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Instability of Dust Particles in a Coulomb Crystal due to Delayed Charging
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A self-excited vertical oscillation of dust particles in a Coulomb crystal has been observed. It occurs
near the plasma-sheath boundary of a dc plasma operated at a low plasma density and gas pressure.
The excitation of this spontaneous oscillation is attributed to the finite charging time of particles. As
particles move, their charge varies with the local plasma conditions, but with a delay due to the charging
time. As particles traverse the vertical electric potential gradient in the sheath, they gain energy. A
model of this mechanism is developed to predict the instability threshold and the energy gain.

PACS numbers: 52.25.Zb, 52.25.Ub, 52.35.–g
Coulomb crystals [1] formed in dusty plasmas have
attracted interest in the field of plasma physics in recent
years. After they were discovered in 1994 [2–5], their
phase transition phenomena [6,7] and structural formation
process [8,9] have been experimentally demonstrated, and
many theoretical works have been carried out [10–12].
More recent investigations have included studies of lattice
dynamics, including wave propagation [13–15].

One of the most important characteristics of dusty plas-
mas is the fact that the charge on a dust particle is not
constant, but can change in time [16]. This is basically a
quite natural feature of dusty plasmas. The charge can
fluctuate in two ways. First, it varies randomly due to
the collection of individual electrons and ions at random
times. Second, it varies when a particle moves in an inho-
mogeneous plasma or a plasma that varies with time. Here
we will present results related to the latter mechanism.

In this paper, a self-excited vertical oscillation of dust
particles trapped in a dc plasma-sheath boundary is re-
ported. We propose that this instability arises from the
charge deviation from its equilibrium value, due to the
delay in charging. The charge on dust has a memory of
its history of motion, and this leads to non-Markovian
kinetics [17].

Experiments were performed in a dc Ar plasma at a very
low gas pressure less than 10 mtorr [18], generated by dc
discharge between hot filaments and the grounded vacuum
vessel [see Fig. 1(a)]. The plasma is confined by multiple
cusps of magnetic field. Typical plasma parameters ob-
tained with single probe measurements are Te � 1 eV and
ne � 108 cm23. In order to levitate dust particles against
gravity, a negatively biased mesh electrode with a diame-
ter of 80 mm is inserted horizontally into the plasma. In
addition, a negatively biased ring electrode with 40 mm
diameter is located 5 mm above the mesh electrode to pro-
vide radial confinement of the particles. After dispersing
dust particles into the plasma, some of them are trapped
in a single horizontal layer in the plasma-sheath boundary
area above the mesh electrode. These particles form a two-
dimensional ordered structure, namely, a Coulomb crystal
inside the ring electrode due to strong repulsive Coulomb
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interactions. A He-Ne laser illuminates the Coulomb crys-
tal. The particle behavior is observed with an image-
intensified CCD camera equipped with a macro lens.

The structure of the two-dimensional Coulomb crystal
is shown in Fig. 1(b). Spherical particles of radius 2.5 6

0.5 mm were arranged in a simple hexagonal structure
on a horizontal plane. The mean interparticle distance is
about 430 mm, so that the Coulomb coupling parameter
is approximately several hundreds. This image was made
with a gas pressure of 4.4 mtorr.

When the gas pressure is decreased below a criti-
cal value, an instability arises and dust particles in the
crystal oscillate spontaneously in the vertical direction.
Figure 1(c) shows a typical image of such a vertical oscil-
lation at a gas pressure of 2.6 mtorr, in which five images
are superimposed for a period of 0.17 s. The amplitude

FIG. 1. (a) Schematic view of experimental apparatus. Two-
dimensional Coulomb crystal composed of dust particles with
the radius of 2.5 6 0.5 mm was formed. (b) Top view in a
higher gas pressure. (c) Side view of a self-excited vertical
oscillation of dust particles in a low gas pressure.
© 1999 The American Physical Society
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and frequency are typically a few mm and 10–15 Hz, re-
spectively. Initially the amplitude grows with time, as
shown in Fig. 2(a), with a time scale of about 10 s. Later,
the amplitude either saturates, or, if it is larger than about
2 mm, the particle falls down to the mesh electrode, as it
did in Fig. 2(a). In saturation, the oscillation amplitude de-
creases with both gas density and ne, as shown in Fig. 2(b).
The crystal is unstable in the lower-left region of this dia-
gram, but slightly beyond the contour labeled 0.1 mm the
crystal is stable and the spontaneous excitation no longer
occurs. One can cause a stable crystal to become unstable
either by reducing the gas density or reducing the plasma
density.

