the tensor product is

1
8Wp = ) (akMmemioi ® 1y
+ RijMmemiioi ® 0;), (5)

with a similar expression coming from the action of a
Lie algebra element of the subgroup SU(2) acting on the
second component of the tensor product.

The vector fields corresponding to the six basis el ements
oy ® 1,1, ® o ae

X ! € 9 + R 9
= —— €rim| i—— i— |,
k ) kim laam ljéij
6
e Lofg o)
k ) kim zaBm ],aij .

Consider the set X first: one can see that these three are
linearly independent at generic points by considering the
coefficients of 9/d«;, since alinear relation would have to
be of theform «; X, = 0, but one can see that thisrelation
will not hold for nonzero «’ s by looking at the coefficients
of the partial derivatives with respect to R;;. Similarly, by
considering the coefficients of the partial derivatives with
respect to B1, B2, B3, one sees that Yy, Y», Y3 are linearly
independent. Finally, we note that the coefficients of the
partial derivatives with respect to By, 82, B3 are zero for
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X1,X>2, X3 and the coefficients of the partial derivatives
with respect to a1, a, a3 are zero for Yy, Y,, Y3 so that
there can be no linear relation at all between the six vector
fields X1,X2,X3,Y1, Y5, V3. Thus the dimension of the
orbit of a generic density matrix is 6 and thus the number
of nonlocal parameters, 15 — 6 = 9.

In general, we can consider a system of n particles
with individual state spaces of dimensions d,...,d,. By

finding the number of linearly independent tangent vectors,
as above, it may be shown that out of the total number
of parametersonly [, d> — X, d> + n — 1 are nonlocal
invariants.

Let usnow returntothecaseof n = 2 spin-1/2 particles
and explicitly identify a set of invariant parameters which
characterize generic orbits. To be explicit, consider the
case of three spin-1/2 particles with density matrix which
may be written as

1
p=§(12®12®12+a,»o-,-@12®12+Bi12®0',-®12+'y,-12®12®0',-+Rij0'i®0'j®12

+ S,‘j()’,’@ 12®0'j + Tij12®0-i ® 0 + Qijko-i ®(Tj®0’k).

The action by a loca unitary transformation on the first
component in the tensor product induces the following
transformations on components of p: a; — L;jaj; R;j —
LixRyj; Sij = LixSkjs Qijk ¥ LimQmjx Where L;; is an
orthogonal matrix, and the other components of p do not
change. Loca actions on the second and third compo-
nents of the tensor product induce similar transformations
of B,R,T,0Q and v, S, T, Q, respectively, by orthogona
matrices M and N independent of L.

We may fix a canonical point on a generic orbit as
follows: first let us define

Xii = Qi Qujk, Vi = Qi Qijik
Ziw = Qijk Qijk' » (8)

and perform unitary transformations on particles 1, 2,
and 3 so as to move to a point on the orbit in which
X,Y, and Z are diagonal; generically the diagonal
entries are distinct and we can arrange them in de-
creasing order (X, Y, and Z are Hermitian, positive
matrices). The only remaining transformations which
leave X,Y, and Z in these forms are loca unitary
transformations which induce orthogonal transformations
in which L;;, M;;, and N;; are one of the matrices
diag(1, —1, —1),diag(—1, 1, —1),diag(—1, —1, 1).

We may specify a canonical point on the generic orbit
uniquely by specifying that al the components of « have
the same sign, and similarly for 8 and y. This method
worksaslong as X, Y, and Z have distinct eigenvalues and
the components of «, 8, and y are not zero at the canonical
point on the orbit. The parameters which describe the
generic orbits are the components of «, 8,y,R, S, T, and
Q a the canonical point on the orbit. We note that
the number of parameters describing the canonical point
arethe 2° — 1 = 63 components of «, 8, y,R, S, T, and
Q minus the 3 X 3 = 9 constraints that the nondiagonal
elements of X, Y, and Z are zero; thus the number of
nonlocal parametersis 54 as given by the general formula.

We note that the fact that the canonical point, as con-
structed, is unique means that all points on the same orbit
will have the same canonical representative: conversely, if

()

two density matrices p; and p, have the same canonica
form, then Uip1Ui = pecanonical = U2P2U2T for some U,
and U,, so that p» = (U1 U1)p1 (U U)T, and thus p; and
p> are on the same orhit.

