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Phase Matching of High-Order Harmonics in Hollow Waveguides
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We investigate the phase matching of a high-harmonic generation by intense, 20 fs laser pulses in a
gas-filled capillary waveguide. We identify several regimes in which the harmonic field can build up
coherently: a balance of atomic and waveguide dispersions, noncollinear Cerenkov phase matching, and
a balance of atomic and plasma dispersions. The role of atomic dispersion is examined by measuring
and calculating the harmonic signal for several gases. We also predict and provide preliminary evidence
for a regime where phase matching occurs only at specific fractional ionization levels, where the
harmonic signal is sensitive to the absolute phase of the carrier wave.

PACS numbers: 42.65.Ky, 32.80.Wr, 42.65.Re
An atom illuminated by light of ionizing intensity can ra-
diate coherent harmonics of the incident laser that extend
into the soft-x-ray region of the spectrum. While initial
experiments made use of picosecond driving pulses [1,2],
more recently the use of femtosecond pulses [3,4] has re-
sulted in the generation of photon energies above 500 eV
[5]. There is a wide range of applications of this source
of coherent extreme ultraviolet (XUV) light in physics,
chemistry, and biochemistry, and potentially in industry.
In efforts to understand and improve the conversion effi-
ciency of high-harmonic generation (HHG), attention has
been paid to the fundamental laser-atom interaction as well
as the macroscopic phase-matching effects that control the
buildup of the harmonic signal over the interaction length
[6]. In the typical experimental geometry, where an in-
tense pulse is focused into a gas jet, phase matching is
dominated by the relative phase shifts of the fields as they
pass through the focus (i.e., the Guoy phase shift) [7,8].
While some enhancement comes from positioning the in-
teraction region after the focus of the beam [9], the di-
vergence of the laser beam either limits the interaction
length or requires a large confocal parameter (and large
laser energy) to implement efficiently. In recent work, we
demonstrated that this limitation could be circumvented by
generating high harmonics with submillijoule energy ul-
trashort light pulses guided in a gas-filled capillary wave-
guide [10]. The plane-wave nature of the mode makes
it possible to balance, over an extended interaction length,
the anomalous dispersion of the neutral gas with the normal
dispersion of the waveguide and the free electrons [11]. In
this paper, we report on several new experimental results
along with a model that sheds light on the physical mecha-
nisms involved in the phase matching. We investigate the
dependence of the phase-matching process on gas species
and absorption of the harmonic signal. It has not been
recognized previously that even in the absence of a wave-
guide, neutral gas dispersion can play an important role
in the observed HHG conversion efficiency. The calcula-
tions reveal that confinement of the fundamental mode in
the waveguide allows phase matching at a higher ioniza-
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tion fraction than would be expected from a 1D plane-wave
analysis. We show three limiting regimes of phase match-
ing: a balance between the neutral gas and the waveguide
dispersion, the neutral gas and the plasma dispersion, and
Cerenkov (noncollinear) phase matching. In the second of
these regimes, we predict that phase matching occurs only
at specific ionization fractions, leading to an output signal
that is sensitive to the absolute phase of the carrier wave
with respect to the pulse envelope.

The propagation constant, kf , for the fundamental
traveling in the lowest mode of a step-index waveguide of
radius a filled with a medium of refractive index n, is given
by k2

f � n2k2
0 2 �u11�a�2. Here k0 is the vacuum wave

number and u11 � 2.405 is the first zero of the Bessel func-
tion J0 [12]. For a partially ionized gas we can write n �
1 1 P��1 2 h�d�l� 2 hNatmrel2�2p 1 �1 2 h�n2I�,
where P, h, Natm, d�l�, re, n2, and I represent the pressure
in atmospheres, the ionization fraction, the number density
at one atmosphere, the neutral gas dispersion, the clas-
sical electron radius, the nonlinear refractive index, and
the pulse intensity, respectively. This gives the following
propagation constant:
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2 PhNatmrel 2
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where the terms on the right correspond to the respective
contributions from vacuum, neutral gas dispersion, non-
linear refractive index, plasma dispersion, and waveguide
dispersion. We neglect the x-ray modal contribution: the
harmonic light has a confocal parameter much longer than
the capillary lengths considered here and does not en-
counter the capillary walls.

Since ionization is localized near the optical axis, only
a portion of the fundamental mode propagates through
the plasma. Provided the plasma density is sufficiently
small, the shape of the guided mode field is not greatly
affected. In this regime, the radial variations in the
refractive index may be treated as a perturbation, in a
© 1999 The American Physical Society 2187
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similar approach to that taken with self-phase modulation
in optical fibers [13]. To reduce computation, we calculate
an effective index by averaging n�r� over the fundamental
mode. We compared this method with another in which
the radial wave equation is solved for the new mode, and
we found that the approximation is accurate in regimes of
low density and/or low ionization fraction. This modal
averaging reduces the effect of the plasma density by as
much as a factor of 5, and allows phase matching of higher-
order harmonics than could normally occur with plane
waves. We retain the nonlinear index in the calculations,
but its effect is small: in argon, n2I is only about 7% of the
linear component Nad at an intensity of 2 3 1014 W�cm2

(using a value of n2 � 9.8 3 10224 cm2�W at 1 bar
[14]—a possible overestimate by �43 [15]).