The equilibrium charge Qd-eq is determined by the
balance of electron Ie and ion Ii currents flowing to the dust
surface. For a dust particle immersed in a dc sheath, the
orbital-motion limited currents are given by
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where Vf is the floating potential of the dust particle,
compared to Vs, the space potential in the sheath, and
Qd-eq � 4p´0rdVf . The equilibrium charge varies with
height inside the sheath, because of the variation of ne, ni ,
and Vs inside the sheath.

Let us review the principle of dust levitation [9] before
examining the mechanism of the vertical dust oscillation.
It is well known that dust particles located in the plasma-
sheath boundary are sustained against gravity by the elec-
trostatic field in the sheath. Figure 3 shows spatial profiles
of the dust particle charge Qd-eq and potential energy Wtot,
which is composed of gravitational and electrostatic poten-

FIG. 2. (a) Temporal evolution for the growing oscillation.
(b) Contour plots for the amplitude of self-excited dust
oscillations in parameter spaces of the plasma density ne and
the gas pressure p.
tial in the dc plasma sheath. These profiles are obtained
numerically, assuming the space potential profile in the
sheath is given by the Child-Langmuir law and using
parameters measured in the experiment. Defining the
plasma-sheath boundary at z � 0, we find that the charge
has a minimum inside the sheath at z � 20.7 mm. This
minimum arises from the decrease of Ii in the sheath,
despite the exponential decrease in ne. This variation
in Qd-eq is one of the key factors in the self-excited
oscillation.

A dust particle can be trapped in the potential well near
the plasma-sheath boundary, as shown in curve Wtot in
Fig. 3. The trapped particle may oscillate vertically in-
side this well if it is perturbed. Assuming a charge of a
few thousand electrons, we use Fig. 3 to calculate the res-
onance frequency for small amplitude oscillations to be
about 14 Hz, and the maximum amplitude to be approxi-
mately 2.5 mm, in agreement with experiment. The bar-
rier potential corresponding to the maximum amplitude is
a few V.

Here we propose a mechanism for particles to gain
energy while oscillating vertically. The energy input must
be sufficient to overcome the gradual damping by friction
on the gas. We can eliminate plasma fluctuations and me-
chanical noise as candidate sources of energy because they
are not coherent with the oscillation. So, we propose that
the instability source is a delayed charge effect. In general,
a dust particle in a plasma takes a finite time to arrive at
its equilibrium charge, determined by surrounding plasma
parameters and dust size. Accordingly, a dust particle
may have a different charge from an equilibrium value if
it moves quickly in an inhomogeneous plasma or sheath.
Consider a particle bouncing vertically, as shown in
Fig. 4(a). The particle gains energy if the charge Qd-down
while falling down in a electrostatic potential is more
negative than Qd-up , the charge while the particle climbs
up. This is the key concept for the instability.

Figure 5 shows numerical results for the temporal evo-
lution of the vertical oscillation amplitude. These are ob-
tained by solving the equation of motion, including the

FIG. 3. Spatial profiles for the equilibrium charge (solid
curve) on a dust particle and its potential energy (dotted
curve) in the plasma-sheath boundary area. The plasma-sheath
boundary is located at z � 0.
1971
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FIG. 4. Schematic for the energy gain model associated with
delayed charging effect. (a) Orbits of the charge deviation in
periodic bouncing motion. (b) Enlargement of the equilibrium
charge curve in (a), showing the relation between deviation
DQd and characteristic charging time tch.

electrostatic, gravitational, and gas drag forces. Ion drag
was also included, although it was not significant. To in-
clude the effect of charging time, the charge is obtained
by integrating the electron and the ion flux to the particle,
Eqs. (1) and (2), over time. The calculations were made
for rd � 2.5 mm, Te � 1 eV, and ne � 108 cm23. Ini-
tially, a small perturbation is applied to the dust particle
located at the equilibrium position. The amplitude grew
with time at low gas pressures, but diminished at large
pressures, due to the friction with gas molecules. In the
absence of gas drag, the growth rate was several seconds
and the charge deviated from the equilibrium charge was
a few percent.

Figure 6 shows numerically calculated contour plots of
the amplitude when the oscillation growth has saturated.
In saturation, the energy gain from the electrostatic ac-
celeration is balanced by the energy loss. There are two
sources of energy loss, first the friction with gas molecules
and plasma particles, and second an electrostatic decelera-
tion in the deep sheath that we describe later.