We now describe a finite set of polynomial invariants
which separate generic orbits by finding a set which allows
one to calculate the components of «, 8,y,R,S,T, and
Q at this canonical point. The complete infinite set of
polynomial invariants is found by contracting the indices
ofa, B,v,R,S,T,and Q with theinvariant tensors §;; and
€;jx. However, wemay find afinite set of invariants which
separates generic orbits. First we note that tr(X), tr(X?),
and tr(X?) determine the diagonal elements A3, A3, and A3
of X, and similarly for Y and Z. Now consider the three
invariants A, = a’X" 'a, n = 1,2,3. We may write
these three invariants in the following way:

111 a A,
AT Ay A3 a3 | =1 A4 |, ©)]
AA A3\ & Ag

where a;, ap, and a3 are the components of « at the
canonical point on the orbit. The Vandermonde matrix
A on the left of Eq. (9) has determinant (A7 — A3) (A3 —
A3) (A3 — A3), and we may solvefor a?, a3, and a3 aslong
as det A isnonzero. Also if the invariant

Ag = Eijka,-(Xa)j(Xza)k = ajara3 detA (20)

is nonzero, then we may determine the sign of the compo-
nents of «; recall that, by definition, all the components of
a have the same sign at the canonical point. The analo-
gous expressions By, Cy determine the values of 8 and y
at the canonical point. The values of the components of R
at the canonical point may be calculated from the follow-
ing nine invariants:

Ly = (X"'a) (Y B)Rj, 1,2,3. (11)

r,s =
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These nine equations may be put together into a matrix
form I = ((AF) ® (MG))R, where I and R are column
vectors with nine components and the matrix A is the
Vandermonde matrix in Eq. (9), M isthe analogous matrix
with A? replaced by u? (the diagonal elements of Y),
and F and G are diag(aj, az,az) and diag(by, by, b3),
respectively.

We note that det(AF) = Ay and det(MG) = By, SO
since we are assuming that these are nonzero we may
invert the matrix equation to find the components R;;. The
components of S and 7 may be found in a similar way.

Finally, we may use the 27 invariants,

Lsi = X" a) (Y 7' B) (2 Y Qin (12)

to find the components of Q at the canonical point on the
orbit in terms of the 7, 5, (there will, of course, be some
relations between these components due to the constraints
that X, Y, and Z are diagonal).

Thus, by showing that the following set of polynomial
invariants is sufficient to calculate the components of a
generic density matrix at the canonical point we have

| demonstrated that they characterize generic orbits:

tr X7, try’,

BTYr—lﬂ’

trZ",
aTX o
a - Xa) A (X2a),

X" a); (Y B) Ry,
(X a)i(Z7 )i,

theindices r, s, t range over thevalues 1, 2, 3.

If two density matrices have different values of any of
these invariants they are not on the same orbit; if they have
the same value of al of these invariants, and if Ag, By,
and Cy are nonzero, then the density matrices are locally
equivalent.

We note that the number of independent components
of a generic density matrix at the canonical point is equal
to the number of functionally independent parameters
calculated at the beginning of this Letter. However, the
number of polynomial invariants needed to characterizethe
generic orbit is greater than this; thisis related to the fact
that the ring of invariants is nonpolynomidl, i.e., that the
geometry of the space of orbits is nontrivial.

The procedure given above can be used for adl n =
2: Use the tensors of highest rank and rank one in the
expression for p to fix a canonical point on the orbit;
the polynomials which separate the generic orbits are the
analogs of those used inthe case n = 3.

In the case of n = 2 this method can be used but there
is some redundancy in the description we have given:
the matrices X;; = R,’jR,'rj and ijr = R,’jR,'jl [USing the
notation of (4)] have the same eigenvalues and the ma-
trix R;; is diagonal at the canonical point. In this case
there are nine functionally independent invariants which
specify the sguares of the nonzero components of «, 83,
and R at the canonical point on a generic orbit: trx”,
aX" 1o, and BTYP~'B, where n, m, p take the val-
ues1,2,3. Additional invariants are needed to specify the
signs of the nonzero components. The five invariants « -
Xa) A (X%a), B-(YB) A(Y?B), and aX " 'RB,r =
1,2,3, are sufficient to determine these signs for generic
orbits and hence separate these orbits. In fact, using
dlightly different arguments, one can show that, in this
case, one can reduce the number of polynomia invariants

246

,yTZr—l,y’

B (YB) A (Y2B),

(Y ' B)(Z° " )T
(Xrﬂa)i(leB)j(Zﬁl)’)injk ;

y - (Zy) A (Z%y),

(13)

| to ten, namely, trX, trx?, detR, a’X"'a, a’X" 'R,
r = 1,2,3, and Ag, which are subject to a single relation
expressing A3 as a function of the other invariants.