The phase mismatch for the qth harmonic generation
Dk � kq 2 qkf � qk0�n�lq� 2 n�l0��, or

Dk � q
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where the nonlinear index term has been omitted. The
growth of the harmonic in the presence of absorption by
the medium is modeled here by
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which reduces to the familiar sinc2�DkL�2� dependence
[where sinc�x� � sin�x��x] for a field absorption coeffi-
cient of a � 0. In this simple model the nonlinear source
term has an effective field dependence of order s � 5 [8].
The important physical consequence of Eq. (3) is that the
signal strength is determined by the shorter of the co-
herence length �1�Dk� and the absorption depth �1�2a�.
The strong absorption of gases for photon energies greater
than the ionization potential therefore dominates the yield
that can be obtained at different harmonics [16,17]. This
limitation can be circumvented by the use of short pump
pulses (presented here), the use of wave-mixing schemes
[18], or more complicated geometries [19], to operate in
the transparency regions of the various gases.

Our experimental setup has been described elsewhere
[10]. Briefly, laser pulses from a kilohertz Ti:sapphire
multipass amplifier (,4.5 mJ, 20 fs, 800 nm) [20] were
focused into a 150 mm inner-diameter capillary wave-
guide, with careful attention to mode matching of the beam
to the lowest spatial mode. A three-segment capillary tube
(6.3 mm outer diameter) was used for these experiments,
which allowed us to produce a constant pressure region
within the center section (3 cm), while the end sections
(1.7 cm) exited to vacuum [10,16]. We performed a se-
ries of measurements that explores different regimes of
phases matching. In the first, low intensity regime, there
is very little ionization, and phase matching occurs pri-
2188
marily as a balance of the dispersion of the neutral atoms
and the waveguide. Figure 1(a) shows the dependence
of the harmonic signal (19th, 21st, 23rd) on the pressure
of argon in the center capillary section, at an intensity of
1.2 3 1014 W�cm2 (140 mJ, 23 fs). At this intensity, the
cutoff harmonic is the 25th, and the ionization fraction at
the peak of the pulse is 0.5%. Conversion within the cen-
tral, constant density section of the cell results in the low-
pressure peak near 15 Torr, as predicted by theory. As
the gas accelerates into the end section the pressure drops
by �33 then decreases further along the way to the exit
[21]. Conversion within this last section of the capillary
cell gives the higher pressure and broader secondary peaks
at cell pressures that yield the optimum of �15 20 Torr
somewhere within the gradient.

For harmonics 19–23, the signal is strongly absorbed
by the neutral argon [Fig. 1(b), dashed line]. Increasing
the intensity allows higher-harmonic orders where the gas
transmission is greater [Fig. 1(b), solid line]. Here the
signal from the end section is dominated by that from
the center, where the constant pressure allows a phase-
matched signal to build up over a longer distance, giving a
high conversion efficiency. This harmonic spectrum is in
sharp contrast to the usual plateau of harmonics, and shows
clearly that the phase matching allows the signal strength
to be limited by the absorption depth.

FIG. 1. (a) Pressure dependence of the signal for harmonics
19, 21, and 23 generated in argon at a peak intensity of 1.2 3
1014 W�cm2. (b) Harmonic spectrum at 1.8 3 1014 W�cm2

(solid line) and the calculated transmission of 5 mm neutral
argon at 30 Torr.
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We further explored the interplay of the neutral and
plasma dispersion by measuring the pressure dependence
of the harmonic signal for several gases—Xe (23rd har-
monic), Kr (25th), Ar (29th), and H2 (25th) [Fig. 2(a)].
The more dispersive the gas, the lower the optimum pres-
sure for phase matching, since a lower gas density is re-
quired to match the dispersion of the waveguide and free
electrons generated from ionization. The higher fractional
ionization here places these experiments in a transitional
regime, where the dispersive contributions of the wave-
guide and plasma are equally important. The increase in h

requires an increase in pressure to maintain phase match-
ing [see Eq. (2)]. The temporal dependence of the ion-
ization level broadens and increases the phase-matching
pressure peak. In our calculations to model this regime
[see Fig. 2(b)], we first compute the fractional ionization
profile h�r, t� using the ADK tunneling ionization rates
[22], and then use the modal averaging to calculate the ef-
fective refractive index for each temporal slice of the fun-
damental. The harmonic light is generated and propagates
in the ionized regions, so it sees the full level of ionization.
There is very good agreement between the widths and lo-
cations of the pressure peaks to those found experimen-
tally. The only fitting required was to adjust the incident
intensity downward (by 15%–30%) so that ionization did
not dominate the phase matching. This would be experi-
mentally consistent with a slight defocusing of the guided
beam. Other uncertainties in the calculation are the exact
refractive index of the harmonic and the ionization rate.
We estimate that at the peak of the pulse h was �6% (Xe
and Kr), �8% (Ar), and 2.6% (H2).