As in the experiment, Fig. 2(b), the numerical results
show that the saturation amplitude diminishes with gas

FIG. 5. Numerical results for the time evolution for ampli-
tudes of the oscillating particle. These are obtained by inte-
grating the equation of motion taking into account the history
of the charge.
1972
pressure. The numerical and experimental results both
show an instability boundary dividing a stable region in
the upper right from an unstable region in the lower left.
Gas pressures above a critical value of a few mtorr always
prevent the instability. This critical pressure decreases
with plasma density. The numerical results reveal a third
region, at values of ne that were smaller than could be
attained in the experiment. In this region, for ne below
a lower limit nec, dust levitation is not possible due to a
weak electrostatic field in the sheath. The value of nec,
determined by the balance between the gravitational and
electrostatic forces, is estimated to be �2 3 107 cm23.

Here we develop the basic principles of the self-excited
oscillation into a theoretical model. This model predicts a
threshold for the instability induced by the delay in charg-
ing. Figure 4 shows schematics for the energy supply
mechanism due to delayed charging. The key concept is
that the energy supply depends on the relationship between
a direction of the electrostatic field E and a gradient of the
equilibrium charge on the dust particle =Qd-eq. There are
two possibilities. If E ? =Qd-eq , 0 the particle gains en-
ergy. This occurs near the sheath boundary. On the other
hand, if E ? =Qd-eq . 0 the particle loses energy. This
occurs deep in the sheath, as we mentioned earlier.

An instability requires that the energy gain exceeds the
energy loss. First we estimate the energy gain. The dif-
ference in the charge DQd for a particle moving up, com-
pared to moving down, can be estimated as illustrated in
Fig. 4(a). This difference arises from the finite charging
time tch [16] of the dust particle. The energy gain
Wgain is proportional to DQd during the bounce, Wgain �
DQdEL, where E and L are the electrostatic field at the
equilibrium height and oscillation amplitude. It is clear
that DQd is zero only in the case of tch � 0, that is, instan-
taneous charging. The difference DQd is thought to vary

FIG. 6. Numerical results for the saturation amplitude of
self-excited dust oscillations. For comparison, the broken
curve shows the stability boundary obtained theoretically
from Eq. (6). Here, nec � 3 3 107 cm23, A � 5 mtorr, and
B � 104 cm3�2.



VOLUME 83, NUMBER 10 P H Y S I C A L R E V I E W L E T T E R S 6 SEPTEMBER 1999
as exp�2T�tch� so that DQd � DQd-eq exp�2T�tch�.
Here, T is the period of oscillation and DQd-eq is the
difference of the equilibrium charge at the top and bottom
turning points in the bounce motion. We estimate DQd-eq
as DQd-eq � ndT=Qd-eq, where nd is the typical particle
velocity during the oscillation. We also need the follow-
ing scalings on the key parameters against Te, ne, and rd :

=Qd-eq ~ T1�2
e n1�2

e rd , (3)

tch ~ T1�2
e n21

e r21
d , (4)

T ~ ��Te�rd�2 2 �aTe�ne�1�2�21�2�Te�ne�1�2. (5)

Here, a is a coefficient that depends on nec.
Now we estimate the energy loss due to friction with

gas molecules. The loss rate is Wloss � pr2
dnnnnmnndL,

where nn is the thermal velocity of gas molecules and
nn � p�kBTn is the number density at pressure p.

We can now rewrite the criterion for an instability,
Wgain . Wloss, by substituting the above equations. This
yields the necessary condition on p and ne to excite the
spontaneous oscillations,
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where, n�
e is the normalized plasma density by nec, and

A and B are appropriate coefficients depending on Te and
rd . The broken curve in Fig. 6 shows the result of Eq. (6)
with an equality condition, thereby showing the boundary
between stability and instability. In plotting the broken
curve, we chose values for A and B to achieve the best
agreement with the numerical results and observations.
The fact that we were able to achieve agreement suggests
that qualitatively our model includes the appropriate physi-
cal mechanisms, including the delay in charging.

In summary, we observed a self-excited dust oscillation
in Coulomb crystal at low values of plasma density and gas
pressure. An instability mechanism induced by the delay
in charging is proposed. Numerical and theoretical analy-
ses including the delayed charge show enough agreement
with experiment to conclude that delayed charge effects
play an important role for the spontaneous vertical oscilla-
tion in a dust crystal.
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