The genera idea of investigating canonical points on
orbits in the way we have described is also appropriate
for higher spins, but the situation is somewhat more
complicated. Consider the example of two particles of
spin one in which case the unitary group under which
p transforms (by conjugation) is SU(3). However, the
adjoint representation of SU(3) is not equivalent to SO(8)
but to an eight dimensional subgroup of it; this means
that we cannot use SU(3) transformations to bring 8 X 8
symmetric matrices to diagonal form. Thus the canonical
form is rather more complicated than in the case of spin-
1/2 particles.

The physical significance of the invariant parameters is
that they encode the entire information about the nonlocal
properties of the density matrices. However, the detailed
meaning of each of the parametersindividually (apart from
a?, 8%, and y? which are essentially the local entropies of
the individual particles when the others are traced over) is
an important but open question.

In summary, we have shown how to calculate the num-
ber of functionally independent parameters needed to de-
termine whether or not two density matrices are locally
equivalent. We have aso shown how to characterize the
generic classes of locally equivalent density matrices of
n spin-1/2 particles by two methods: (a) By finding an
explicit set of nonpolynomial invariants (the components
of the density matrices at the canonical points on the or-
bits) and (b) by finding an explicit finite set of polynomial
invariants. These methods work for generic density ma-
trices; in a future publication we intend to give a system-
atic method for characterizing classes of locally equivalent
nongeneric density matrices. In particular, thiswill givea
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basisfor thering of invariants. We note that the canonical
point on certain types of nongeneric orbit has a nontrivial
stability group; thisis a signature that density matrices on
this orbit have special types of entanglement [9].

[1] R. Jozsa, in The Geometric Universe, edited by
S. Huggett, L. Mason, K.P. Tod, S.T. Tsou, and N.M. J.
Woodhouse (Oxford University Press, Oxford, 1997).

[2] C.H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres,
and W. K. Wootters, Phys. Rev. Lett. 70, 1895 (1993).

[3] A. Ekert, Phys. Rev. Lett. 67, 661 (1991).

[4] D. Deutsch, A. Ekert, R. Jozsa, C. Macchiavello,
S. Popescu, and A. Sanpera, Phys. Rev. Lett. 77, 2818
(1996).

[5] C.H. Bennett, H.J. Bernstein, S. Popescu, and B. Schu-
macher, Phys. Rev. A 53, 2046 (1996).

[6] C.H. Bennett, G. Brassard, S. Popescu, B. Schumacher,
J. Smalin, and W. K. Wootters, Phys. Rev. Lett. 76, 722
(1996).

[7] N. Gisin, Phys. Lett. A 210, 151 (1996).

[8] M. Horodecki, P. Horodecki, and R. Horodecki, quant-ph/
9801069.

[9] N. Linden and S. Popescu, quant-ph/9711017 [Fortschr.
Phys. (to be published)].

[10] A. Shimony, in The Dilemma of Einstein, Podolsky and
Rosen 60 Years Later, edited by A. Mann and M. Revzen,
Annals of the Israel Physical Society Vol. 12 (Institute of
Physics Pub. Bristol, 1996).

[11] V. Vedra, M.B. Plenio, M. A. Rippin, and P.L. Knight,
Phys. Rev. Lett. 78, 2275 (1997).

[12] S. Popescu and D. Rohrlich, Phys. Rev. A 56, 3319
(1997).

[13] M. Horodecki and R. Horodecki, quant-ph/9705003.

[14] M. Horodecki, P. Horodecki, and R. Horodecki, Phys.
Lett. A 200, 340 (1995).

[15] P. Horodecki and R. Horodecki, Phys. Lett. A 210, 227
(1996).

[16] M. Horodecki, P. Horodecki, and R. Horodecki, Phys.
Lett. A 222, 21 (1996).

[17] J. Schlienz and G. Mahler, Phys. Lett. A 224, 39
(1996).

[18] M. Grasdl, M. Rétteler, and T. Beth, quant-ph/9712040.

[19] E. Rains, quant-ph/9704042.

247