Still higher intensity results in another regime of phase
matching that is dominated by the plasma dispersion. At
a critical ionization fraction, hcr , dependent on the gas
species, the dispersions of neutral atoms and free electrons
balance [16]. For plane-wave propagation in Ar and
Xe, hcr � 4.8% and 11%, respectively. Optimum phase
matching is limited to those harmonics that can be gen-

FIG. 2. Measured (a) and calculated (b) pressure dependence
of the harmonic yield for several gases. In order of increasing
optimum pressure, the curves correspond to xenon, krypton,
argon, and hydrogen.
erated with ionization levels ,hcr . This is mitigated by
the modal averaging of the refractive index (which results
in much higher values of hcr ) and the short input pulse
duration, which allows atoms to experience higher inten-
sity at a given level of ionization [4]. The rapid variation
of the instantaneous intensity that results from the oscilla-
tions at the carrier frequency leads to incremental increases
in h at each half-cycle of the field. As h approaches hcr ,
each of these steps should have a distinct optimum pres-
sure [Fig. 3(a)]. The location of these peaks is sensitive
to the phase of the carrier with respect to the pulse enve-
lope. The lack of experimental control over this absolute
phase leads to rapid fluctuations in the yield at high pres-
sures [Fig. 3(b)]. As Dk � 0 only for a small time pe-
riod within a single cycle of the driving field, this absolute
phase effect may provide a method of generating efficient
attosecond-duration XUV pulses from the guided wave
geometry.

The spatial profile of the phase-matched harmonic emis-
sion was recorded with a microchannel plate 0.68 m from
the exit of the capillary. An aluminum filter blocked the
fundamental and low orders (,11). The images repre-
sent the signal primarily from a few orders near the 29th
[see Fig. 1(b) and discussion]. The spot size is largest at
low pressure [Fig. 4(a), 10 Torr], and decreases at higher
pressure [Fig. 4(b), 20 Torr], until, at the phase-matched
pressure [Fig. 4(c), 45 Torr], a well-defined output mode
is observed. At still higher pressures, the signal strength
decreases without much change in output spot size. This
evolution in spatial mode of the XUV light at low pressure
demonstrates a third regime of noncollinear phase match-
ing. At low pressure, the positive phase mismatch from

FIG. 3. (a) Calculated pressure dependence of the yield
of harmonic 29 for high intensity (2.2 3 1014 W�cm2) in
argon. (b) Measured signal at an incident intensity of
4 3 1014 W�cm2.
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FIG. 4 (color). (a)–(c): Spatial profiles
of the harmonic yield at 10, 20, and
45 Torr. The dark grid results from the
mesh used to support the 0.2 mm Al filter
(70 lines�in.).
the normally dispersive waveguide and plasma terms can
be compensated if the harmonic emission occurs at an
angle u to the fundamental: Dk � kq cosu 2 qkf . This
type of phase matching is sometimes referred to as
Cerenkov phase matching, since the phase velocity of the
nonlinear polarization travels faster than the phase veloc-
ity of the harmonic in the medium. The maximum angle
of emission umax corresponds to the largest Dk, in this
case where h is the highest. The decrease in umax with
pressure measured experimentally is in good agreement
with that calculated for harmonic 29 (there is little varia-
tion for the nearby orders) and a constant value of
h � 11%, consistent with our other calculations. As Dk
approaches zero, the output beam is limited in size by the
diffraction-limited divergence of the mode. At higher
pressures, the beam approximately maintains this diver-
gence but the signal strength decreases. Here Dk , 0 for
high pressures, and Dk would not be decreased for emis-
sion at large angles. While angular emission of HHG has
been observed previously in a gas jet experiment [23], we
show here for the first time the transition from off axis to
axial phase matching. Note that Cerenkov phase match-
ing is not as efficient as phase matching in the forward
direction, since the signal can coherently build up only
over a comparatively short distance before it leaves the
source region.

We have explored several new regimes of phase match-
ing for guided-wave high-order harmonic generation.
Through careful comparison of our measurements with a
simple propagation model, we have demonstrated the in-
fluence of the waveguide and gas dispersions, ionization,
carrier phase, and geometry on phase matching. By con-
trolling the gas species, ionization level, and gas pressure,
phase matching was achieved over several cm lengths in
Xe, Kr, Ar, and H2 gases. Harmonic orders 17–45 have
been phase matched (26–70 eV). This harmonic emis-
sion is predicted to occur over an extremely short time
period of �5 fs [24]. At the highest orders, the efficiency
is limited by strong ionization. The most simple and ef-
ficient regime to achieve phase matching corresponds to a
balance between the dispersion of the neutral atoms and
that of the waveguide and plasma. The ultrashort pulse
duration (�20 fs) allows atoms to experience high lev-
els of intensity prior to ionization [4,5], and makes pos-
sible the generation of harmonics at energies within the
2190
transmission window of the gas while maintaining a suffi-
ciently low ionization fraction to support phase matching.
Finally, we predict a new regime in which phase matching
at a given pressure occurs only at specific ionization lev-
els, leading to an harmonic signal that is sensitive to the
absolute phase of the carrier wave. This may allow very
precise control over the temporal profile of the generated
HHG signal.
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